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CHAPTER NINE

Solutions for Section 9.1

Exercises

1. The first term is 2 + 1 = 3. The second term is 2% + 1 = 5. The third term is 2% + 1 = 9, the fourth is 2* + 1 = 17, and
the fifth is 2° + 1 = 33. The first five terms are 3, 5,9, 17, 33.

2. The first term is 1+ (—1)* = 1 — 1 = 0. The second term is 2 4+ (—1)? = 2+ 1 = 3. The third term is 3 — 1 = 2 and
the fourth is 4 + 1 = 5. The first five terms are 0, 3,2, 5, 4.

3. Thefirsttermis2-1/(2-1+ 1) = 2/3. The second termis 2 - 2/(2 - 2 + 1) = 4/5. The first five terms are
2/3,4/5,6/7,8/9,10/11.

4. The first term is (—1)*(1/2)* = —1/2. The second term is (—1)?(1/2)? = 1/4. The first five terms are
—1/2,1/4,—1/8,1/16,—1/32.

5. The first term is (—1)2(1/2)° = 1. The second term is (—1)%(1/2)* = —1/2. The first five terms are
1,-1/2,1/4,-1/8,1/16.

6. The first term is (1 — 1/(1 4 1)) = (1/2)2. The second term is (1 — 1/3)® = (2/3)3. The first five terms are
(1/2),(2/3)%, (3/4)", (4/5)", (5/6)°.

7. The terms look like powers of 2 so we guess s, = 2". This makes the first term 2* = 2 rather than 4. We try instead
sn = 2" If we now check, we get the terms 4, 8, 16, 32, 64, . . ., which is right.

8. We compare with positive powers of 2, which are 2,4, 8, 16, 32, . . .. Each term is one less, so we take s,, = 2" — 1.

9. We observe that if we subtract 1 from each term of the sequence, we get 1,4, 9, 16,25, . . ., namely the squares 12, 22, 32,42 52 .. .

Thus s, = n? + 1.
10. First notice that s,, = 2n — 1 is a formula for the general term of the sequence
1,3,5,7,9,....

To obtain the alternating signs in the original sequence, we try multiplying by (—1)". However, checking (—1)"™(2n — 1)
forn =1,2,3,... gives

~1,3,-5,7,-9,....
To get the correct signs, we multiply by (—1)™"" and take

$n = (=1)""(2n - 1).

11. The numerator is n. The denominator is then 2n + 1, s0 s, = n/(2n + 1).

12. The denominators are the even numbers, so we try s, = 1/(2n). To get the signs to alternate, we try multiplying by
(—=1)™. That gives
-1/2,1/4,-1/6,1/8,—-1/10,...,
so we multiply by (—1)"T" instead. Thus s, = (—1)"T*/(2n).
13. We have s2 = s1 + 2 = 3 and s3 = s2 + 3 = 6. Continuing, we get

1, 3, 6, 10, 15, 21.

14. Wehave so =251 +3=2-14+3=5and s3 = 2s2 +3 =25+ 3 = 13. Continuing, we get
1,5,13,29,61,125.
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15. Wehave s2 = 51 +1/2 =0+ (1/2)' = 1/2and s3 = s2 + (1/2)? = 1/2 4 1/4 = 3/4. Continuing, we get

o 137 15 31
727478

'167 32°

16. We have s3 = sa+2s1 =5+2-1="Tand s4 = s34+ 2s2 =7+ 25 = 17. Continuing, we get

1,5,7,17, 31, 65.

Problems

17.

18.

19.

20.

21.
22,

23.

24.
25.

26.

27.

28.

29.
30.

(a) matches (IV), since the sequence increases toward 1.

(b) matches (III), since the odd terms increase toward 1 and the even terms decrease toward 1.
(c) matches (II), since the sequence decreases toward 0.

(d) matches (I), since the sequence decreases toward 1.

(a) matches (II), since the sequence increases toward 2.

(b) matches (III), since the even terms decrease toward 2 and odd terms decrease toward —2.
(c) matches (IV), since the even terms decrease toward 2 and odd terms increase toward 2.
(d) matches (I), since the sequence decreases toward 2.

(e) matches (V), since the even terms decrease toward 2 and odd terms increase toward —2.

(a) matches (II), since lim,, oo (n(n + 1) — 1) = oco.

(b) matches (I1I), since limy, o0 (1/(n + 1)) = 0 and 1/(n + 1) is always positive.

(c) matches (I), since lim,—o0 (1 — n%) = —o0.

(d) matches (IV), since limy,— oo cos(1/n) = cos0 = 1.

(e) matches (V), since sin n is bounded above and below by £1, so lim,, .o ((sinn)/n) = 0 and the sign of sin n varies
as n — oo.

Since lim z™ = 0if |z] < 1and |0.2| < 1, we have lim (0.2)" = 0, so the sequence converges to 0

n— oo n— oo

Since 2" increases without bound as n increases, the sequence diverges.

Since lim z™ = 0if |z| < 1 and | — 0.3| < 1, we have lim (—0.3)™ = 0, so the sequence converges to 0.
n—o0 n—0o0

Since lim z" = 0if |z| < 1and [e™2| < 1, wehave lim (¢ >") = lim (e %)" = 0,50 lim (3+e °") =340 =3,

n— oo n—oo n— oo n—oo

so the sequence converges to 3.

2 2" 2\"
3‘ < 1, we have lim (—) = lim (—) = 0, so the sequence converges to 0.

Since lim z" = 0if |z| < 1 and

n— oo

We have: 10
lim (” +—) — lim 1”—O+ lim 10n.

n—oo \ 10 n n— oo n— 00

Since n/10 gets arbitrarily large and 10/n approaches 0 as n — oo, the sequence diverges.

We have: 1
lim (—) =0.
n—oo \M
The terms of the sequence alternate in sign, but they approach 0, so the sequence converges to 0.
We have

2 1 1
lim 222 = i (2+—):2,
n—oo n n— oo n
so the sequence converges to 2.
Since s, = cos(mn) = lifnisevenand s, = cos(mn) = —1 if n is odd, the values of s,, alternate between 1 and —1,

so the limit does not exist. Thus, the sequence diverges.
Since lim,, o0 1/n = 0and —1 < sinn < 1, the terms approach zero and the sequence converges to 0.

As n increases, the term 2n is much larger in magnitude than (—1)"5 and the term 4n is much larger in magnitude than
(—1)™3. Thus dividing the numerator and denominator by n and using the fact that lim 1/n = 0, we have

n—o0

. 2n+(-1)"5 .24 (-D"/n 1
S A PO B S AL
A T ()3 A T (C1)nan 2

Thus, the sequence converges to 1/2.
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Since the exponential function 2" dominates the power function n® as n — oo, the series diverges.

The first 6 terms of the sequence for the sampling is

cos 0.5, cos 1.0, cos 1.5, cos 2.0, cos 2.5, cos 3.0

= 0.878, 0.540, 0.071, —0.416, —0.801, —0.990.

The first 6 terms of the sequence for the sampling is

(—0.5)%, (0.0)%, (0.5)%, (1.0)%, (1.5), (2.0)%,
=0.25, 0.00, 0.25, 1.00, 2.25, 4.00.

The first 6 terms of the sequence for the sampling are

sinl sin2 sin3 sin4 sinb5 sin6
17 27 37 47 57 6
= 0.841, 0.455, 0.047, —0.189, —0.192, —0.047.

The first smoothing gives

0, 6, —6, 6, —6, 6, ...

The second smoothing gives

3,0,2,-2,2,...

The smoothing process diminishes the peaks and valleys of this alternating sequence.

The first smoothing gives

0,0,6,6,6,0,0...

The second smoothing gives

0,2,4,6,4,2...

The smoothing process spreads out the spike at the fourth term to the neighboring terms.

The first smoothing gives

1.5,2,3,4,5,6,7...

The second smoothing gives

1.75, 2.17, 3,4, 5, 6. ..

Terms which are already the same as their average with their neighbors are not changed.

(@)
(b)
©

(@)
(b)

©

(@)
(b)

Since month 10 is October, V7 is the number of SUVs sold in the US in October 2004.

The difference V,, — Vi, represents the increase in sales between month (n — 1) and month n.

The sum Z:il Vi represents the total sales of SUVs in the year 2004 (twelve months). The sum )" | V; represents
the total sales in the » months starting from January 1, 2004.

Since ¢; = 75.747(1.003), c2 = 75.747(1.003)2, and so on, we have ¢, = 75.747(1.003)".

Since ¢y, is consumption in year n and ¢,,—1 is consumption in year n — 1, we have

Cn — Cn_1 = T5.747(1.003)" — 75.747(1.003)" ' = 75.747(1.003)"~(1.003 — 1) = 0.227(1.003)" !,

and ¢, — ¢n—1 represents the increase in consumption in million barrels per day between the year (n — 1) and the
year n.
The sum represents the total oil consumed in years 1-18, that is, 2003-2020, inclusive.

Since you have two parents and four grandparents, s; = 2 and s2 = 4. In general, s, = 2".
Solving s, = 6 - 10° gives

2" =6-10°
) 9
In2

Thus, 33 or more generations ago, the number of ancestors is greater than the current population of the world. Since
the population of the world 33 generations ago was much smaller than it is now, there must have been overlap among
our ancestors.
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41. Inyear 1, the payment is
p1 = 10,000 + 0.05(100,000) = 15,000.

The balance in year 2 is 100,000 — 10,000 = 90,000, so
p2 = 10,000 + 0.05(90,000) = 14,500.
The balance in year 3 is 80,000, so
ps = 10,000 + 0.05(80,000) = 14,000.
Thus,
pn = 10,000 + 0.05(100,000 — (n — 1) - 10,000)
= 15,500 — 500n.

42. (a) (i) Since the number of bacteria doubles every half hour, the number quadruples every hour. Thus

Ri = Bo-4
Ry = By - 42
Rn = By - 4™.

(i1) Each hour, the number of bacteria is multiplied by a factor a, so

F,, = Boa".
The bacteria doubles in number in 10 hours, so
Fy9 = 2Bo.
Thus,
Boa"’ = 2By
a=9! /107
SO

F, = BO(21/10)TL — Bozn/lo.

R, Bo4" 4 n 1Lo\n
Yo = E, Bo2n/10 = (21/10> = (2 ) :

(b) We want to solve for n making Y,, = 1,000,000:

(iii) The ratio is

(2"°)" = 1,000,000

~ In(1,000,000)

= 10.490.
@) 0.490

Thus, in about ten and a half hours, there are a million times as many bacteria in the baby formula kept at room
temperature.

43. (a) In the first year, di = 20,000(0.12), so the car’s value at the end of the first year is $20,000(0.88). In the second
year, do = 20,000(0.88)(0.12), so the car’s value at the end of the second year is $20,000(0.88)2. Similarly,
ds = 20,000(0.88)%(0.12). In general

dn = 20,000(0.88)""(0.12).

(b) The first year 71 = 400; the second year 72 = 400(1.18), the third year 3 = 400(1.18)°. In general, r, =
400(1.18)" .
(c) We have
Total cost = d1 +d2 +d3z +r1 + 12+ 173
= 20,000(0.12)(1 + 0.88 + (0.88)?) + 400(1 + 1.18 + (1.18)?)
= 7799.52 dollars.



44,

45.

46.
47.

48.

49.

50.

51.

52.

53.

9.1 SOLUTIONS 637

(d) A two-year old car has the same pattern of expenses except that the initial price is $20,000(0.88)? instead of $20,000
and that the repair costs start at $400(1.18)? instead of $400. Then

Total cost = 20,000(0.88)(0.12)(1 + 0.88 + (0.88)%) 4 400(1.18)*(1 + 1.18 + (1.18)%)
= 6923.05 dollars.

Thus, the two-year-old car costs you less and you should buy it.

We want to define lim s, = L so that s, is as close to L as we please for all sufficiently large n. Thus, the definition

n—oo

says that for any positive ¢, there is a value N such that

|sn — L| < e whenever n > N.

We use Theorem 9.1, so we must show that s,, is bounded. Since ¢,, converges, it is bounded so there is a number M,
such that t, < M for all n. Therefore s,, < t,, < M for all n. Since s, is increasing, s1 < s,, for all n. Thus if we let
K = s1,wehave K < s,, < M for all n, so sy, is bounded. Therefore, s,, converges.

Each term is 2 more than the previous term, so a recursive definition is s, = $,—1 + 2 forn > 1 and s; = 1.

Each term is 2 more than the previous term, so a recursive definition is s, = sp—1 + 2 forn > 1 and s; = 2. Notice that
the even positive integers and odd positive integers have the same recursive definition except for the starting term.

Each term is twice the previous term minus one, so a recursive definition is s, = 25,1 — 1 forn > 1 and s; = 3. We
also notice that the differences of consecutive terms are powers of 2, s0 s2 = s1 + 2, s3 = $2 + 22, and so on. Thus
another recursive definition is s, = sn,_1 4+ 2" ! forn > 1 and s; = 3.

The differences between consecutive terms are 4, 9, 16, 25, so, for example, s2 = s1+4 and s3 = s2+9. Thus, a possible
recursive definition is sp = sn—1 +n2 forn > 1and s; = 1.

The differences are 2, 3,4, 5, so, for example, s2 = s1 + 2, s3 = s2 + 3, and s4 = s3 + 4. Thus, a recursive definition is
Sn = Spn—1 +nforn>1lands; = 1.
The numerator and denominator of each term are related to the numerator and denominator of the previous term. The

denominator is the previous numerator and the numerator is the sum of the previous numerator and previous denominator.
For example,

§_2+3and§ 3+5
3 3 5 5
If we simplity, we get
5 2 8 3
_ = - 1 —_- = - 1
g - g thadg=g+

In words, we turn the previous term upside down and add 1. Thus, a recursive definition is s,, = +1forn > 1and

Sn—1
S1 = 1.

Forn > 1,if s, =3n — 2, then sp,—1 =3(n —1) —2=3n -5, so
Sn—8n—1=(Bn—2)— (3n—5) =3,
giving
Sn = Sp—1 + 3.
In addition, sy =3-1—-2=1.
Forn > 1,if s, = n(n+1)/2,then s,—1 = (n —1)(n — 1+ 1)/2 = n(n — 1) /2. Since

2

1 2 1
snzi(rf—l—n):%—i—g and sn,1:§(n2—n):%—g,
we have
n n
Sn_snfl—g‘i‘g:n,
SO

In addition, s; = 1(2)/2 = 1.
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54. Forn > 1,if s, = 2n® —n,thens,—1 =2(n—1)> — (n— 1) = 2n*> — 5n.+ 3,50
Sn—Sn—1=(2n" —n) — (2n® —5n +3) = 4n — 3,
giving
Sn = Sn—1 +4n — 3.
In addition, s =2- 1> — 1 =1.
55. (a) The bottom row contains k cans, the next one contains (k — 1) cans, then (k — 2) and so on. Thus, there are k rows.
Since the top row contains 1 can, the second contains 2 cans, etc, we have a,, = n.
(b) Since the n' row contains n cans, @, = n,
Tn =1n_1+an
gives
Tn=Th-1+mn, forn>1.

In addition, 77 = 1.
(¢) fT,, = sn(n+1),then T,,_1 = 3(n — 1)n, so

Tn —Th-1 :%n(n—l—l)—%n(n—l): g(n-l-l—(n—l)):n,

In addition, 7} = £ - 1(2) = 1.

