4 Percent of Laura’s Dissertation

Laura Taalman, A.B.D.

February 25, 1999

1 Setup

Let V be a complex algebraic 3–variety with isolated singular point v. Choose a neighborhood U of v in V so that we have an imbedding (U, v) → (C^n , 0). Let ( ~U , E)^π−→→ (U, v) be any resolution of the singularity v that factors through both the Nash blowup and the blowup of the maximal ideal of the singularity. Note that we can assume that the exceptional divisor E of this resolution is a divisor with normal crossings, E = ⋃ E_i; since the components E_i are complex 2-dimensional and meet transversely, a point e ∈ E can be contained in at most three components (and these “triple” points occur only at isolated points of E).

2 Existence of linear forms

3 Existence of h

4 The sequence is exact

Proposition 4.1. There is an exact sequence of sheaves on ~U :

N (Z − E)^αæ−→ I_E Ω^1(log E) @

@@_↘^β ( Ω^2(log E)=^_2 N (2Z) ) ⊗ O(−Z − E) ↓ γ Ω^3 ⊗ O_{P +N}�_{2Z} (−2Z) Proof. See the gigantic diagram for the big picture. Since O(R) ≈ O(−Z) (by multiplication by h; see below), we have: ( Ω^2(log E)=^_2 N (2Z) ) ⊗ O(−Z − E) ≈ Ω^2(log E) ⊗ O(−Z − E)=^^2 N (2Z) ⊗ O(−Z − E) ≈ IEΩ^2(log E) ⊗ O(R)=^^2 N (2Z − E) ⊗ O(R), and since ^^3 N (3Z − E) ⊗ O(2R) = I_E Ω^3(log E) ⊗ O(2Z − P − N + 2R) (this will be shown later in this paper),

Ω^3 ⊗ O_{P +N}�_{2Z} (−2Z) ≈ I_EΩ^3(log E) ⊗ O(2R) ⊗ O=O(−P − N + 2Z) ≈ I^EΩ^3(log E) ⊗ O(2R)=I_E Ω3(log E) ⊗ O(2Z − P − N + 2R) ≈ IEΩ^3(log E) ⊗ O(2R)=^^3 N (3Z − E) ⊗ O(2R), the sequence above is equivalent to the sequence:

N (Z − E)^αæ−→ I_EΩ^1(log E) @

@@_↘^β

I_E Ω^2(log E) ⊗ O(R)=^_2 N (2Z − E) ⊗ O(R) ↓ γ I_EΩ^3(log E) ⊗ O(2R)=^_3 N (3Z − E) ⊗ O(2R);

Thus to prove the proposition it suffices to prove that this new sequence is exact. We will first show that we have an injection α: N (Z − E) → I_E Ω^1(log E).

Since the (dual) Nash sheaf N is generated by {dξ_1, dξ_2, dξ_3}, we have (this computation assumes we are at a triple point e of E; for the double and simple point cases, simply replace uvw with uv or u, respectively): N (Z − E) = { (a dξ_1 + b dξ_2 + c dξ_3) · f | a, b, c ∈ O, f ∈ O(Z − E) }

= { afξ_1 dξ_1 ξ0_1^{+ bfξ}02^{dξ2}_ξ0_2^{+ cfξ}03^{dξ3}_ξ0_3 | | a, b, c, f uvw ξ_1 ∈ O }

= { k_1 dξ_1 ξ0_1^{+ k2 dξ2}_ξ0_2^{+ k2 dξ3}_ξ0_3 | | k_1 uvw , k_2 uvw ξ_1

ξ0_2^{, k3}_{uvw}^{ξ1}_ξ0_3^{∈ O} }

= { k_1 dξ_1 ξ0_1^{+ k2 dξ2}_ξ0_2^{+ k2 dξ3}_ξ0_3 | | k1 ∈ O(−E), k_2 ∈ O(Z − N − E), k_3 ∈ O(Z − P − E) } .(1)

Since O(Z − P − E) ⊂ O(Z − N − E) ⊂ O(−E) ≈ I_E, we have the desired injection α.