56. (a) The first 12 terms are
1,1, 2, 3,5, 8, 13, 21, 34, 55, 89, 144.

(b) The sequence of ratios is
13 21 34 55 89

5 8 13 2134 55 89
3'5° 813203455

To three decimal places, the first ten ratios are

1, 2, 1.500, 1.667, 1.600, 1.625, 1.615, 1.619, 1.618, 1.618.

It appears that the sequence of ratios is converging to 7 = 1.618. We find (1.618)% = 2.618 = 1.618 + 1 so
r seems to satisfy 7> = r + 1. Alternatively, by the quadratic formula, the positive root of > — 2z — 1 = 0 is

(14++/5)/2 = 1.618.
(c) If we multiply both sides of the equation r? = r + 1 by Ar™~2, we obtain

—1 —2
Ar™ = Ar" T 4 ArTE.
Thus, if s, = Ar™, then s,_1 = Ar" "' and s,_2 = Ar™ "2, so the sequence satisfies Sy, = Sn—1 + Sn—2.

57. The sequence seems to converge. By the 25" term it stabilizes to four decimal places at L = 0.7391.

58. The sequence oscillates up and down, but by the 20" term it stabilizes to 4 decimal places at L = 0.5671.

Solutions for Section 9.2

Exercises

1. Yes, a = 2, ratio = 1/2.
2. Yes,a = 1,ratio= —1/2.

. . . 1/3 L 1/4
3. No. Ratio between successive terms is not constant: % = 0.66.. ., while ﬁ = 0.75.
4. Yes, a = 5, ratio = —2.
. . . 212 . 23 3
5. No. Ratio between successive terms is not constant: — = 2x, while 222 = §m.
T T
. . . 622 924 3
6. No. Ratio between successive terms is not constant: 3, = 2z, while 6.2 = §z.
z z

7. Yes, a = 1, ratio = 2z.
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Yes, a = y?, ratio = y.
. Yes, a = 1, ratio = —z.
Yes, a = 1, ratio = —y°.
1
Sum = ——— 1/2
um = o——-, lz] <1/
2
Sum = y—, ly| <1
I-y
1 1
S = T - ) <1
ame= g (—z) 1+= @]
1 1
Sum = ly| < 1.

= (%) T+

The series has 26 terms. The first term is ¢ = 2 and the constant ratio is z = 0.1, so

a(l—2%)  2(1-(0.1)%)
1-z) 0.9

Sum = = 2.222.

The series has 10 terms. The first term is ¢ = 0.2 and the constant ratio is z = 0.1, so

0.2(1 — z'9) _ 0201 (0.1)1%

(1—2) 09 = 0.222.

Sum =

The series has 9 terms. The first term is a = 0.00002 and the constant ratio is x = 0.1, so

_0.00002(1 —2”) _ 0.00002(1 — (0.1)°)

S = = 0.0000222.
um -2 0.9 0.0000
1.1 1,1 - 1\" -
,2+1,§+1,§+T6,..._ E (-2) (75) , ageometric series.

n=0

Leta = —2and x = —1. Then

S () - g

n=0

3+§+§+§...+i—3(1+1+...+

2 48 210 2

Using the formula for the sum of an infinite geometric series,

OO RN CENORI B
3/ \3 3 T \3 3°\3 C1-1 0 54

n=4

1 3(1-5k) 3(2"-1)
ﬁ): 1

Using the formula for the sum of a finite geometric series,

>(5) = () +(5) = (@)= (0 (+5+ (B ()) - A = T

n=

Problems

22,

Yes. If the original series is finite, then

.- . 2 -1
Original series = a + ax + ax” +--- +az"" ",

then the new series obtained by multiplying termwise by c is

N 2 -1
New series = ca + cax + cax” + --- 4+ caz” ™ ",

which is also a geometric series: its first term is ca and the constant ratio of successive terms is still . The argument
works the same way for an infinite geometric series.
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23. Yes. If the original finite geometric series is

. . 2 -1
Original series = a + ax +ax” +---+azx" ",

then the new series obtained by taking reciprocals termwise is

. 1 1 1 1
New series = — + — + — + -+ +
a

ar  ax? axn—1’

which is also a geometric series: its first term is 1/a and the constant ratio of successive terms is 1/z. The argument works
the same way for an infinite geometric series.

24. Since the amount of ampicillin excreted during the time interval between tablets is 250 mg, we have

Amount of ampicillin excreted = Original quantity — Final quantity
250 = @ — (0.04)Q.

Solving for ) gives, as before,
250

= ———— ~260.42.
1-0.04 60

Q

25. (a) The amount of atenolol in the blood is given by Q(t) = Qoe**, where Qo = Q(0) and k is a constant. Since the
half-life is 6.3 hours,

1 —6.3k 1.1
S8 p—  In= 011
2= ¢ 63 2

After 24 hours
Q= Qoefk(m) ~ Qoefo.n(m) ~ Q0(0.07).

Thus, the percentage of the atenolol that remains after 24 hours ~ 7%.
(b)

Qo =50

Q1 = 50+ 50(0.07)

Q2 = 50 + 50(0.07) + 50(0.07)°

Q3 = 50+ 50(0.07) + 50(0.07)2 + 50(0.07)3

— (0.07)™*!
Qn = 50 + 50(0.07) + 50(0.07)% + - - - + 50(0.07)" = 200 = (O-0D"7)

1-0.07
(©

Pi = 50(0.07)

P> = 50(0.07) + 50(0.07)*

P3 = 50(0.07) + 50(0.07)% 4 50(0.07)*

Py = 50(0.07) + 50(0.07) + 50(0.07)® 4 50(0.07)*

P, = 50(0.07) + 50(0.07)% 4+ 50(0.07)® + - - - 4+ 50(0.07)"
~0.07(50)(1 — (0.07)™)
- 1-0.07

=50(0.07) (1 + (0.07) + (0.07)* + - -- 4 (0.07)" ")

26. (a)
Pi=0
Py = 250(0.04)
Ps = 250(0.04) + 250(0.04)>
Py = 250(0.04) + 250(0.04)° + 250(0.04)®

P, = 250(0.04) + 250(0.04)* + 250(0.04)® + - - - 4+ 250(0.04)" "



9.2 SOLUTIONS 641

0.04(1 — (0.04)"™ 1)

(b) P, = 250(0.04) (1 + (0.04) + (0.04)> + (0.04)* + - - + (0.04)"~?) = 250

1—0.04
(©
P = lim P,
. 0.04(1 — (0.04)"71)
= lim 2
Jim 250 1—0.04
(250)(0.04)
=T —0.04Q ~ 10.42
0.96 @

Thus, lim P, = 10.42 and lim @, = 260.42. We would expect these limits to differ because one is right

n—0o0 n—00

before taking a tablet, one is right after. We would expect the difference between them to be 250 mg, the amount of
ampicillin in one tablet.

27.

q (quantity, mg)

t (time,
days)

28. (a) Let hy, be the height of the n'™ bounce after the ball hits the floor for the n'" time. Then from Figure 9.1,

ho = height before first bounce = 10 feet,

h1 = height after first bounce = 10 (g) feet,
3 2
ho = height after second bounce = 10 (1) feet.

Generalizing gives

Figure 9.1

(b) When the ball hits the floor for the first time, the total distance it has traveled is just D; = 10 feet. (Notice that this
. . 3 .
is the same as ho = 10.) Then the ball bounces back to a height of 1y = 10 (Z)’ comes down and hits the floor for
the second time. See Figure 9.1. The total distance it has traveled is

3

D2:h0+2h1:10+2'10(1) = 25 feet.
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2
Then the ball bounces back to a height of ha = 10 (Z) , comes down and hits the floor for the third time. It has

traveled

2 2
D3:ho+2h1+2h2:10+2~10(2>—|—2-10(%) :25—|—2~10(Z) = 36.25 feet.
Similarly,

Dy = ho + 2h1 + 2ha + 2hs3

3 3\? 3\3
=10+2-10(2)+2-10(2) +2-10(2
02 O<4> 2 0(4) 2 0(4)

3 3
=36.25+2-10 (Z)
=~ 44.69 feet.

(c) When the ball hits the floor for the n*® time, its last bounce was of height h,_1. Thus, by the method used in part
(b), we get

D, = ho+2h1 + 2ha +2h3 + -+ 4+ 2hn_1

3 3 2 3 3 3 n—1
_10+2'10(Z)+2'10(1> +2'10(Z> +~~~+2~10(Z)

finite geometric series

COROEON

=10+ 60 (1 - (i)nl) .

29. (a) The acceleration of gravity is 32 ft/sec? so acceleration = 32 and velocity v = 32t + C. Since the ball is dropped,
its initial velocity is 0 so v = 32t. Thus the position is s = 16¢t> + C. Calling the initial position s = 0, we have
s = 6t. The distance traveled is h so h = 16¢. Solving for ¢ we get t = i\/ﬁ

(b) The first drop from 10 feet takes 11/10 seconds. The first full bounce (to 10 - (2) feet) takes 1,/10 - (2) seconds
to rise, therefore the same time to come down. Thus, the full bounce, up and down, takes 2(%)\ /10 - (%) seconds.

2 n
The next full bounce takes 2()10 - (2) = 2(1)/10 ( 5) seconds. The "™ bounce takes 2(1)v/10 ( 5)

4 4
seconds. Therefore the

Total amount of time
3

1 2 3 2 3 ’ 2 3

. . . _ 2 3_ 1 3 _ /3
Geometric series witha = v/ 10\/; =3V 10\/; and z = \/;

1 1 3 1
= -v10+ =V 1()\/j ———— | seconds.
4 2 4\1-./3/4

30.

Total present value, in dollars = 1000 4+ 1000e ~*-* + 1000e ~%-°*® 4+ 1000e~*%4® 4+ ...
= 1000 + 1000(e~%%*) +1000(e~**)? 4+ 1000(e***)® + . ..

This is an infinite geometric series with a = 1000 and z = ¢~%%% and sum

1000

Total present value, in dollars = =T

= 25,503.



31.

32.
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The amount of additional income generated directly by people spending their extra money is $100(0.8) = $80 million.
This additional money in turn is spent, generating another ($100(0.8)) (0.8) = $100(0.8)? million. This continues
indefinitely, resulting in

~100(0.8)

Total additional income = 100(0.8) + 100(0.8)* + 100(0.8)* 4 - - - = T_o08 — $400 million

The total of the spending and respending of the additional income is given by the series: Total additional income =
100(0.9) + 100(0.9) 4 100(0.9)% + - - - = 19%0-9 — $900 million.

Notice the large effect of changing the assumption about the fraction of money spent has: the additional spending more
than doubles.

Exercises

1.

We use the integral test with f(z) = 1/2> to determine whether this series converges or diverges. We determine whether
oo

the corresponding improper integral ?dx converges or diverges:

;ibmH¢1+1>1
L b \202 2/ 2

') oo
. . 1 . . 1
Since the integral / — dx converges, we conclude from the integral test that the series E —; converges.
x n
1

n=1

. We use the integral test with f(z) = x/(z® + 1) to determine whether this series converges or diverges. We determine

oo

whether the corresponding improper integral dx converges or diverges:

X
241
oo b 1 b
xr . X . 2
[ﬁﬂﬁbﬂ[ﬁﬂmbﬂwm+n

. 1 5 1
=1 —1 1)—=In2) = 0.
bﬂQw+>2U o

e’}

oo
Since the integral /1 xQ—Hdm diverges, we conclude from the integral test that the series E P diverges.

n=1

. We use the integral test with f(x) = 1/e” to determine whether this series converges or diverges. To do so we determine
oo

whether the corresponding improper integral 1 e—zdx converges or diverges:
b
= lim (—e_b + e_l) =e

b—oo
1

—1

et b—o0 1 b—oo

%) 1 b
/ —dzr = lim e %dr = lim —e ”
1

oo

o0
Since the integral / —dz converges, we conclude from the integral test that the series E — converges. We can also
e e
1 n=1

observe that this is a geometric series with ratio x = 1/e < 1, and hence it converges.

. We use the integral test with f(z) = 1/(z(Inx)?) to determine whether this series converges or diverges. We determine

oo

whether the corresponding improper integral 5 dx converges or diverges:

_ 1
, x(nz)

0o b b
1 1 -1
 dr= i —~ _dr= lim ——
/2 z(Inz)? v birﬁlo/Q z(Inz)? el

— lim (;1 L) -1
2_b~><x> Inb " In2/) In2’

oo
. . 1 . .
Since the integral / ﬁ dx converges, we conclude from the integral test that the series E
z(lnx
2

n=2

o
n(lnn)?

converges.
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(oo}
. . _ 1 .
5. The improper integral / 3 dx converges to 3 since
1

b -2

/ x 3 dx = r_

) -2
1 1

fim (o +3) = 1
booo \—202 2/ T 27

The terms of the series Z n~3 form a right hand sum for the improper integral; each term represents the area of a
n=2

rectangle of width 1 fitting completely under the graph of the function % (See Figure 9.2.) Thus the sequence of partial

sums is bounded above by 1/2. Since the partial sums are increasing (every new term added is positive) the series is

guaranteed to converge to some number less than or equal to 1/2 by Theorem 9.1.

R S N |
-2 -2 —2p? 2

and

Y Yy
1 -
y=1/(@*+1)
1/8 -
1/2
1/27 - 1/5
1/64 - 1/10
x T
123456789 1 2 3 456 7 8
Figure 9.2 Figure 9.3

. . o :
6. The improper integral ——— dz converges to E, since
o **+1 2

b
————dr = arctanw\g = arctan b — arctan 0 = arctanb,
o T2+1

o0
T
and lim arctanb = —. The terms of the series
n=

form a right hand sum for the improper integral; each term

. . . 1 .
represents the area of a rectangle of width 1 fitting completely under the graph of the function P (See Figure 9.3.)
x

Thus the sequence of partial sums is bounded above by g Since the partial sums are increasing (every new term added is
positive), the series is guaranteed to converge to some number less than or equal to 7 /2 by Theorem 9.1.

7. The integral test requires that f(x) = x2, which is not decreasing.

8. The integral test requires that f(x) = (—1)%/x. However (—1)® is not defined for all x.

9. The integral test requires that f(x) = e~ sin x, which is not positive, nor is it decreasing.

Problems

10. Using the integral test, we compare the series with

3 b3 ’
/ dr = lim / dx =3In|z+2|| .
o T+2 b—oo Jo T+ 2 0

Since In(b + 2) is unbounded as b — oo, the integral diverges and therefore so does the series.



11.

12.

13.
14.

15.

16.

17.

18.
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We use the integral test and calculate the corresponding improper integral, f loo 3/(2x — 1)%dax:

/OO Bde o 0 8de L =8/2 " lim <7_3/2 +§> =3
o 2z =12 b= f; 22-1)2 b—oo (22 —1)|  b—ee \(260—1) 2 2

oo

Since the integral converges, the series E S converges.

3
— (2n—1)

We use the integral test and calculate the corresponding improper integral, f OOO 2/v/2 + xdx:

b
= lim 4 ((2 +b)Y/? —21/2) .
= Jim 4 (240 )

[eS) b
/ 2 dr = lim 2dz_ _ lim 4(2 + z)"/?
0 24z b—oo Jo V24 x  b—oo

Since the limit does not exist, the integral diverges, so the series diverges.

—~ 2
Z; V2+n
Writing a, = n/(n + 1), we have lim, .o a» = 1 so the series diverges by Property 3 of Theorem 9.2.

We use the integral test and calculate the corresponding improper integral, f loo 4/(2z + 1)3dz. Using the substitution
w = 2z + 1, we have

Y 4de [0 dde 1
L 2z +1P e ), 2041)3 o (204 1)2

')

b_hm(_;ﬁ)_z
L b\ (2641)2 09 9

Since the integral converges, the series E converges.

4
(2n+1)3

n=1
Using the integral test, we compare the series with

e b
3 ) 3 3 -
/0 x2+4dx:blin:o/() 12+4dx: §blinoloarctan (5)

by integral table V-24. Since the integral converges so does the series.

b = é lim arctan (9) = 3—7T
=3 5) =

b—oo
0

oo oo
. 3\". . . 1. . . .
The series g 1 is a convergent geometric series, but g — is the divergent harmonic series.
n

n=1 n=1

—/(3\" 1 —(3\" 1 —/3\" 1
It Z:l ((Z) + E) converged, then Z ((Z) + E) - Z (Z) = Z:l - would converge by Theorem 9.2.

n=1 n=1 n=

Therefore Z ((Z) + %) diverges.

The series can be written as

n=1 n=1
/1 1 1 1
If this series converges, then z; (27 + 5) - Z:l on = Z > would converge by Theorem 9.2. Since this is the
n= n= n=1
o - 2
harmonic series, which diverges, then the series Z diverges.
n

n=1

Leta, = (Inn)/n and f(z) = (Inz)/x. We use the integral test and consider the improper integral

/ ln—$dﬂc.
.z

R
/ ln—xd:v = %(lnx)2

T

Since

mol 2 2
=3 ((lnR) — (Inc¢) ),

and In R grows without bound as R — oo, the integral diverges. Therefore, the integral test tells us that the series,
oo

1 .
E M, also diverges.
n

n=1
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20.

21.

22.

23.

24.

25.
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We use the integral test and calculate the corresponding improper integral, | 300 (z4+1)/(z? + 2z + 2) da:

b
= Jim %(m(b2 +2b+42) —In17).

=) b
/ Ldmzlim miﬂdx:blim%ln|x2+2z+2\
3 - 3

2 4+ 22+ 2 b—oo o 2 4+ 22+ 2

n+1

m diVergeS.

oo
Since the limit does not exist (it is 0o), the integral diverges, so the series Z

n=

1 1
Z In(2n) Z (In2)n
The series on the right is the harmonic series multiplied by 1/1n 2. Since the harmonic series diverges, > - | 1/1In(2")
diverges.

Using In(2") = nln 2, we see that

Using In(2") = nln 2, we see that

o0 oo
Z (In (27)) :z:: ln2 2p2’

n=1
Since Y 1/n* converges, > 1/((In (2))?n?) converges by property 1 of Theorem 9.2.
(a) With a, =In((n+ 1)/n) we have

Sn=a1+a2+a3+ -+ an-1+an
=1n(2/1) + In(3/2) + In(4/3) + - - - + In(n/(n — 1)) + In((n + 1) /n)
(23 )

(b) Since the limit of the partial sums, lim,— oo Sy = limp—.o0 In(n + 1), does not exist, the series diverges.

Inr

Inn Inn (Inr)(Inn) _ nln r

(a) Usingr =e™"andn =e we have r =e

(b) By part (a) we have r'™"™ = n!"" = 1/n~'""_ Since the p-series > 1/nP converges if and only if p > 1, the series
>, 1/n~ ™" converges if and only if — Inr > 1, which is equivalent toInr < —lorr < 1/e. Thus ) - r™"
converges if 0 < r < 1/e and diverges if r > 1/e.

(a) A common denominator is k(k + 1) so

1 1 k+1 ko k+l-k 1

ko k+1 k(k+1) k(k+1)  k(k+1)  EkEk+1)

(b) Using the result of part (a), the partial sum can be written as

s LRI S SIS S DS S U S |
ST 3734 1 22 33 4 4
All of the intermediate terms cancel out, leaving only the first and last terms. Thus S19 = 1— L and S,, = 1— %

n—oo TL+1

1-3 2.4 3.5
54_111(2 )+1 (3 3)““(@)‘

USing the property ln(A) + ln(B) = ln(AB), we get
4 .

1-3.2.4.3
—1
54 n(2-2-3. 1

(¢) The limit of Sy, asn — oo is lim (1 — L) =1 — 0 = 1. Thus the series Z m converges to 1.

(a) The partial sum

4

3.
. . . 1-5 5

The intermediate factors cancel out, leaving only In (ﬂ) ,80 54 =1n (—) .

8
(b) For the partial sum S,,, similar steps yield

. (1:3:2:4-35-(n—1)(n+1)
S"_ln( 2.2-3-34-4---n-n '

As before, most of the factors cancel, leaving .S, = In ( 2
n

n+1)
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27.

28.

29.

30.

31.
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(¢) Thelimitof S, = In (nZ—Zl> asn — oois lim In (nz—;l) =In (%) . Thus the series;In (—(k — 1])cgk * 1))

1
converges to In ( 3 ) .

Let S, be the n'" partial sum for 3" a, and let T}, be the n'" partial sum for >_ b,,. Then the n'" partial sums for
> (an+bn), > (an—bn),and Y kan are Sy + 15, Sn — Th, and kSy, respectively. To show that these series converge,
we have to show that the limits of their partial sums exist. By the properties of limits,

lim (Sp +T») = lim S, + lim T,

n—00 n—oo n— o0
lim (S, —T,) = lim S, — lim T,
lim kS, =k lim S,.

This proves that the limits of the partial sums exist, so the series converge.

Let S), be the n-th partial sum for Z an and let T}, be the n-th partial sum for Z bn. Suppose that Sy = T'x + k. Since
an = by forn > N, we have S,, = T, + k for n > N. Hence if S,, converges to a limit, so does T, and vice versa.
Thus, Y an and Y, by, either both converge or both diverge.
We have an = Sp — Sn—1.If Y a, converges, then S = lim, o Sy exists. Hence limp—o0 Sn—1 exists and is equal
to S also. Thus

lim an, = lim (Sp — Sp—1) = lim S, — lim S,—1=5—-5=0.

n—oo n— oo n—o00 n—oo

From Property 1 in Theorem 9.2, we know that if Y | a,, converges, then so does  _ ka,.
Now suppose that > a,, diverges and » _ ka,, converges for k # 0. Thus using Property 1 and replacing Y | an by
> kan, we know that the following series converges:

Z %(kan) = Zan,

Thus, we have arrived at a contradiction, which means our original assumption, that E kan converged, must be wrong.

n=1
o]

A typical partial sum of the series Z(an+1 — an), say Ss, shows what happens in the general case:

n=1
Ss = (a2 —a1) + (a3 — az2) + (as — as) + (a5 — a4) + (a6 — as) = as — a1

as all of the intermediate terms cancel out. The same thing will happen in the general partial sum: S, = an+1 — a1.
oo

Now the series g (an+1 — an) converges if the sequence of partial sums S, has a limit as n — oco. Since we’re as-

n=1
suming that the original series Z an converges, we know that lim a, = lim a,+1 = 0 by property 3 of Theorem 9.2.
1 n—oo n—oo
Thus
lim S, = lim (ant1 —a1) =0—a1 = —as.

n—oo n—oo

Since the sequence of partial sums converges (to —a1), the series Z(a"“ — ay,) converges (also to —ay).
n=1
If an = 1forall n, then Y a,, diverges but > (ant1 — an) = > 0 converges. If a, = n for all n, then ) a, diverges,
and ) ant1 — an =y 1 diverges
o0
(a) Let N an integer with N > c. Consider the series Z a;. The partial sums of this series are increasing because all
i=N+1
the terms in the series are positive. We show the partial sums are bounded using the right-hand sum in Figure 9.4. We
see that for each positive integer k
N+k

f(N+1)+f(N+2)—|—~--+f(N+k)§/ f(z)dz.
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Since f(n) = a, for all n, and ¢ < N, we have
Ntk
an+1 +ant2+ -+ antr < / f(x)dx.

Since f(z) is a positive function, ch+k fl@)de < fcb f(z)dx for all b > N + k. Since f is positive and
fcoo f(z) dx is convergent, fCNM f(z)dx < fcoo f(z) dx, so we have

aNt+1+an42 + -+ anik g/ f(x)dz forall k.

oo
Thus, the partial sums of the series E a; are bounded and increasing, so this series converges by Theorem 9.1.

i=N+1
oS}

Now use Theorem 9.2, property 2, to conclude that Z a; CONverges.
i=1

/(@) f(@)
Area = f(NN)
Area = f(N +1) ¥ Area = f(N +1)
Area = f(N + 2) Area = f(N +2)
Area = f(N + 3) 4
——
1 x | T
¢ N N+1 c N N+1
Figure 9.4 Figure 9.5

(b) We now suppose / f(x) dzx diverges. In Figure 9.5 we see that for each positive integer k

N+k+1
/ f@)de < f(N)+ fF(N+1)+---+ f(N + k).

Since f(n) = ax, for all n, we have

N+tk+1
/ f(x)dz < an +ant1+ -+ anyk.
N

Since f(z) is defined for all x > ¢, if f:o f(x) dz is divergent, then f ;O f(x) dz is divergent. So as k — oo, the the

[e']

. N+k+1
integral f e

N f(z) dz diverges, so the partial sums of the series Z a; diverge. Thus, the series Z a; diverges.

More precisely, suppose the series converged. Then the partial silrrjl\é would be bounded. (The parltiall sums would
be less than the sum of the series, since all the terms in the series are positive.) But that would imply that the integral
converged, by Theorem 9.1 on Convergence of Monotone Bounded Sequences. This contradicts the assumption that
f;o f(z) dx is divergent.

33. (a) Show that the sum of each group of fractions is more than 1/2.
(b) Explain why this shows that the harmonic series does not converge.

(a) Notice that

1 1.1, 1 2 1
3171717172

1 1,1 1 _1 1, 1, 1 4 1
5+6+?+§>§+§+§+§7§7§
11 11,1 18 1
PR TR T T TR T A TS

In the same way, we can see that the sum of the fractions in each grouping is greater than 1/2.
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(b) Since the sum of the first n groups is greater than /2, it follows that the partial sums of the harmonic series are not
bounded. Thus, the harmonic series diverges.

34. (a) Since forx > 0,

/ L de =In(lnz) +C
zlnx

we have

oo b
/ ! dz = lim / L dz = lim (In(lnd) — In(In2)) = oo.
, zlhnz b—oo [, zlnw b—oo

The series diverges by the integral test.
(b) The terms in each group are decreasing so we can bound each group as follows:
1 1 1 1 1

33 4lnd ~ 4nd | 4lnd 24

and
1 N 1 N 1 N 1 oy 11
5In5  6In6  7ln7 8In8 8In8 ~ 2In8’

Similarly, the group whose final term is 1/(2"™ In(2")) is greater than 1/(21n(2")) = 1/(2(In2)n). Thus

e
Z_:Q nlon ~ 2—21 2(In2)n’

The series on the right is the harmonic series multiplied by the constant 1/(2 In 2). Since the harmonic series diverges,
> 1/(nlnn) diverges.

"1
35. (a) The left-hand sum approximation to / — dz in Figure 9.6 shows that
T
1

" dx 1 1 1

— <1l+-+5++ =

.z 2 3 n

1 1 1

Inn—-Inl<l+—=-+-=-+---+—

2 3 n

1 1 1

0<l+s+5++—=—Inn

2 3 n
Thus, 0 < anp.
flx)=1/z

z xX
12 377 Pa+tl nop41
Figure 9.6 Figure 9.7
(b) We calculate
1 1 1 1 1 1
an_an+1—<1+§+§+"'+E)—lnn—((1+§+§+...+n+1>_ln(n+1))
1
=1 1)—lnn — ——.
n(n+1)—Inn ]

But using the right sum with one rectangle in Figure 9.7, we see that

/n+1da: 1

— >

n T n+1
1

In(n+1) —Ilnn > e
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Thus

1
an—an+1:ln(n+1)—lnn—n—+1>0

Ap > An41.

(c) Since a,, is a decreasing sequence bounded below by 0, Theorem 9.1 ensures that lim,, .o a,, exists.
(d) The sequence converges slowly, but a calculator or computer gives a200 = 0.5797. For comparison, a100 = 0.5822,
asoo = 0.5782. Thus, v = 0.58. More extensive calculations show that v = 0.577216.

36. (a) A calculator or computer gives
20

Zl 1 1 1
1 n2712+2_2+“.+W:1'596.
S 2

1
(b) Since E — = %, the answer to part (a) gives
n
1

2
m
— ~ 1.596
6
T~ V6-1.596 = 3.09

(c) A calculator or computer gives

SO

™~ V6-1.635=3.13.

(d) The error in approximating 72 /6 b 201 /n2 is the tail of the series $°° 1/n2. From Figure 9.8, we see that
1YY g Y 2.1 21 g
i L /°° dz 1
o n? 90 T2 T
100

A similar argument leads to a bound for the error in approximating 72 /6 by 21 1/n? as

)

1
= — = 0.05.
20 20

e’}

1 o 1
Z—2</ dr_ 1 = 1o = 001
101 " 100 * T 100
1/x?
x
20 21 22 "
Figure 9.8
37. (a) Wehavee >1+1+1/24+1/641/24 = 65/24 = 2.708.
(b) We have
1 1 1 1

- = < = .
nl 1-2.3-4---n - 1.-2-2.2...2 271
(c) The inequality in part (b) can be used to replace the given series with a geometric series that we can sum.

1 1 1 1
62220521+Zm<1+§:12n_1:1+m:3.
n= n=

n=1




9.4 SOLUTIONS 651

38. (a) The right-hand sum for fON zNdz with Az = listhesum 1°-14+2%-14+3%-14... 4+ N°.1 = Sy. This sum is
greater than the integral because the integrand z-° is increasing on the interval 0 < = < N. Since f ON z5dx = N9/6,
we have Sy > N°/6.

(b) The left-hand sum for [ 2Vdz with Az = 1is the sum 15 -1 +2° -1 +3% - 1+ + N°- 1 = Sy.
This sum is less than the integral because the integrand x® is increasing on the interval 1 < = < N + 1. Since
N 25da = (N +1)° — 1) /6, we have Sy < (N +1)¢ —1)/6.

1
(c) By parts (a) and (b) we have

NS/6 Sn (N+1)°—1)/6 1.
Noj6 <N /6 NY/6 =0+5)

1
-~

Since both limy o0 1 = 1 and limy oo (14 %) — ~7) = 1, we conclude that the limit in the middle also equals
1, imy—oo Sn/(N®/6) = 1.