To define β, we first define the map

~β : I_E Ω^1(log E) −→ I_E Ω^2(log E) ⊗ O(R) ω −→ ω ∧ dh h . Take ω ∈ I_E Ω^1(log E). Then ω = ∑ k_i^{dξi}_ξ0_i , with k_i ∈ O(−E). We need to show that ~β(ω) is actually in I_E Ω^2(log E) ⊗ O(R). Recall that there exists a linear function h: C^n → C so that div(h ∘ π) = Z + R (we will also write h = h ∘ π). Therefore away from R, h = ξ_1; in this case we have: ~β(ω) = ω ∧ dh h = (∑ k_i dξ_i ξ0_i ) ∧ dξ_1 ξ0_1

= −k_2 dξ_1dξ_2 ξ0_{1ξ}0_2^{+ k3 dξ3dξ1}_ξ0_{3ξ}0_1^{; (2)}

this is clearly in I_E Ω^2(log E) since^{dξ1dξ2}_ξ0_{1ξ}0_2 and^{dξ3dξ1}_ξ0_{3ξ}0_1 are each nontrivial linear combinations of^{dudv}_{uv} ,^{dvdw}_{vw} ,^{dwdu}_{wu} . At a simple point near R, i.e. e ∈ E_i ∩ R, we can choose coordinates {u, v, w} so that E_i = {u = 0} and R = {v = 0}. Since m_i = n_i on components E_i that intersect R, h = u^{mi} v = u^{ni} v = ξ0_2v = ξ_2. In such a case we have: ~β(ω) = ω ∧ dh h = (∑ k_i dξ_i ξ0_i ) ∧ dξ_2 ξ0_{2v} = k_1 v dξ_1dξ_2 ξ0_{1ξ}0_2^{− k3}_v^{dξ2dξ3}_ξ0_{2ξ}0_3^{, (3)}

which is clearly in I_E Ω^2(log E) ⊗ O(R). Since away from R, O(R) ≈ O, computations (2) and (3) show that ω ∧^{dh}_h is always in I_E Ω^2(log E) ⊗ O(R).

We will define β to the the composition of the map ~β with the projection

I_EΩ^2(log E) ⊗ O(R)^p−→→ IE Ω^2(log E) ⊗ O(R)=^^2 N (2Z − E) ⊗ O(R);

however, first we must show that this projection is well-defined; i.e. we must show that ^^2 N (2Z − E) ⊗ O(R) is a subset of I_EΩ^2(log E) ⊗ O(R). (The following computation assumes we are at a triple point e of E; for the double and simple point cases, simply replace uvw with uv or u, respectively.)

^^2 N (2Z − E) ⊗ O(R) (4) = { (a dξ_1dξ_2 + b dξ_2dξ_3 + c dξ_3dξ_1) · g · r | a, b, c ∈ O, g ∈ O(2Z − E), r ∈ O(R) }

= { agrξ_1ξ0_2 dξ_1dξ_2 ξ0_{1ξ}0_2^{+ bgrξ}02^ξ03^{dξ2dξ3}_ξ0_{2ξ}0_3^{+ cgrξ}03^{ξ1 dξ3dξ1}_ξ0_{3ξ}0_1 | | a, b, c,^g_{uvw} ξ^2_1 ∈ O, r ∈ O(R) }

= { Ar dξ_1dξ_2 ξ0_{1ξ}0_2^{+ Br dξ2dξ3}_ξ0_{2ξ}0_3^{+ Cr dξ3dξ1}_ξ0_{3ξ}0_1 | | r ∈ O(R) A uvw ξ1 ξ0_2 ,^B_{uvw}^{ξ1}_ξ0_2^{ξ1}_ξ0_3 ,^C_{uvw}^{ξ1}_ξ0_3 ∈ O }