Solutions for Section 9.4

Exercises

1. Leta, =1/(n — 3),forn > 4. Since n — 3 < n, we have 1/(n — 3) > 1/n, so

1
an > —.
n
o0 1 o0
The harmonic series E — diverges, so the comparison test tells us that the series E 3 also diverges.
n _
n=4 n=4

2. Leta, = 1/(n® +2). Since n® + 2 > n?, we have 1/(n? +2) < 1/n?, so

1
n
0o 0o

. 1 . .
The series E — converges, so the comparison test tells us that the series E also converges.
n

1
n2+2
n=1 n=1

. _ e 1
3. Leta, = efn/nQ. Since e™" < 1, for n > 1,we have — < =80
n n

O<an<—2.
n

oo St —
. 1 . . e "
The series E — converges, so the comparison test tells us that the series E —- also converges.
n n
n=1 n=1

1 n
4. Leta, =1/(3™ +1).Since 3" +1 > 3", wehave 1/(3" +1) < 1/3" = (5) , 80

177.
O<an< ().
<“<(3>

. . . . N . . . .
Thus we can compare the series E T with the geometric series E (g) . This geometric series converges since

n=1 n=1

oo
|1/3| < 1, so the comparison test tells us that Z
n=1

5. Leta, = 1/(n* + e™). Since n* + " > n?, we have

31 also converges.

1 < 1
nt4en " nt

9,
SO
1
O<an<_4.
n
)

. 1 _ , 1
Since the p-series E — converges, the comparison test tells us that the series E ——— also converges.
TL4 Tl4 + en

n=1 n=1
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6. Since Inn < n for n > 2, we have 1/Inn > 1/n, so the series diverges by comparison with the harmonic series,

> 1/n.

1 1
7. Let a, = n?/(n* +1). Since n* + 1 > n*, we have P <o
ap = n? <:— !
"Tpt41 Tpt 2’
therefore
1
0 < an < E
oo > 2

. . 1 . .
Since the p-series E — converges, the comparison test tells us that the series E converges also.
n

n
n*+1
n=1 n=1

8. We know that | sinn| < 1, so

‘nsinn n < n 1
nd+1 *n3+1 n3  n?’

St .
converges. Thus, by Theorem 9.6, Z %
n
=1

Since the p-series Z — converges, comparison gives that Z ’

n=1
converges.

9. Leta, = (2" 4+ 1)/(n2™ —1). Since n2" — 1 < n2™ + n = n(2" + 1), we have
2" +1 2" +1 1

n2n—1" n@2"+1) n’
2" 41 -

. . . . . 1 .
Therefore, we can compare the series E e with the divergent harmonic series E —. The comparison test tells
n2n — n

n=1 n=1

us that Z 2 also diverges.

10. Since a, = 1/(2n)!, replacing n by n + 1 gives an+1 = 1/(2n + 2)!. Thus

1
lans1]  (2n+2)!  (2n)! (2n)! _ 1
lan] 1 T @42 2n+2)2n+1)(2n)! T 2n+2)(2n+ 1)’
(2n)!
SO | u .
. An+1 .
L=1 lim ———— =0.
nvoe |an| | neoo (20 +2)(2n + 1)
Since L = 0, the ratio test tells us that Z  converges.

11. Since a,, = (n!)?/(2n)!, replacing n by n 4 1 gives ant1 = ((n + 1)1?/(2n + 2)!. Thus,

(n+1)1)?
jawnl _ a2l _ (4 D) (20!
|an| w (2n+2)!  (n!)2’
(2n)!

However, since (n 4+ 1)! = (n + 1)n! and (2n + 2)! = (2n + 2)(2n + 1)(2n)!, we have

lansa] _ _ (n+1)*(n!)*(2n)!
lan] — (2n+2)2n+1)(2n)!

(n+1)? n+1

|
)2~ 2n+2)2n+1) 4n+2’

SO
lanta| 1

L = lim

n—oo |an\ 4

Since L < 1, the ratio test tells us that g converges
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Since a, = (2n)!/(n!(n + 1)!), replacing n by n + 1 gives an+1 = (2n + 2)!/((n + 1)!(n + 2)!). Thus,
(2n +2)!
lani1]  (n+D(n+2)! (2n +2)! nl(n + 1)!
@] @l Dt @)
nl(n + 1)!
However, since (n 4 2)! = (n 4+ 2)(n + 1)n! and (2n 4+ 2)! = (2n + 2)(2n + 1)(2n)!, we have
lanti]  (2n+2)2n+1) 2(2n+1)
|an] (n+2)(n+1) n+2 ’
sO
L= lim lants] _
n—oo |an\
Since L > 1, the ratio test tells us that i ﬂ diverges
’ 1 nl(n +1)! ges.
n=
Since a,, = 1/(r™n!), replacing n by n + 1 gives an+1 = 1/(r""*(n + 1)!). Thus
1
lans1]  rti(n4+1)0 rn! _ 1
lan] 1 Tt 1) r(n+ 1)
rnnl
¥ 1 1
L= tim 1l oLy = 0.
n— oo |an| Tn—>oon+1
(o)
. . 1
Since L = 0, the ratio test tells us that Z — converges forall r > 0.
— rtn:
Since a, = 1/(ne™), replacing n by n 4 1 gives an+1 = 1/(n + 1)e™**. Thus
1
|an41| _ (4 Dertt  me® ( : ) 1
lan| 1 T (n+1entt T \n+1/ €
ner
Therefore
L= tim 2l _ Ly
n— oo |an| [&]
— 1
Since L < 1, the ratio test tells us that Z —— converges.
ner
n=1
Since a,, = 2" /(n® + 1), replacing n by n + 1 gives a1 = 2" /((n + 1)® + 1). Thus
2n+1
lanii|  (m+1)34+1 gnt! n+1 n®+1
lan| 2" T (n+1)34+1 22 T T(m+1)3 417
n3+1
S0
L= tim 21l g
n— oo |an\
e n
Since L > 1 the ratio test tells us that the series Z:O Pl diverges.
Even though the first term is negative, the terms alternate in sign, so it is an alternating series.
Since cos(nm) = (—1)7, this is an alternating series.
Since (—1)" cos(nm) = (—1)>" = 1, this is not an alternating series.
Since a,, = cosn is not always positive, this is not an alternating series.
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. . 1 1

Let a, = 1/+/n. Then replacing n by n+1 we have an+1 = 1/4/n + 1. Since v/n + 1 > \/n, we have - < 7,

n n

. . _ G . .
hence an+1 < ay. In addition, lim,, . a, = 0 so converges by the alternating series test.
=0 \/ﬁ
Let an, = 1/(2n + 1). Then replacing n by n + 1 gives an+1 = 1/(2n + 3). Since 2n + 3 > 2n + 1, we have
0<a __! < 1 _ a
T3 S 1
N o~ (!
We also have lim,,—. o a, = 0. Therefore, the alternating series test tells us that the series E Treae converges.
n

n—
Leta, = 1/(n® 4+2n+1) = 1/(n + 1)2. Then replacing n by n + 1 gives an+1 = 1/(n +2)2. Since n +2 > n + 1,

we have
1 1

m+2? = (n+1p

o}
0<ant1 < an.

(e @)
. . 3 . —_1)"— 1
We also have lim,,—. o a, = 0. Therefore, the alternating series test tells us that the series g ( ) converges.
n
n=1

24 92n+1

. . 1
Let a, = 1/e™. Then replacing n by n + 1 we have a,+1 = 1/e™ . Since e"™' > ¢”, we have < —, hence
e

en+1
oo

n
an+1 < an. In addition, lim,— e an, = 0 so E (77) converges by the alternating series test. We can also observe
e

n=1

that the series is geometric with ratio z = —1/e can hence converges since |z| < 1.
We have
an _ (5n+ 1)/(3n%)  5n+1
bn 1/n ~ 3n
0 5 1 5
lim 2 = qim 2P0 g
n—oo On n—oo 3n 3

o0
Since E — is a divergent harmonic series, the original series diverges.
n
n=1

We have

bn (1/3)"

an _ (L+n)/(3n)" _ <n+ 1)" B (1 N l)"
- n N n) ’
SO N
a"L .
lim — =1 1+—-) =e= 0.
ninolo bn ngrolo( +7’L> ¢ C#
. \". L . .
Since Z <§) is a convergent geometric series, the original series converges.
n=1
The n*® term a,, = 1/(n* — 7) behaves like 1/n* for large n, so we take b, = 1/n*. We have
1/(n*=7) n?

= lim —— =1.
n—oo Op n—oo 1/17,4 n—oo n4 — 7

The limit comparison test applies with ¢ = 1. The p-series » 1/ n* converges because p = 4 > 1. Therefore

>"1/(n* — 7) also converges.

The n'® term a,, = (n + 1)/(n? + 2) behaves like n/n* = 1/n for large n, so we take b, = 1/n. We have
(n+1)/(n*+2) . n?4n

. Qn .
lim — = lim ——~—% = lim =1.
n—oo Op n—oo l/n n—oo n2 —+ 2

The limit comparison test applies with ¢ = 1. Since the harmonic series _ 1/n diverges, the series Y (n + 1)/(n® + 2)
also diverges.
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28. The n'" term a,, = (n® —2n% +n+1)/(n* — 2) behaves like n®/n* = 1/n for large n, so we take b, = 1/n. We have

3_ 0,2 4 _ 4_ o 3 2
im % — lim (n°=2n“+n+1)/(n* —2) ~ lim ™ 2n° +n —|—n:1‘
n—oo Op n—oo l/n n—oo n4—2

The limit comparison test applies with ¢ = 1. The harmonic series » _ 1/n diverges. Thus » (n3 —2n% 4+ n+ 1) / (n4 — 2)
also diverges.
29. The n'® term a,, = 2™/(3"™ — 1) behaves like 2" /3™ for large n, so we take b, = 2" /3™. We have
an 2" /(3" = 1) . 3" 1

A, T T T = e =

The limit comparison test applies with ¢ = 1. The geometric series »_ 2"/3" = > (2/3)" converges. Therefore
2™ /(3™ — 1) also converges.

30. The n'™® term a,, = 1/(2y/n + v/ + 2) behaves like 1/(3/n) for large n, so we take b, = 1/(31/n). We have

lim 9% = g Y@VREVRED) L 3VR
n—oo bn n—oo 1/(3\/5) n—oo 2\/E =+ vn + 2
lim 3vn

n—oo \/75(24— 1+2/n>

3 3
lim =

=1.

The limit comparison test applies with ¢ = 1. The series Y . 1/(3y/n) diverges because it is a multiple of a p-series with
p =1/2 < 1. Therefore Y, 1/(2/n + v/n + 2) also diverges.

31. The n'*® term,
1 1 1

Tom—1 2n 4n2—2n’

behaves like 1/(4n?) for large n, so we take b, = 1/(4n?). We have

Gn

. an . 1/(4n* —2n) ) 4n? . 1
1 — =1 -~ =] [ —— =1
nooe by neeo  1/(4n2) nee AN — 20 oo 1—1/(2n)

The limit comparison test applies with ¢ = 1. The series Y 1/ (4n?) converges because it is a multiple of a p-series with

p=2> 1. Therefore 3 (5 — 5 ) also converges.

Problems

32. The comparison test requires that a,, = (—1)™ /n? be positive. It is not.

33. The comparison test requires that a,, = sin n be positive for all n. It is not.

34. With a, = (—1)", we have |an+1/an| = 1, and lim,—.oc |an+1/an| = 1, so the test gives no information.

35. With a,, = sinn, we have |an+1/an| = |sin(n 4 1)/ sin n|, which does not have a limit as n — oo, so the test does not
apply.

36. The sequence a,, = n does not satisfy either an+1 < an or limy, o0 an = 0.

37. The alternating series test requires a,, = sin n be positive, which it is not. This is not an alternating series.

38. The alternating series test requires a,, = 2 — 1/n which is positive and satisfies arn+1 < an but lim, oo an = 2 # 0.

39. The partial sums are S; = 1, S2 = —1, S35 = 2, S1p = —5, S11 = 6, S100 = —50, S101 = 51, S1000 = —500,
S1001 = 501, which appear to be oscillating further and further from 0. This series does not converge.

40. The partial sums look like: S1 = 1, S2 = 0.9, S3 = 0.91, S4 = 0.909, S5 = 0.9091, Sg = 0.90909. The series appears
to be converging to 0.909090. .. or 10/11.
Since a,, = 10~ is positive and decreasing and lim 10" = 0, the alternating series test confirms the convergence

n—oo

of the series.
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. The partial sums look like: S1 = 1, S2 = 0, S3 = 0.5, S4 = 0.3333, S5 = 0.375, S10 = 0.3679, S20 = 0.3679, and
higher partial sums agree with these first 4 decimal places. The series appears to be converging to about 0.3679.
Since a, = 1/n! is positive and decreasing and lim,, .o, 1/n! = 0, the alternating series test confirms the conver-
gence of this series.

We use the ratio test and calculate
n+1 |
e (B V(e L _
n—o0o \an| n—o00 (Ol)”/n' n—oo N + 1

Since the limit is less than 1, the series converges.

We use the ratio test and calculate

lim [an 1] = lim M = lim n! . n? = lim (n- L

Since the limit does not exist (it is 00), the series diverges.

The first few terms of the series may be written
—1 —92 —
Lte te?4e ™40
this is a geometric series with @ = 1 and z = e™' = 1/e. Since || < 1, the geometric series converges to
1 1 e
S = = = .
l—2z 1—e1! e—1

The first few terms of the series may be written

2, 3 _ 2

ete +e +---=ete-ete-e +---;

this is a geometric series with @ = e and x = e. Since |z| > 1, this geometric series diverges.

Let a, = 1/4/3n — 1. Then replacing n by n + 1 gives an41 = 1/4/3(n + 1) — 1. Since

3n+1)—1>+v3n—-1,

we have
Apt1 < Qp.
oo

In addition, lim,,—.~ a», = 0 so the alternating series test tells us that the series Z

(_1)n—1
Vin—1

Since the exponential, 2", grows faster than the power, n?, the terms are growing in size. Thus, lim a, 7 0. We conclude

n— oo

converges.

n=1

that this series diverges.

Since 0 < |sinn| < 1 for all n, we may be able to compare with 1/n%. We have 0 < |sinn/n?| < 1/n? for all n. So
>~ |sinn/n?| converges by comparison with the convergent series > (1/n?). Therefore > (sinn/n?) also converges,
since absolute convergence implies convergence by Theorem 9.6.

Note that cos(nm)/n = (—1)"/n, so this is an alternating series. Therefore, since 1/(n+1) < 1/nand lim, . 1/n =
0, we see that Y (cos(n)/n) converges by the alternating series test.

As n — oo, we see that
n+ 2 n 1
—_— — = =,
n?—1 n? n
Since Y (1/n) diverges, we expect our series to have the same behavior.
More precisely, for all n > 2, we have

n n+ 2
i
n2 —n2-1’

0<

3=

2 . . . . . 1
SO Z :;i T diverges by comparison with the divergent series Z ol

n=2
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51. Since

52.

53.

54.

55.

56.

57.

3 3

Inn2  2lnn’

our series behaves like the series 1/ Inn. More precisely, for all n > 2, we have

1_ 3 _ 3
Inn ~— 2lnn  Inn2

0<

S|

<

— 3 o . . 1
S0 Z onZ diverges by comparison with the divergent series Z e

n=2

Let a, = 1/4/n2(n + 2). Since n?(n + 2) = n® + 2n? > n®, we have

0<an<m.

oo

Since the p-series Z —3/5 converges, the comparison test tells us that
n

n=1

Z \/n2(n+2)
also converges.
Let an, = n(n + 1)/v/n® + 2n2. Since n® + 2n? = n?(n + 2), we have

nn+1)  n+1l

nn+2 Vnt?2
so an grows without bound as n — oo, therefore the series Z (n + 1) diverges.
A /n3 + n 2
The n'" partial sum of the series is given by
1 1 (-1t
Sp=1l—ct=—ef "t
2 + 3 + n

so the absolute value of the first term omitted is 1/(n + 1). By Theorem 9.9, we know that the value, S, of the sum differs
from S, by less than 1/(n+1). Thus, we want to choose n large enough so that 1/(n+1) < 0.01. Solving this inequality
for n yields n > 99, so we take 99 or more terms in our partial sum.

The n*® partial sum of the series is given by

2 4 2\"
so=1- 24ty ()
315 +(=1D"(3) >
so the absolute value of the first term omitted is (2/3)"*". By Theorem 9.9, we know that the value, S, of the sum differs
from S,, by less than (2/3)™*. Thus, we want to choose n large enough so that (2/3)™ " < 0.01. Solving this inequality
for n yields n > 10.358, so we take 11 or more terms in our partial sum.

The n*® partial sum of the series is given by

11,1 +ﬁ
2 24720 (2n)!

Sy =

so the absolute value of the first term omitted is 1/(2n + 2)!. By Theorem 9.9, we know that the value, S, of the sum
differs from S, by less than 1/(2n+2)!. Thus, we want to choose n large enough so that 1/(2n+2)! < 0.01. Substituting
n = 2 into the expression 1/(2n + 2)! yields 1/720 which is less than 0.01. We therefore take 2 or more terms in our
partial sum.

—1)" —1\" 1 1\" ="
Both Z ( Qn) = Z (7) and Z on = Z (§> are convergent geometric series. Thus Z ( 2n) is abso-

lutely convergent.
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n

. - . . 1 . - .
. The series E 5 converges by the alternating series test. However E o diverges because it is a multiple of the
n n

. . -1" . ..
harmonic series. Thus E ( 5 ) is conditionally convergent.
n

Since ]
lim (1 + —2) =1,
n—oo n

. n 1y. .
the n*® term a,, = (—1)" (1 + %) does not tend to zero as n — oo. Thus, the series Z(fl) (1 + ?) is divergent.

The series g (:+) - converges by the alternating series test. Moreover, the series E
n
(="

1
with the convergent p-series E — - Thus E -
n n

Since 0 < ¢, < 27" for all n, and since Y, 27" is a convergent geometric series, » ¢, converges by the Comparison
Test. Similarly, since 2" < a,, and since Z 2" is a divergent geometric series, Z ay, diverges by the Comparison Test.
We do not have enough information to determine whether or not Z b,, and Z d, converge.

1 .
i converges by comparison
n

is absolutely convergent.

(@ Thesum Y an-bp =3 1/ n®, which converges, as a p-series with p = 5, or by the integral test:
b
<1 " bto1 1
—dr=lim —| =1 S
/1 P e vy | e

Since this improper integral converges, »  a - bn, also converges.

(b) This is an alternating series that satisfies the conditions of the alternating series test: the terms are decreasing and
have limit 0, so > _(—1)"/+/n converges.

(¢) We have anb, = 1/n, so Z anbn, is the harmonic series, which diverges.

Since lim ay/b, = 0, for large enough n we have |an/bn| < 1/2 and thus 0 < |an| < bn/2 < b, . By the

n—oo
comparison test applied to > |an| and Y by, the series Y |an| converges. The series Y an, converges absolutely and
thus it converges.
Since lim ay /b, = oo, for large enough n we have ay, /b, > 1 and thus a,, > b, . By the comparison test applied to

n— 00

> an and Y by, the series Y an diverges.

Each term in Z bn, is greater than or equal to a; times a term in the harmonic series:
b1 =a1-1
by = w > aq - %
bz = G1razTas +C;2+a3 > ai %
b — a1 +azx+--+an S a 1
n n

Adding these inequalities gives
1
bn, —.
U

Since the harmonic series ) . 1/n diverges, a1 times the harmonic series also diverges. Then, by the comparison test, the
series Y . by diverges.

Suppose we let ¢, = (—1)"™an. (We have just given the terms of the series Y (—1)"an a new name.) Then
len] = [(=1)"an| = |an|.

Thus Z |cn | converges, and by Theorem 9.6,

Z Cp = Z(fl)"an converges.
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67. (a) Since

lan| = an ifa, >0
lan| = —an ifan, <0,
we have
an + |an| = 2|an| ifa, >0
an + lan| =0 if an, < 0.

Thus, for all n,
0 S an + ‘anl S 2|an|~

(b) If Y |an| converges, then ) 2|ax| is convergent, so, by comparison, Y _ (an + |an|) is convergent. Then

D ((an +lan) = laa) =" an

is convergent, as it is the difference of two convergent series.
68. The limit 9
lim Va,= lim —=0<1,

n— 00 n—oo N
so the series converges.
69. The limit
lim Pan = lim 22 <,
n— 00 n— 00 317,2

so the series converges.
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Solutions for Section 9.5

Exercises

Yes.
No, because it contains negative powers of x.

No, each term is a power of a different quantity.

A .

Yes. It’s a polynomial, or a series with all coefficients beyond the 7th being zero.
1-3:5---(2n—1)
2n .l
pp—1(p—-2)---(p—n+1)

n!
(=D —1*
(2k)!
(_1)k+1($ _ 1)2k+1
(2(k = 1))!
9. The general term can be written as % for n > 1. Other answers are possible.
nThen!
(k+1)(z +5)**!
(k—1)!

5. The general term can be written as z" for n > 1. Other answers are possible.

6. The general term can be written as 2" for n > 1. Other answers are possible.

7. The general term can be written as for k > 0. Other answers are possible.

(_1 k(l‘ _ 1)2k+3
(2k)!

8. The general term can be written as for k > 1 or as

are possible.

(k + 2)(x + 5)2F+3
k!

10. The general term can be written as for k > 1 or as

are possible.

11. This series may be written as
145z + 2527 4 - -

so C,, = 5™. Using the ratio test, with a,, = 5"z", we have

|Cnta|

1. |an+1|
|Cnl

1m
n—oo |(1n‘

= |z| lim
n—oo

Thus the radius of convergence is R = 1/5.

for k > 0. Other answers

for kK > 0. Other answers
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3

12. Since C,, = n?, replacing n by n + 1 gives Crr1 = (n + 1)3. Using the ratio test, with a, = n®z™, we have

lansa| _ ) Coal (” + 1) n+1

‘We have
li ‘an+1 |
1m

n—oo |an|

= |x|.

Thus the radius of convergence is R = 1.
13. Since C,, = (n + 1)/(2™ + n), replacing n by n + 1 gives Cy1 = (n + 2)/(2"! + n + 1). Using the ratio test, we

have
|an+1] . ||Cn+1\ iy |(n+2)/(2n+1+n+1) e n+2 '2n+n_|x|n+2' " 4
lan] N CR] m+1)/@2"+n) "2 tl4p+1l n+l Tn+l 2ntlyp 1]
Since 9
lim nt =1
7L4»oon+1
and

. 2" +n 1 . 2" +n 1
lim (7) lim —_— | = =,
n—oo \2"t1 4+ 41 2 noo \ 27 + (n+1)/2 2

because 2" dominates n as n — 0o, we have

Thus the radius of convergence is R = 2.

14. Since C,, = 2™ /n, replacing n by n 4 1 gives C,y1 = 27! /(n 4 1). Using the ratio test, we have

|@nt1] s l\C’n+1| .y _1‘2n+1/(n+1) — -1 gnt1 n_ o |( n )
|an| |Crl 2" /n (n+1) 2» n+1
)
lim jant1] =2z —1].

n— oo |an|
Thus the radius of convergence is R = 1.

15. To find R, we consider the following limit, where the coefficient of the n'*® term is given by C,, = n>.

. 127+ 2
la Jr1|71 (n+ 1)z - lim |m|n +2n+1
n— 00 \an\ n— 00 n2gn n— 00 n2
2
— Jo] tim <1+<2/”)1+<1/” )) — lal.

Thus, the radius of convergence is R = 1.
16. The coefficient of the n'® term is C\, = (—1)" " /n?. Now consider the ratio

n2xn+1

(n+1)2zn

An+41
an

— |z| as n— oo

Thus, the radius of convergence is R = 1.
17. Here the coefficient of the n*® term is C,, = (2" /n!). Now we have

- ‘ (2" /(0 + 1))am!
(27 /nl)zn

2|z|
= — 0asn — oo.
n+1

An+1
an

Thus, the radius of convergence is R = oo, and the series converges for all
18. Here the coefficient of the n'" term is C,, = n/(2n + 1). Now we have

- ‘ ((n+1)/(2n + 3))a™ "
(n/(2n +1)2"

An+1
Qan

_(n+1(@2n+1)
 n(2n+3)

|z] — |z| as n — oo.

Thus, by the ratio test, the radius of convergence is R = 1.
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19. Here C,, = (2n)!/(n!)?. We have:

(2 +1)! (nh)? o]
(2n)! ((n+1)hH2
(2n+2)(2n + 1)|z|

= — 4|x| as m — oo.

(n+1)2

An41
an

_ ‘ (2(n + 1)/ ((n+ DYz
(2n)!/(n!)2zn

Thus, the radius of convergence is R = 1/4.

20. Here the coefficient of the n'" term is C), = (2n + 1)/n. Applying the ratio test, we consider:

2n + 3 1))z 2n + 3
| _|(@n48)/ it D) ond s
an ((2n+1)/n)z" 2n+1 n+1
Thus, the radius of convergence is R = 1.
21. We write the series as
3 5 7 2n—1
x_x_+x__x_+...+(_1)“_1m 4.
3 5 7 2n—1 ’
SO _—
iz
= -1 n—1 .
an = (D"
Replacing n by n + 1, we have
11 x2(n+1)71 ” m2n+1

=G g T Y

Thus
lant1] | (=1)"z> ! 2n —1 C2n—1 ,
lan| | 2n+1 (—D)r—1g2n—1| " 2n 41"
SO
L = lim |@nt1] =1 2n_1x2=w2.
n—oo |an| n—oo 2”‘+'1

By the ratio test, this series converges if I < 1, thatis, if 2> < 1,s0 R = 1.
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22. (a) The general term of the series is 2™ /n if n is odd and —2™ /n if n is even, so C, = (—1)™"*/n, and we can use the

ratio test. We have

lim |an+1| — ‘.Z'| lim ‘(_1) /(n+1)‘

= |z| lim —— = |z|.
n— 00 |an\ n— oo |(—1)"*1/n| ‘m|nl—>rr;on |x|

Therefore the radius of convergence is R = 1. This tells us that the power series converges for || < 1 and does not
converge for |z| > 1. Notice that the radius of convergence does not tell us what happens at the endpoints, x = +1.

(b) The endpoints of the interval of convergence are x = 1. At z = 1, we have the series

P T S )
2 3 4 n
This is an alternating series with a, = 1/n, so by the alternating series test, it converges. At z = —1, we have the
series
BT S P
2 3 4 n

This is the negative of the harmonic series, so it does not converge. Therefore the right endpoint is included, and the

left endpoint is not included in the interval of convergence, whichis —1 < =z < 1.

23. Let C,, = 2™ /n. Then replacing n by n + 1 gives Cp, 1 = 2! /(n + 1). Using the ratio test, we have

|ant1] _ |x|\Cn+1| _ |$‘2n+1/(n+ 1) ol gn+1 n 2‘I|( n )
an Ch 2n /n n+1 2n n+1/)°
|an] |
Thus
lim [ant] = 2|z|.

n— oo |an|

The radius of convergence is R = 1/2.
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oo

. . . r .
For z = 1/2 the series becomes the harmonic series g — which diverges.
n

n=1
oo
. . . -n" .
For z = —1/2 the series becomes the alternating series Z u which converges. See Example 8 on page 460.
n
n=1
Problems
24. We use the ratio test:
ansr | _ 2" 3| _ Jal
an |~ |37+l gn| T 37

Since |z|/3 < 1 when |z| < 3, the radius of convergence is 3 and the series converges for —3 < x < 3.
We check the endpoints:

z=3: i ;—: = i 2—: = i 1™ which diverges.
n=0 n=0 n=0
r=-3: i g—: = f: (_33)" = i(—l)" which diverges.
n=0 n=0 n=0

The series diverges at both the endpoints, so the interval of convergence is —3 < z < 3.

25. We use the ratio test:
(z —3)"*! n
n+1 (z—3)

An+1
Qn

n
T n+41

|z — 3.

Since n/(n + 1) — 1 asn — oo, we have

. An+1
lim

n—oo

= |z — 3.

an

The series converges for |z — 3| < 1. The radius of convergence is 1 and the series converges for 2 < = < 4.
We check the endpoints. For z = 2, we have

i(w%)” :i@m" :iel)’ﬁ

n=2 n=2 n=2

This is the alternating harmonic series and converges. For x = 4, we have

i(w—:’))" :i(4—3)“ :i;

This is the harmonic series and diverges. The series converges at x = 2 and diverges at x = 4. Therefore, the interval of
convergence is 2 < x < 4.

26. We use the ratio test:

Ans1 (n + 1)2w2(n+1) 2271 7 n-+ 1 2 I_2
an - 22(n+1) n2g2n - n 4
Since (n 4+ 1)/n — 1 as n — oo, we have
2
. An+1 T
1 — =
nl—{go Qn 4
We have 2 /4 < 1 when |z| < 2. The radius of convergence is 2 and the series converges for —2 < z < 2.
We check the endpoints. For z = —2, we have
. 2,.2n . 2 2n i
n x " n°(—=2)" 2
22n - Z 22n - Z n,
n=1 n=1 n=1

which diverges. Similarly, for z = 2, we have

oo

oo [eS]
n2$2n n222n 9
22n - 22n - : :n ’
n=1 n=1 n=1

which diverges. The series diverges at both endpoints, so the interval of convergence is —2 < = < 2.
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We use the ratio test:

An+1
an

7( n )2‘|1:—5|
T \n+1 2

_ (=) (x —5)" Tt ‘ 2"n?
T 2ntli(n+1)2 (-1)(z — 5)™

Since n/(n + 1) — 1 asn — oo, we have

|z —5]

)

An+1
Qn

lim

n—oo

We have |z — 5|/2 < 1 when |z — 5| < 2. The radius of convergence is 2 and the series converges for 3 < x < 7.
We check the endpoints. For z = 3, we have

(=DM =5)" = (=D)"(3-5" = (=1)"(=2)" =1
Z( )27(%2 ) :Z( )2£n2 ) :Z( ;7”(12) :Zﬁ'

This is a p-series with p = 2 and it converges. For x = 7, we have

(=DM = 5)" = (—D)(T=5)" = (=1)"2" = (=1)"
Z;( )27(%2 ) :Z;( )27(%2 ) :;(271)712 :;(Tﬁ)

(="

n2

. 1 . .
Since E — converges, the alternating series E
n
the interval of convergenceis 3 < z < 7.

also converges. The series converges at both its endpoints, so

The coefficient of the n*® term of the binomial power series is given by

c —P=1@=2)(p=(n-1)
" n! :

To apply the ratio test, consider

ntil pp—1)(p—-2)---(p—(n—=1))(p—n)/(n+1)!
an plp—1)(p—-2)---(p—(n—1))/n!
:m’i;ﬂ:'“"‘nifnﬁ — Jz]asn — oo

Thus, the radius of convergence is R = 1.