= { Ar dξ_1dξ_2 ξ0_{1ξ}0_2^{+ Br dξ2dξ3}_ξ0_{2ξ}0_3^{+ Cr dξ3dξ1}_ξ0_{3ξ}0_1 | | A ∈ O(Z − N − E), B ∈ O(2Z − N − P − E), C ∈ O(Z − P − E), r ∈ O(R) } (5) Since O(2Z − N − P − E) ⊂ O(Z − P − E) ⊂ O(Z − N − E) ≈ I_E O(Z − N ), we see from the above computation that

^^2 N (2Z − E) ⊗ O(R) ⊂ IEΩ^2(log E) ⊗ O(Z − N + R).

Moreover, since O(Z − N ) ⊂ O, we have shown that ^^2 N (2Z − E) ⊗ O(R) is contained in I_E Ω^2(log E)⊗O(R). Thus the projection p is well-defined, and we can define β: = p ∘ ~β.

Now we show that the sequence is exact at I_E Ω^1(log E), in other words, that ker(β) = im(α). Let ω = ∑ k_i^{dξi}_ξ0_i be any element of I_EΩ^1(log E). We have

ω ∈ ker(β) ⇐⇒ ~β(ω) ∈ I_EΩ^2(log E) ⊗ O(R), ω ∈ im(α) ⇐⇒ ω ∈ N (Z − E). Let us first handle the case where we are away from R. Looking back on our computation of ^^2 N (2Z − E)⊗O(R) (where r is now equal to 1), and using (2) and the above, we see that ω ∈ ker(β) if and only if −k_2 = A ∈ O(Z−N −E) and k_3 = C ∈ O(Z −P −E). Comparing this with our computation of N (Z −E), it is clear that this is precisely the condition we need in order to have ω ∈ N (Z −E), i.e. ω ∈ im(α).

Near R, and thus at a simple point e ∈ E_i ∩ R, we have Z = N . From (3) we see that ω ∈ ker(β) if and only if k_1 = A ∈ O(Z − N − E) ≈ O(−E) and −k_3 = B ∈ O(2Z − N − P − E) ≈ O(Z − P − E). Note that since Z = N , k_2 is a priori in O(Z − N − E) ≈ O(−E); thus we have exactly the conditions we need in order to have ω ∈ im(α). We have now shown that, in all cases, the sequence is exact at I_E Ω^1(log E).

As a first step towards defining γ, we define the map

~γ : I_E Ω^2(log E) ⊗ O(R) −→ I_E Ω^3(log E) ⊗ O(2R) τ −→ τ. Take τ ∈ I_E Ω^2(log E) ⊗ O(R). Then τ = Ar^{dξ1dξ2}_ξ0_{1ξ}0_2 + Br^{dξ2dξ3}_ξ0_{2ξ}0_3 + Cr^{dξ3dξ1}_ξ0_{3ξ}0_1 , with A, B, C ∈ O(−E) and r ∈ O(R). We will first show that the map ~γ is well-defined, i.e. that ~γ(τ ) is in fact an element of I_E Ω^3(log E) ⊗ O(2R). Away from R (so r = 1), we have h = ξ_1, and thus: ~γ(τ ) = τ ∧ dh h

= ( Ar dξ_1dξ_2 ξ0_{1ξ}0_2^{+ Br dξ2dξ3}_ξ0_{2ξ}0_3^{+ Cr dξ3dξ1}_ξ0_{3ξ}0_1 ) ∧ dξ_1 ξ0_1 = B dξ_1dξ_2dξ_3