The k*® coefficient in the series Z kCra®is Dy = k-Cj. We are given that the series Z Cxz” has radius of convergence
R by the ratio test, so

Thus, applying the ratio test to the new series, we have

Hence the new series has radius of convergence R.
The radius of convergence, R, is between 5 and 7.
The series is centered at z = —7. Since the series converges at x = 0, which is a distance of 7 from x = —7, the radius
of convergence, R, is at least 7. Since the series diverges at x = —17, which is a distance of 10 from z = —7, the radius

of convergence is no more than 10. Thatis, 7 < R < 10.
The radius of convergence of the series, R, is at least 4 but no larger than 7.

(a) False. Since 10 > R the series diverges.
(b) True. Since 3 < R the series converges.
(c) False. Since 1 < R the series converges.
(d) Not possible to determine since the radius of convergence may be more or less than 6.

The series is centered at x = 3. Since the series converges at x = 7, which is a distance of 4 from x = 3, we know
R > 4. Since the series diverges at x = 10, which is a distance of 7 from « = 3, we know R < 7. Thatis, 4 < R < 7.
Since z = 11 is a distance of 8 from & = 3, the series diverges at x = 11.
Since = 5 is a distance of 2 from x = 3, the series converges there.
Since z = 0 is a distance of 3 from x = 3, the series converges at x = 3.
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34. (a) We use the ratio test:

Ang1 (_1)n+1x2(n+1) 22n(n|)2
an 22t ((n+ 1)1)2  (=1)nz?n
x2n+2 22n (n!)Z
T 220+2(p + 1)2(n!)2 ST
T 4(n+1)2°
For a fixed value of x, we have
22
m —0 as n — oo.
The series converges for all x, so the domain of J(x) is all real numbers.
(b) Since
22
Jax)=1—" 4...
(@) =1-2 4,
we have J(0) = 1.
(c) We have
So(CL‘) =1
2
T
2 4
T T
So (1‘) =1- T + 61
2 4 6
T T T
(@) = 1=+ 51 ~ 2308
2 4 6 8
T T T T
=1-" 4+ - —ea
Sa(@) 1 61 2304 " 147,456

(d) The value of J(1) can be approximated using partial sums. Substituting = 1 into the partial sum polynomials, we

have
So(1) =1
S1(1) =0.75
S2(1) = 0.765625
S3(1) = 0.765191

S4(1) = 0.765198.

We estimate that J(1) = 0.765. Theorem 9.9 can be used to bound the error.
(e) We see from the series that J(z) is an even function, so J(—1) = J(1). Thus, J(—1) ~ 0.765.

35. (a) We have
2
f@) =1tat T+
SO

f(0)=14+040+---=1.
(b) To find the domain of f, we find the interval of convergence.

n+1 | n+1l._
fim 1l g B/ A DY T N -
n— o0 \an| n— o0 \m"/n'| n—oo |m|"(n+ 1)' n—oo M + 1
Thus the series converges for all z, so the domain of f is all real numbers.
(c) Differentiating term-by-term gives
, d = z" d 22 2 2t
- = ol ==11 T e T
fle) dx(zon!> dm( R TIREETITI
2 3
x x x
:0+1+25+3§+4I+~~
z? 2

=lt+at o+t
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Thus, the series for f and f' are the same, so
f@) = f'(z)
(d) We guess f(z) = e”.
36. (a) Since only odd powers are involved in the series for g(x),
_ 2 2® a2
Q(I)*x—g“'ﬁ—ﬁ-*' )
we see that g(z) is odd. Substituting z = 0 gives g(0) = 0.
(b) Differentiating term-by-term gives
2 4 6
’ _ x T x
_1 2?2zt 2t
= _E+I_a+....
3 5
" _ x T T
g (x) —0—25—&—41 65—1—--
_ 3 P
T+ ETRG] + -
So we see ¢’ (z) = —g(x).
(c) We guess g(x) = sinz since then g’(z) = cosz and g’ (z) = —sinz = g(z). We check g(0) = 0 = sin0 and

g’ (0) =1 = cosO.
37. (a) We have

11 1 1
(e e g d) -
RN VEETY E R o TR

,.\
Q
N
&
=
[ V]
I
/N
8
|
|
+
| 5
|

Il

8

V]
7N

—

|

[N
w8
— N

+
/‘\
w8,
~~
[ V)

+

(V)
ol 8
= 'S
~

Thus, up to terms in 2%, we have
(p(2))* + (q(x))* = 1.

(b) The result of part (a) suggests that p(x) and ¢(z) could be the sine and cosine. Since p(x) is even and ¢(z) is odd,

we guess that p(z) = cosz and ¢(z) = sinz.
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Solutions for Chapter 9 Review.

Exercises

1. As n increases, the term 4n is much larger than 3 and 7n is much larger than 5. Thus dividing the numerator and
denominator by n and using the fact that lim 1/n = 0, we have

n—00

lim 3+4n lim (3/n)+4 4

lim =
n— 00 n

The terms of the sequence do not approach 0, so the sequence diverges.

Thus, the sequence converges to 4/7.
2. We have:

3. The first eight terms of the sequence are:

LL[ 0._Y2 4 ,£ 0.
2 2
The sequence then repeats this pattern, so it diverges.
4. Since 1/n approaches zero and In n becomes arbitrarily large as n — oo, the sequence diverges.
5. If b = 1, then the sum is 6. If b # 1, we use the formula for the sum of a finite geometric series. This is a six-term
geometric series (n = 6) with initial term a = b® and constant ratio x = b :
a(l—z")  b°(1—10%

Sum = ——— ="

6. This is a geometric series with & — 2 terms in it, so n = k — 2. The initial term is & = (0.5)® = 0.125 and the constant
ratio is « = 0.5. Using the formula for the sum of a finite geometric series, we get

a(l—z™)  0.125(1 — (0.5)*?)
l—x 1-05

oo oo o0
3"+5 3\" 5 . .
7. Z e 72(1) +Z4_n’ a sum of two geometric series.
n=0 n=0
() -1y
1—13
gn T 1173

L2032

4n: T3 =3

Sum = =0.25(1 — (0.5)"72).

n=0
8. We use the integral test to determine whether this series converges or diverges. To do so we determine whether the

corresponding improper integral / 5 dx converges or diverges:
, (@+2)

Sl S|
— —dz=lim [ ———dz
/1 (z +2)2 IHOO/I (z +2)2

b
lim / % dw (Substitute w = x + 2)
w

b—oo

b

. 1
= lim ——
b—oo W
3
i (<1421
b—oo b 3 o 3
| |
Since the integral /1 m dx converges, we conclude from the integral test that the series Z m converges.

n=1
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9. We use the integral test to determine whether this series converges or diverges. To do so we determine whether the
322 + 2z
substitution w = x* + 2% + 1, dw = (32 + 2z) dx.

oo
corresponding improper integral / dx converges or diverges. The integral can be calculated using the
1

o T = i _ob T et
1:3—|—x2—|—1w bggo x3+m2+1x

/0Q 322 + 2z b 3z? + 2z
1 1
b

blim In |:c3 +22 1]

1
lim (In[b® +5° 4 1| - In3) = oco.
b—oo

3n*+2n
nd+n2+1

32?2 + 2z

————dx diverges, we conclude from the integral test that the series E
3+ a2 +1

Since the integral /
1

n=

diverges.

10. We use the integral test to determine whether this series converges or diverges. We determine whether the corresponding

oo
— 2 .
improper integral / ze”© dz converges or diverges:
0

b—oo b—oo

%) b
g2 . a2 . 1 _,2
re ¥ dr = lim re ¥ dr= lim —=e
0 0 2

o0 oo
2 . . _n2
Since the integral / xe * dx converges, we conclude from the integral test that the series E ne " converges.
0
n=0

11. We use the integral test to determine whether this series converges or diverges. To do so we determine whether the

corresponding improper integral /

2
oS} b
2 2
dr = li —d
/2 2 -1 Rl 2 —1 v

b
/2 (:r i 12 i 1) d:r) (Using partial fractions)

)

. b—1 NN 1
_bllrfoon’wl‘_ln(ﬁ)) =nl=Ing=ln3.

o dx converges or diverges:

I
5

Il
§5
N 7 NN

Injlz —1] —In|z + 1|

—_
=

oo

1 dx converges, we conclude that the series g

oo
Since the integral / roR— converges.
2

2 n2
n=2

2

ot 1
3n2+4 3
1 n
0 n — .
< an < (3)

0 1\ "™ > n2 n
The geometric series Z ( §) converges, so the comparison test tells us that the series Z 254 also con-
n

12. Leta, = n?/(3n® 4 4). Since 3n> + 4 > 3n?, we have SO

n=1 n=1

verges.
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15.

16.

17.

18.
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Leta, =1/(n sin® n). Since 0 < sin’n < 1, for any positive integer n, we have n sin?n < n, SO > —, thus
n

nsin?n
1

Ap > —.
n

oo oo

. . 1 . . .
The harmonic series E — diverges, so the comparison test tells us that the series g
n

—— also diverges.
nsin“n

n=1 n=

The n*® term a,, = v/n — 1/(n? 4 3) behaves like v/n/n? = 1/n*/? for large n, so we take b, = 1/n%/2. We have

. Qn . V/n—1/(n*+3) - on¥iyn—1 o on?/1-1/n
lm —=lim ——W——— = lim ———— = lim ————— =
n— o0 bn n—oo 1/TL3/2 n— 00 n2 + 3 n—oo TL2(1 + 3/TL2)

The limit comparison test applies with ¢ = 1. The p-series » 1/ n®/? converges because p = 3 /2 > 1. Therefore
S™v/n—1/(n® + 3) also converges.
The n'™" term a,, = (n® — 2n? 4+ n 4 1)/(n® — 2) behaves like n®/n® = 1/n? for large n, so we take b,, = 1/n?. We
have

(n®* —2n® +n+1)/(n° —2) n® —2n* 4+ n3 4+ n?

. Qan . .
1 — =1 =1 =1.
oo by oo 1/n? oo nd —2

The limit comparison test applies with ¢ = 1. The p-series > 1/ n? converges because p = 2 > 1. Therefore the series
> (n® —2n° + n+1) / (n® — 2) also converges.

The n*® term is a,, = sin(1/n?). When n is large, 1/n? is near zero, so sin(1/n?) is near 1/n?. We see that sin(1/n?)
behaves like 1/n? for large n, so we take b, = 1/n?. We have

. an . sin(1/n?)
nlglgo E - nlinolo 1 / 7L2
. sinz
= lim
z—0 I
=1.

The limit comparison test applies with ¢ = 1. The p-series Y | 1/n* converges because p = 2 > 1. Therefore Y sin(1/n?)
also converges.

The n'® term a,, = 1/(v/n® — 1) behaves like 1/v/n? = 1/n%/? for large n, so we take b, = 1/n/?. We have
1/vVnd—1 n3/? , n3/? 1 1

lim an _ lim = lim =1 - =

im lim = =1
n—oo bp n— oo 1/n3/2 n—oo \/n3 — 1 n—oo n3/2, /1 — 1/n3 n—oo \/1 _ 1/n3 \/]_ -0

The limit comparison test applies with ¢ = 1. The p-series » 1/ n®/? converges because p = 3 /2 > 1. Therefore
>1/4/n3 — 1 also converges.

Since a, = 1/(2"n!), replacing n by n + 1 gives an1 = 1/(2" 7 (n + 1)!). Thus

1

lant1]  2nti(n+ 1) 2"n! B 1

lan| 1 Tontl(n 4+ 1! 2(n+ 1)’

2nn!
SO
" ) 1
L= tim 9ot o 1
n—oo |an\ n—oo 27L+2

oo
. . 1
Since L < 1, the ratio test tells us that E Sl converges.
n!
n=1

Since a, = nl(n + 1)!/(2n)!, replacing n by n + 1 gives an+1 = (n + 1)!(n + 2)!/(2n + 2)!. Thus,

(n+ 1)(n+2)!
lant1| (2n +2)! _(n+Dn+2)!  (2n)!
lan] —  nln+1)! (2n+2)! nl(n+ 1)1
(2n)!
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However, since (n 4 2)! = (n 4+ 2)(n + 1)n! and (2n + 2)! = (2n + 2)(2n + 1)(2n)!, we have

jania| _ (n2)(m+1)  n+2
lan] — @Cn+2)2n+1)  2(2n+1)’
SO
L = lim M — 1
n—oo |an\ 4
— nl(n 4 1)!
Since L < 1, the ratio test tells us that Z % converges.

n=1

669

Let a, = 1/(n?+1). Then replacing n by n 4 1 gives an+1 = 1/((n+1)?+1). Since (n+1)% +1 > n? + 1, we have

1 1
(n+1)2+1 <n2+1’

0<

SO
0 < ant1 < an.

oo n

We also have lim,,—. o a, = 0, therefore, the alternating series test tells us that the series Z converges.

n?+1
n=1

Let a,, = 1/+/n? + 1. Then replacing n by n + 1 we have any1 = 1/4/(n+1)2 + 1. Since \/(n +1)2+1 >

vn? 4+ 1, we have
1 1

< ;
Vin+1)2+1 v+l

SO
0 < ant1 < an.

In addition, lim,,—, a, = 0 so converges by the alternating series test.

— (-n"
; vn? +1

Since f(z) = 1/(x + 1) is continuous, positive and decreasing, we apply the integral test, and we obtain

oo b
1 1
dr = li ——dzr = lim (In(b+1) —In2) = oo.
[ e [ = ) -z =

[e'e]

. .. . . . 1
Since this improper integral diverges, the series E 1
n

n=1
series, with the first term missing, and hence diverges by Property 2 of Theorem 9.2.

This is a p-series with p > 1, so it converges.

also diverges. We can also observe the series is the harmonic

We use the integral test to determine whether this series converges or diverges. To do so we determine whether the

dx converges or diverges:

corresponding improper integral /
3 T —2

oo b
2 2
dr = lim ———dx
/3 Ve —2 b—>oo/3 Ve —2

b
2
lim / —dw (Substitute w = x — 2.)
1 Vw

b—oo

b

blim 4v/w

= OQ.
1

oo
2
Since the limit does not exist, the integral —_—
3 VT —2

diverges. The limit comparison test with b,, = 1/+/n can also be used.

2
;m

dx diverges, and we conclude from the integral test that the series
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This is an alternating series. Let a, = 1/(y/n + 1). Then lim,,— a, = 0. Now replace n by n + 1 to give ant1 =
1 1
1 n+1+1).Sincev/n+1+1>/n+ 1, we have < , SO
/(v )- Since v v Vit S v+l
1 1

< = Qp.-
Sititl Y+l
o~ ()"t

Therefore, the alternating series test tells us that the series E

— Vn+1

Writing a,, = n?/(n? + 1), we have lim, o a, = 1 so the series diverges by Property 3 of Theorem 9.2.

0 < OQpt+1 =

converges.

We use the integral test to determine whether this series converges or diverges. To do so we determine whether the
2

dx converges or diverges:
3 +1

[e%S) 2 b 2
/ dr = lim / dx = hm —ln|:v +1\ hm ( In(b® +1)f—ln2)
1 1 b— 3 3

oo
corresponding improper integral /
1

31 b oo 3+ 1

LS 2
Since the limit does not exist, the integral / 3—+1dm diverges an so we conclude from the integral test that the
T
(oo} 2 !

series E 511 diverges. The limit comparison test with b, = 1/n can also be used.
n

n=1
We use the ratio test. Since a, = 3™/(2n)!, replacing n by n + 1 gives ant1 = 3™ /(2n + 2)!. Thus
any1 3"/ @2n+2)! 37T (2n)!
an ~ 3%/(2n) T (2n+2)! 3

Since (2n 4 2)! = (2n + 2)(2n + 1)(2n)!, we have

An+1 3

an ~ (2n+2)2n+1)’

s0 a

L= lim =“ —o.

n—oo On

Since L < 1, the ratio test tells us that the series 2:1 W converges.

n—
We use the ratio test. Since a,, = (2n)!/(n!)?, replacing n by n + 1 gives an+1 = (2n + 2)!/((n + 1)!)2. Thus

(2n 4+ 2)!
any1 _ (n+1)NH2 (2n+2)! nln!
an (2n)! (n+Dl(n+1)! (Qn)! '
(n})?

Since (2n +2)! = (2n +2)(2n + 1)(2n)! and (n + 1)! = (n + 1)n!, we have
ant1 _ (2n+2)(2n+1)

an (n+1)(n+1) "’

therefore a
L= lim == — 4

n—oo On

— (2n)!
As L > 1 the ratio test tells us that the series Z m diverges.
' (nl)?
The series can be written as
n? 42"
S S ey
oo oo

o 2 n
. 1 . . . 1 . . n° +2
Since E 2_'" 1S a convergent geometric series and E - converges as a p-Series with p > 1, we see E 27271

n n
n=1 n=1

n=1
converges by Theorem 9.2.
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_n(n+1) (n+1)<1> . (n+1) 1 (1)"
Leta, =2 = — .S land — = (=) ,weh
et a (n+2) N2 on ince (n+2) < lan o 5 we have

1’)’1
O n a )
<@ <(2)

- n (L) .
so that we can compare the series Z 27" EZ i 2; with the convergent geometric series Z (§> . The comparison test
n=1 n=1
tells us that
Z 9—m (n + 1)
(n+2)
n=1
also converges.
We have T
. Ant1 . 2m (2n +1)! . 2
L=1 -1 . - lim ——— =2 _—9
nvoo | an | neee 2n43) 2n e 20+ 3)2n+2)

so the series converges by the ratio test, since L < 1.

Since there is an 7 in the numerator and a /7 in the denominator, the terms in this series are increasing in magnitude. We
have
n+1

vn

$0 lim,,—.oo (—1)"(n + 1) /+/n does not approach zero. Therefore, the series diverges by Property 3 of Theorem 9.2.

lim
n—oo

(| =

The series can be written as

SET =S (55 =206 ()

(oo} [eo]
. \". . . . S . . 3\"
The series E (5) is a geometric series which converges because |%| < 1. Likewise, the geometric series E (5)

n=0 n=0
2+3"

1
5 also

oo
converges because | % | < 1. Since both series converge, Property 1 of Theorem 9.2 tells us that the series Z

n=0
converges.

Writing a,, = 1/(2 4 sinn), we have lim,,_.o a, does not exist, so the series diverges by Property 3 of Theorem 9.2.

We use the integral test to determine whether this series converges or diverges. To do so we determine whether the

oo
corresponding improper integral /3 m dx converges or diverges:

oo b
1 1 1
—————dr = - lim / — dw (Substitute w = 2x — 5)
/3 (2z —5)3 200 [, w3

b
1 . 1

2 lim ——
2 bglo]o 2w?

1

LI, (L_l)_l
Qb0 \202 2/ 7 47

e}

1

. . © . :
Since the integral /3 m dx converges, we conclude from the integral test that the series Z m

n=3
converges. The limit comparison test, with b,, = 1/n* can also be used.

The n™ term a,, = 1/(n® — 3) behaves like 1/n® for large n, so we take b, = 1/n>. We have
1 3 _ 3
lm 9 = i L0 3 oy
n—oo Op n—oo 1/n3 n—oo 17,3 -3
The limit comparison test applies with ¢ = 1. The p-series > 1/ n® converges because p = 3 > 1. Therefore Z 1/ (n3 —
3 also converges.
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Note that

n=1
is an alternating series with the absolute values of the terms decreasing to 0. Thus, the series converges by the alternating
series test.

Since In(1 + 1/k) =In((k+ 1)/k) =In(k + 1) — Ink, the nth partial sum of this series is

Sy = anln (1 + %)
k=1
=) In(k+1)=) Ink
k=1 k=1

=(In2+mm3+---+Inn+1)) —(Inl+1In2+---+1nn)
=ln(n+1)—1Inl
=In(n+1).

Thus, the partial sums, S,,, grow without bound as n — oo, so the series diverges by the definition.

The ratio test gives
n 1)/2nH! 1 1
L= lim & gy (D2 ntl L

so the series converges since L < 1.

Since Inn grows much more slowly than n, we suspect that (Inn)? < n for large n. This can be confirmed with
L’Hopital’s rule.

2

lim (Inn) = lim M = lim

n—oo n n—oo n—oo

2(Inn) —o.

Therefore, for large n, we have (In n)2 /n < 1, and hence for large n,

Thus > 1/(Inn)* diverges by comparison with the divergent harmonic series . 1/n.

Since C,, = n, replacing n by n + 1 gives Cy,+1 = n + 1. Using the ratio test with a,, = nz", we have

n . n . 1
lim ‘(T 1| = |z| lim |CC+1| = |z| lim ntl_ |].
n—00 an| n— o0 | n‘ n—oo
Thus the radius of convergence is R = 1.
Let C, = . Th 1 b 1, we have Cy, 41 = ——. Thus, with a,, = (2n)!z" /(n!)*, we h:
e )2 en replacing n by n + 1, we have Cj,41 CESIE us, with @ (2n)!z™/(n!)?, we have
|an] |Cnl (2n)!/(n!)? 2n)! ((n+DH*

Since (2n 4+ 2)! = (2n + 2)(2n + 1)(2n)! and (n + 1)! = (n + 1)n! we have

ICoyi]  (2n+2)2n+1)

ICnl — (n+1)(n+1) 7
SO C
lim 19+l |z| lim [Cnia| _ |z| lim @n+2)@n+1) |z| lim n + 2 = 4z,

so the radius of convergence of this series is R = 1/4.
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Let C,, = 2" + n?. Then replacing n by n + 1 gives Cr,y1 = 2" 4 (n 4 1)2. Using the ratio test, we have

|ans1] _ 2] |Crnia| _ |m|2n+1 + (n+1)? _ o 2" + 2(n+ 1)
|an] |Cnl 27 4 n2 o 12 :

Since 2" dominates n? as n — oo, we have
. An+1
lim |ant1] = 2|z|.

n— oo |an|
Thus the radius of convergence is R = 5
Let Cr, = 1/(n! 4 1). Then replacing n by n + 1 gives Cpy1 = 1/((n + 1)! + 1). Using the ratio test, we have

lans1] _ ACusal _ /(e D)I+1) o nl+1
= |af = |af ; = |af —.
|an| |Ch 1/(n!+1) (m+1)+1

Since n! and (n + 1)! dominate the constant term 1 as n — oo and (n + 1)! = (n 4 1) - n! we have

im 19l g
n— oo \an| ’

Thus the radius of convergence is R = oo.

Problems

46.

47.

48.

49.

. -1)" . . 1 . - . .
The series E (nl /)2 converges by the alternating series test. However E iz diverges because it is a p-series with
B ",
p=1/2 < 1.Thus E 172 is conditionally convergent.

Since
lim
n—oo N 1

=140

does not converge. It is a divergent series.

the series Z(—l)” - i 1

The series can be written as

E: =Dt
r n
n=1 n=1 n=1
If 0 < r < 1, both series diverge, but if » > 1 both series converge.
, —ntl
If r = 1 the given series becomes Z ntl which diverges.
By Theorem 9.2 the given series converges if » > 1.
We use the ratio test:
Ant1 _ xn+1 3nn2 B ( n )2 m
an Jntln+1)2 2 | \n+1 3
Since n/(n + 1) — 1 asn — oo, we have
. An+1 ||
1 = =.
ningo Qn 3
We have |z|/3 < 1 when |z| < 3. The radius of convergence is 3 and the series converges for —3 < z < 3.
We check the endpoints. For z = —3, we have
oo

oo o oo
> g =2 s
n=1 n=1

1 . . . . . .
We know E — is a p-series with p = 2 so it converges. Therefore the alternating series E
n

1
Z 3nn2 3"n2 - n2’
n=1 n=1

This is a p-series with p = 2 and it converges. The series converges at both its endpoints and the interval of convergence
is =3 <ax <3.

(="
e also converges.
For z = 3, we have
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50. We use the ratio test:

ani1| | (=)™ (@ = 2t 5 | _Ja—2
an | Hn+l (-D)(z—-2)| 5
Since |« — 2|/5 < 1 when |x — 2| < 5, the radius of convergence is 5 and the series converges for —3 < « < 7.
We check the endpoints:

r=-3: i () z=2)" = i (D=3 =2)" = i 1 which diverges.

5n 5n
n=0 n=0 n=0
x=7: Z( ) éﬁ ) :Z( ) éz ) =3 "(~1)"  which diverges.
n=0 n=0 n=0

The series diverges at both the endpoints, so the interval of convergence is —3 < z < 7.
51. We use the ratio test:

o ||t _
an n+1 (—1)nan n+1 '
Since n/(n+1) — 1 asn — oo, we have
lim |224l) = |z|.
n—oo n

The series converges for |z| < 1. The radius of convergence is 1 and the series converges for —1 < z < 1.
We check the endpoints. For z = —1, we have

L (—D)"2" = (D) (1" =1
Zl( 7)1 _Zl( )n( ):ZZ'

This is the harmonic series and diverges. For x = 1, we have

(D"~ (CDM)" s (D"
Zl n Z n Z n

n=1 n=1

This is the alternating harmonic series and converges. The series diverges at z = —1 and converges at x = 1. Therefore,
interval of convergence is —1 < x < 1.

52. The series converges for |z — 2| = 2 and diverges for |x — 2| = 4, thus the radius of convergence of the series, R, is at
least 2 but no larger than 4.

(a) False. If z = 7 then |z — 2| = 5, so the series diverges.
(b) False. If x = 1 then |z — 2| = 1, so the series converges.
(c) True.If x = 0.5 then |z — 2| = 1.5, so the series converges.

(d) If z =5 then |x — 2| = 3 and it is not possible to determine whether or not the series converges at this point.
(e) False. If x = —3 then |z — 2| = 5, so the series diverges.

53. (a) Using an argument similar to Example 5 in Section 9.5, we take

th
=(=1)"
an = D"
so, replacing n by n + 1,

1 t2(n+l) 1 t2n+2
nt1=(-1)" ——— = (1) ——.
a1t =D Go T = VT Gty

Thus,
|anta] _ |(=D" 2/ @0+ 2))] t*
lanl —l(=Dre/(20)1] T 2n+2)(@2n+1)]
)
‘an+1| T t?

li — I

noee |an| | neso (20 +2)(2n + 1)
The radius of convergence is therefore oo, so the series converges for all ¢. Therefore, the domain of A is all real
numbers.

=0.
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(b) Since h involves only even powers,
T A
h is an even function.
(c) Differentiating term-by-term, we have

t 3 t8
Mit)=0—-2" 44— — 6= +---
(t) = 0= 25 +dp — 65 +
3
=ttt

o 2 P
)= —-143— —5— +...
(t) +33! 55.+
2 !
=—ldg-—gt+
So we see b (t) = —h(t).

54. (a) Itis easier to work with the value of the car first and then find the yearly losses. The value of the car goes down by
10% a year. Thus, the value at the end of the first years is v1 = 30,000(0.9). The value at the end of the second year
is v2 = 30,000(0.9)%. The value at the end of n years is v, = 30,000(0.9)™. Thus, the losses in the first four years

are
I = 30,000(0.1)
lo = v1 — w2 = 30,000(0.9) — 30,000(0.9)* = 30,000(0.9)(0.1)
I3 = v2 — v3 = 30,000(0.9)* — 30,000(0.9)® = 30,000(0.9)*(0.1)
Iy = vz — vg = 30,000(0.9)* — 30,000(0.9)* = 30,000(0.9)*(0.1).
Thus,

ln = Un_1 — vn = 30,000(0.9)" ' (0.1) = 3000(0.9)"".
(b) In the first year, m1 = 500; in the second year, mo = 500(1.2); in the third year, m3 = 500(1.2)?. Thus

mn, = 500(1.2)" "
(¢) We want to find n such that m,, > [,,, so
500(1.2)™ " > 3000(0.9)" .
We solve

500(1.2)"~" = 3000(0.9)" "
(1.2)"~' 3000
(0.9)»=1 ~ 500

. In6
" In(1.2/0.9)
n = 6.228 + 1 = 7.228.

9
(n—1)In (—9) =1In6
1

So, maintenance first exceeds losses in year 8. In year 7,
Iz = 3000(0.9)° = $1594, m7 = 500(1.2)° = $1493.

In year 8,
lg = 3000(0.9)7 = $1435, msg = 500(1.2)7 = $1792.
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55.
Present value of first coupon ﬂ
PO = 7706
Present value of second coupon 20 etc
PO = o6)2” O
Total present value = ﬂ + i + -+ 50 + 1000
P = 1.06 " (1.06)2 (1.06)10 " (1.06)10
——
coupons principal
—ﬁ 1+L+...+ 1 + 1000
~1.06 1.06 (1.06)° (1.06)10
10
50 (1-(1%s) , 1000
1.06 1 Tbs (1.06)10
= 368.004 + 558.395
= $926.40
56.
Present value of first coupon ﬂ
POl = 104
Present value of second coupon = l etc
PO = T oa2 &
Total present value = ﬂ + i + -4 il 1000
P T 104 T (1.04)2 (1.04)10 " (1.04)10
——
coupons principal
_0 (L 1), 1000
T 1.04 1.04 (1.04)° (1.04)10
10
50 (1-(151) , 1000
1.04 1— 15 (1.04)10
= 405.545 + 675.564
= $1081.11
57. (a)
Present value of first coupon = 105
Present value of second coupon = l etc
POl = 1 05)2 ¢
Total present value = ﬂ + i +--+ 50 1000
pres T 1.05 ' (1.05)2 (1.05)10 " (1.05)10
——
coupons principal
—ﬂ 1+L+...+ 1 + 1000
T 1.05 1.05 (1.05)° (1.05)10
10
=50 (11— (15) L1000
1.05 1— 0 (1.05)10

= 386.087 + 613.913
= $1000
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(b) When the interest rate is 5%, the present value equals the principal.

(c) When the interest rate is more than 5%, the present value is smaller than it is when interest is 5% and must therefore
be less than the principal. Since the bond will sell for around its present value, it will sell for less than the principal;
hence the description trading at discount.

(d) When the interest rate is less than 5%, the present value is more than the principal. Hence the bond will be selling for
more than the principal, and is described as trading at a premium.

58. The amount of cephalexin in the body is given by Q(t) = Qoe ", where Qo = Q(0) and k is a constant. Since the
half-life is 0.9 hours,

1 —0.9% 1.1
- = k=——In-~0.28.
e , 0.9n2 0.8

(a) After 6 hours
Q = Qoe M ~ Qoe @ = Qy(0.01).

Thus, the percentage of the cephalexin that remains after 6 hours ~~ 1%.