ξ_1ξ0_2ξ0_3

; (6)

which is in I_EΩ^3(log E)⊗O(2R) since^{dξ1dξ2dξ3}_{ξ1ξ}0_{2ξ}0_3 is a nowhere-vanishing multiple of^{dudvdw}_{uvw} and O(R) ≈ O away from R. Near R, i.e. when e ∈ E_i ∩ R, we have h = ξ_2 = ξ0_2v (where we have chosen coordinates {u, v, w} for ~U so that E_i = {u = 0} and R = {v = 0}), and thus: ~γ(τ ) = τ ∧ dh h = ( Ar dξ_1dξ_2 ξ0_{1ξ}0_2^{+ Br dξ2dξ3}_ξ0_{2ξ}0_3^{+ Cr dξ3dξ1}_ξ0_{3ξ}0_1 ) ∧ dξ_2 ξ0_{2v} = Cr v dξ_1dξ_2dξ_3

ξ_1ξ0_2ξ0_3

, (7)

which is clearly in I_E Ω^3(log E) ⊗ O(2R) since r and^1_v are in O(R).

As a further step towards defining γ, we will show that we have a welldefined projection

I_E Ω^3(log E) ⊗ O(2R) ep −→→ I^E Ω^3(log E) ⊗ O(2R)=^^3 N (3Z − E) ⊗ O(2R).

It suffices to prove that we have an injection of ^^3 N (3Z − E) ⊗ O(2R) into I_E Ω^3(log E) ⊗ O(2R). (Once again, we assume we are at a triple point e of E; for the double and simple point cases, simply replace uvw with uv or u, respectively.)

^^3 N (3Z − E) ⊗ O(2R) = { (a dξ_1dξ_2dξ_3) · f · r^2 | a ∈ O(3Z − E), r ∈ O(R) }

= { afr^2ξ_1ξ0_2ξ0_3 dξ_1dξ_2dξ_3 ξ_1ξ0_2ξ0_3 | | a, f uvw ξ^3_1 ∈ O, r ∈ O(R) }

= { Kr^2 dξ_1dξ_2dξ_3 ξ_1ξ0_2ξ0_3 | | K uvw ξ^2_1 ξ_1ξ_2 ∈ O, r ∈ O(R) }

= { Kr^2 dξ_1dξ_2dξ_3 ξ_1ξ0_2ξ0_3 | | K ∈ O(2Z − P − N − E), r ∈ O(R) }

= I_E Ω^3(log E) ⊗ O(2Z − P − N + 2R). (8)

Since O(2Z−N −P ) ≈ O(Z−N )⊗O(Z−P ) ⊂ O, we have ^^3 N (3Z−E)⊗O(2R) as a subsheaf of I_E Ω^3(log E) ⊗ O(2R), and the projection ~p is well-defined.

We will define the map γ using the maps ~γ, p, and ~p via the diagram:

I_E Ω^2(log E) ⊗ O(R)^p−→→ I^E Ω^2(log E) ⊗ O(R)=^^2 N (2Z − E) ⊗ O(R) eγ γ I_EΩ^3(log E) ⊗ O(2R) e^p−→→ I^E Ω^3(log E) ⊗ O(2R)=^^3 N (3Z − E) ⊗ O(2R)

In other words, given τ̄ ∈ I^E Ω^2(log E) ⊗ O(R)=^^2 N (2Z − E) ⊗ O(R), with representative τ ∈ I_EΩ^2(log E) ⊗ O(R), p(τ ) = τ̄ , we define γ(τ̄ ) = ~p(~γ(τ )). This is well-defined because the restriction of ~γ to ^^2 N (2Z − E) ⊗ O(R) maps into ^^3 N (3Z −E)⊗O(2R); if τ = Ar^{dξ1dξ2}_ξ0_{1ξ}0_2 +Br^{dξ2dξ3}_ξ0_{2ξ}0_3 +Cr^{dξ3dξ1}_ξ0_{3ξ}0_1 is an element of ^^2 N (2Z − E) ⊗ O(R), then A ∈ O(Z − N − E), B ∈ O(2Z − N − P − E), C ∈ O(Z − P − E), and r ∈ O(R). Looking at computations (6), (7), and (8) it is clear that in this case we have ~γ(τ ) ∈ ^^3 N (3Z − E) ⊗ O(2R).

It now remains only to prove that ker(γ) = im(β). It is easy to show that im(β) ⊆ ker(γ); given ω in I_EΩ^1(log E) we must show that γ(β(ω)) = 0, i.e. that ~p(~γ(~β(ω))) = 0: ~p(~γ(~β(ω))) = ~p ( ω ∧ dh h ∧ dh h ) = ~p(0) = 0.

To show that ker(γ) ⊆ im(β), take τ̄ = [τ ] with τ in I_EΩ^2(log E) ⊗ O(R). If τ̄ ∈ ker(γ), then τ must be in ker(~p ∘ ~γ); that is to say, ~γ(τ ) is contained in

^^3 N (3Z − E) ⊗ O(2R). Suppose τ = Ar^{dξ1dξ2}_ξ0_{1ξ}0_2 + Br^{dξ2dξ3}_ξ0_{2ξ}0_3 + Cr^{dξ3dξ1}_ξ0_{3ξ}0_1 (a priori

A, B, and C are in O(−E), and r ∈ O(R)). Away from R we have h = ξ_1 (and r = 1 in τ ), and looking at (6) and (8) we see that if τ ∈ ker(~p ∘ ~γ), then B ∈ O(2Z − N − P − E). To show that τ̄ ∈ im(β), we must show that there exists an ω ∈ I_EΩ^1(log E) so that τ̄ = β(ω) = p(~β(ω)), i.e. p(τ ) = p(~β(ω)). Choose ω = ∑ k_i^{dξi}_ξ0_i with k_2 = −A and k_3 = C; then by (2), p(~β(ω)) = p ( A dξ_1dξ_2 ξ0_{1ξ}0_2^{+ C dξ3dξ1}_ξ0_{3ξ}0_1 ) .

On the other hand, since B ∈ O(2Z − N − P − E), we have: p(τ ) = p ( A dξ_1dξ_2 ξ0_{1ξ}0_2^{+ B dξ2dξ3}_ξ0_{2ξ}0_3^{+ C dξ3dξ1}_ξ0_{3ξ}0_1 )

= p ( A dξ_1dξ_2 ξ0_{1ξ}0_2^{+ C dξ3dξ1}_ξ0_{3ξ}0_1 ) . Thus we have shown that, away from R, ker(γ) ⊆ im(β). At a simple point e ∈ E_i ∩ R near R we have coordinates {u, v, w} on ~U so that E_i = {u = 0}, R = {v = 0}, and h = ξ_2 = ξ0_2v (recall that Z = N on components E_i that intersect R). By (7) and (8) we see that if τ ∈ ker(~p∘~γ), then C ∈ O(Z −P −E). Again we must find an ω ∈ I_E Ω^1(log E) so that p(τ ) = p(~β(ω)); choose ω = ∑ k_i^{dξi}_ξ0_i with k_1 = A and k_3 = −B; then by (3), p(~β(ω)) = p ( A v dξ_1dξ_2 ξ0_{1ξ}0_2^{+ B}_v^{dξ2dξ3}_ξ0_{2ξ}0_3 ) . On the other hand, since C ∈ O(Z − P − E) we have: p(τ ) = p ( Ar dξ_1dξ_2 ξ0_{1ξ}0_2^{+ Br dξ2dξ3}_ξ0_{2ξ}0_3^{+ Cr dξ3dξ1}_ξ0_{3ξ}0_1 )

= p ( Ar dξ_1dξ_2 ξ0_{1ξ}0_2^{+ Br dξ2dξ3}_ξ0_{2ξ}0_3 ) . Since r =^1_v this shows that p(τ ) = p(~β(ω)), and thus we have shown that, near R, ker(γ) ⊆ im(β).