(b)
Q1 = 250
Q2 = 250 + 250(0.01)
Qs = 250 + 250(0.01) + 250(0.01)?
Q4 = 250 + 250(0.01) + 250(0.01)* + 250(0.01)*
©
Qs = 250(1 — (0.01)%)
3= 1-0.01
~ 252.5
Qs = 250(1 — (0.01)*)
4 1-0.01
~ 252.5

Thus, by the time a patient has taken three cephalexin tablets, the quantity of drug in the body has leveled off to 252.5
mg.
(d) Looking at the answers to part (b) shows that

Qn = 250 + 250(0.01) + 250(0.01) + - - - 4+ 250(0.01)"*
~250(1 — (0.01)™)

1-0.01
(e) In the long run, n — oo. So,
. 250
@= lim Qu=1—4557 = 2525

59. (a) (i) On the night of December 31, 1999:

First deposit will have grown to 2(1.04)” million dollars.
Second deposit will have grown to 2(1.04)° million dollars.

Most recent deposit (Jan.1, 1999) will have grown to 2(1.04) million dollars.

Thus

Total amount = 2(1.04)" + 2(1.04)® + - - + 2(1.04)
=2(1.04)(1 + 1.04 4 --- + (1.04)°)

finite geometric series

1—(1.04)7

=2(1.04) | —
(1.04) ( 1—-1.04 )

= 16.43 million dollars.
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(i) Notice that if 10 payments are made, there are 9 years between the first and the last. On the day of the last
payment:

First deposit will have grown to 2(1.04)° million dollars.
Second deposit will have grown to 2(1.04)® million dollars.

Last deposit will be 2 million dollars.

Therefore

Total amount = 2(1.04)% + 2(1.04)% + - + 2
=2(1+1.04 + (1.04)* + - - - 4 (1.04)°)

finite geometric series

(1= (1.04)*°
- 1-1.04
= 24.01 million dollars.

(b) In part (a) (ii) we found the future value of the contract 9 years in the future. Thus

24.01

(1.04)7 = 16.87 million dollars.

Present Value =

Alternatively, we can calculate the present value of each of the payments separately:

2 2 2
Present Value = 2 4+ —— 4+ ———— 4 ... 4 ——
resent Value =2+ 704 T wonz T T (Loayp
1—(1/1.04)%°
=2 (%) = 16.87 million dollars.

Notice that the present value of the contract ($16.87 million) is considerably less than the face value of the contract,
$20 million.

60. A person should expect to pay the present value of the bond on the day it is bought.

10
P t value of first t = —
resent value of first paymen 104
Present value of second payment = (1.10—(31)2, etc.
Therefore,
Total present value = ﬁ + L + L +
P T 104 (1042 T (1.04)° '
This is a geometric series with a = ﬂ and z = L SO
& 104 T 104
10
Total present value = L‘ll = £250.
T T.04
61. (a)

Total amount of money deposited = 100 + 92 + 84.64 + - - -
= 100 + 100(0.92) 4 100(0.92)* 4 - - -
100

=092 50 dollars

(b) Credit multiplier = 1250/100 = 12.50
The 12.50 is the factor by which the bank has increased its deposits, from $100 to $1250.
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If the half-life is 7" hours, then the exponential decay formula Q = Qoe ™" gives k = In 2 /T 1If we start with Qo = 1
tablet, then the amount of drug present in the body after 57" hours is

Q _ 675kT _ 6751112 _ 0031257

s0 3.125% of a tablet remains. Thus, immediately after taking the first tablet, there is one tablet in the body. Five half-lives
later, this has reduced to 1 - 0.03125 = 0.03125 tablets, and immediately after the second tablet there are 1 4 0.03125
tablets in the body. Continuing this forever leads to

Number of tablets in body = 1 4 0.03125 + (0.03125) + - - - 4 (0.03125)™ +

This is an infinite geometric series, with common ratio x = 0.03125, and sum 1/(1 — ). Thus

1
Number of tablets in body = 1003125 — 1.0323.

This series converges by the alternating series test, so we can use Theorem 9.9. The n'" partial sum of the series is given
by )
1 1 (=)™~
=l T T T E

so the absolute value of the first term omitted is 1/(2n + 1)!. By Theorem 9.9, we know that the true value of the sum
differs from S, by less than 1/(2n+-1)!. Thus, we want to choose n large enough so that 1/(2n+-1)! < 0.01. Substituting
n = 2 into the expression 1/(2n + 1)! yields 1/720 which is less than 0.01, so So = 1 — (1/6) = 5/6 approximates the
sum to within 0.01 of the actual sum.

oo

No. If the series Z(— 1)" " a,, converges then, using Theorem 9.2, part 3, we have lim (—1)"""a, = 0, which cannot

n:1 n—00
happen if lim a, # 0.
If Y (an + bn) converged, then Y (an + bn) — > an = Y_ b, would converge by Theorem 9.2. Since we know that
> b, does not converge, we conclude that Y (an + by ) diverges.
We have 0 < an/n < ay, for all n > 1. Therefore, since Z an converges, Z arn /n converges by the Comparison Test.

Since 3 an converge, we know that limy, .o an = 0. Thus limy,—(1/ax) does not exist, and it follows that » (1/ax)
diverges by Property 3 of Theorem 9.2.

There is not enough information to determine whether or not na, converges. To see that this is the case, note that if
an = 1/n° then > na, = >.(1/n), which diverges. However, if a, = 1/n® then > na, = > (1/n?), which
converges.

We have an + (an/2) = (3/2)an, so the series > (a, + a, /2) converges since it is a constant multiple of the convergent
series Y . an.

Since ) an converges, we know that lim,_.c an = 0. Therefore, we can choose a positive integer N large enough so
that |a,| < 1foralln > N, so we have 0 < ai < an for all n > N. Thus, by Property 2 of Theorem 9.2, Z ai
converges by comparison with the convergent series » _ @y,.

> ()=

n=1 n=1

The series

(oo}
1
diverges by Theorem 9.2 and the fact that E — diverges.
n

n=1
The series - -
1 1
———) = 0=0
SG-H-E

converges. But Z — — diverges by Theorem 9.2 and the fact that Z diverges.

n=1
Thus, if an = 1/n and b, = 1/n,sothat Y an and Y _ by both dlverge we see that Y (an + bn) may diverge.
If, on the other hand, ar, = 1/n and b, = —1/n, so that ) . a, and ) | by, both diverge, we see that > (an + bn)
may converge.
Therefore, if Z a, and Z bn, both diverge, we cannot tell whether Z(an + by,,) converges or diverges. Thus the
statement is true.
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100000

72. We want to estimate Z T using left and right Riemann sum approximations to f(z) = 1/x on the interval 1 <
k=1
x < 100,000. Figure 9.9 shows a left Riemann sum approximation with 99,999 terms. Since f(x) is decreasing, the left
Riemann sum overestimates the area under the curve. Figure 9.9 shows that the first term in the sum is f(1) - 1 and the
last is £(99,999) - 1, so we have

100000
/ ~dw < LHS = f(1)- 14 f(2) - 1+ + £(99,999) - 1

Since f(z) = 1/z, the left Riemann sum is

1 1 99999
LHS ==-14+=-1+--
1 + 2 Tt 59999 99, 999 Z K’
SO
100000 1 99999
—d -
/1 liwe 31
k=1

Since we want the sum to go & = 100,000 rather than k = 99,999, we add 1,/100,000 to both sides:

100000

100000 1 99,999 1
il d st
/1 100 000 Z k 100 000 Z k

The left Riemann sum has therefore given us an underestimate for our sum. We now use the right Riemann sum in
Figure 9.10 to get an overestimate for our sum.

| |
I L
| |
| |
| . |
1z x2 - 100,000 1z z2 - 100,000

Figure 9.9 Figure 9.10

The right Riemann sum again has 99,999 terms, but this time the sum underestimates the area under the curve.
Figure 9.10 shows that the first rectangle has area f(2) - 1 and the last f(100,000) - 1, so we have

100000
RHS :f(2)-1+f(3)-1+~~-+f(100,000)-1</ ~ da.

Since f(z) = 1/, the right Riemann sum is

1 1 1 1
RHS = =1+ 144 — 1= =
2 T3 100,000 > k

100@00
—</ dx.

Since we want the sum to start at k = 1, we add 1 to both sides:
100,000
/ "
—dx.
T

So
100900

100g00

?‘\P‘

M
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Putting these under- and overestimates together, we have

100,000 1 1 100000 1 100000 1
—d -<1 —dx.
/1 xm+100,000<;k< +/1 e

100000
Since / p dxr =1n 100,000 — In1 = 11.513, we have
1

100000

1
11513< Y - < 12513
k=1
100000
Therefore we have kz; T ~ 12.

Using a right-hand sum, we have
l—ﬁ-l-&-l-&- +l< nd—xflnn
2 3 4 n o f, oz

If a computer could add a million terms in one second, then it could add

605 6o M 9y NOUT 3659V ijlion (ST
min hour day year
terms per year. Thus,
1 1 1 6
1+§+§-~~+E <1l+Inn=1+1n(60-60-24-365-10") ~ 32.082 < 33.

So the sum after one year is about 32.

The argument is false. Property 1 of Theorem 9.2 only applies to convergent series. In addition, by the limits comparison
test with b, = 1/ n?, the series converges.

CHECK YOUR UNDERSTANDING

1.

False. The first 1000 terms could be the same for two different sequences and yet one sequence converges and the other
diverges. For example, s, = O for all n is a convergent sequence, but

P {O if n <1000
"7 ln ifn> 1000
is a divergent sequence.

False. The limit could be zero. For example, s, = 1/n is a convergent sequence of positive terms and lim s, = 0.

n—oo

True. If there is no term greater than a million, then the sequence is bounded by 0 < s,, < 10° for all n.

4. True. If there is only a finite number of terms greater than a million, then we can choose the largest of them to be an upper

bound M for the sequence. Thus the sequence is bounded by 0 < s, < M for all n.

False. The terms s, tend to the limit of the sequence which may not be zero. For example, s,, = 1 + 1/n is a convergent
sequence and s, tends to 1 as n increases.

6. True. The definition of convergence of a series is that its partial sums are a convergent sequence.

10.

False. For example the sequence —2, —1,0, 1,2, 3, ... with s,, = n — 3 is monotone increasing and has both positive and
negative terms.

True. If a monotone sequence does not converge, then it is unbounded. If moreover the sequence contains only positive
terms then it is bounded below by zero. Thus it is not bounded above, and in particular it is not bounded above by a
million.

False. The sequence —1,1,—1,1, ... given by s,, = (—1)™ alternates in sign but does not converge.

False. The decreasing sequence —1, —2, —3, ... has all terms less than a million, but it has no lower bound. Thus it is
unbounded.
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. True. A geometric series, a 4+ ax + ax> + - - -, is a power series about x = 0 with all coefficients equal to a.
. False. Writing out terms, we have
(-1 +@—-2>+(x—-3°+ .
A power series is a sum of powers of (x — a) for constant a. In this case, the value of a changes from term to term, so it
is not a power series.

True. This power series has an interval of convergence about x = 0. If the power series converges for z = 2, the radius
of convergence is 2 or more. Thus, x = 1 is well within the interval of convergence, so the series converges at x = 1.
False. This power series has an interval of convergence about = 0. Knowing the power series converges for = 1 does
not tell us whether the series converges for x = 2. Since the series converges at x = 1, we know the radius of convergence
is at least 1. However, we do not know whether the interval of convergence extends as far as x = 2, so we cannot say
whether the series converges at x = 2.

For example, Z o converges for x = 1 (it is a geometric series with ratio of 1/2), but does not converge for

x = 2 (the terms do not go to 0).
Since this statement is not true for all C,,, the statement is false.

True. This power series has an interval of convergence centered on x = 0. If the power series does not converge for x = 1,
then the radius of convergence is less than or equal to 1. Thus, x = 2 lies outside the interval of convergence, so the series
does not converge there.

False. It does not tell us anything to know that b,, is larger than a convergent series. For example, if a,, = 1/n* and
b, = 1,then 0 < a,, < b, and Z an converges, but Z b., diverges. Since this statement is not true for all a,, and b,
the statement is false.

True. This is one of the statements of the comparison test.

True. Consider the series » (—b,) and Y _(—ax). The series Y (—bn) converges, since | b converges, and

By the comparison test, > (—a,) converges, 0 ) , an converges.

False. It is true that if ) |a,| converges, then we know that > a, converges. However, knowing that  _ an converges
does not tell us that > |an | converges.

For example, if a, = (—1)""'/n, then >  a, converges by the alternating series test. However, > |a,| is the
harmonic series which diverges.

False. For example, if a, = 1/n and b, = —1/n, then |an + by| = 0,50 > |an + by | converges. However > . |a, | and
> |bn| are the harmonic series, which diverge.

False. For example, if a,, = 1/n?, then
. 1 12 2
lim |a+1|:hmwz im — " 1
n—oo |an\ n—oo 1/1’1,2 n— oo (TL —+ 1)2
However, > 1/n? converges.
False, since if we write out the terms of the series, using the fact that cos 0 = 1, cosm = —1, cos(27) = 1, cos(3w) = —1,

and so on, we have
(=1)%cos 0+ (—1)" cos 7 + (—1)* cos 2m 4 (—1)® cos 3w + - - -
=O@O+ EDED)+HM@) + (FD)(=1) -
=14l +1414---

This is not an alternating series.

True. Writing out the terms of this series, we have

A+ EDH+A+EDH)+ A+ D)+ A+ (=D + -
—(1-D+0+D)+0=1)+1+1)+---
=0+2+0+2+---.

False. This is an alternating series, but since the terms do not go to zero, it does not converge.



25.

26.

27.
28.

29.
30.

31.

32.

33.

34.

35.

36.
37.

38.

39.
40.

41.
42,
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False. The terms in the series do not go to zero:

oD 4 9(=D? L 9(=D? LoD L o(=1) 4 9=l 9l f o=l ol Lol .
=1/24+2+1/2+2+1/2+---.

False. For example, if a,, = (—1)""" /n, then > a,, converges by the alternating series test. But (—1)"a, = (—=1)"(=1)""'/n =

(=1)*"""/n = —1/n. Thus, Y _(—1)"ax is the negative of the harmonic series and does not converge.
This is true. It is a restatement of Theorem 9.9.

This statement is false. The statement is true if the series converges by the alternating series test, but not in general.
Consider, for example, the alternating series

§$=10-0.014+08-07—-0+0—-0+"---.
Since the later terms are all 0, we can find the sum exactly:
S =10.69.

If we approximated the sum by the first term, S1 = 10, the magnitude of the first term omitted would be 0.01. Thus, if
the statement in this problem were true, we would say that the true value of the sum lay between 10 4+ 0.01 = 10.01 and
10 — 0.01 = 9.99 which it does not.

True. Let ¢, = (—1)"|an|. Then |cn| = |an| $0 Y |cn| converges, and therefore > ¢, = Y (—1)"|an| converges.
True. Since the series is alternating, Theorem 9.9 gives the error bound. Summing the first 100 terms gives S100, and if
the true sum is .S,

1
|S — Sio0] < @101 = 101 < 0.01.

True. The radius of convergence, R, is given by lim |Cp41|/|Crn| = 1/R, if this limit exists, and since these series have
n—oo

the same coefficients, C,,, the radii of convergence are the same.

False. Two series can have the same radius of convergence without having the same coefficients. For example, Z " and

> na™ both have radius of convergence of 1:

1 B 1
Ot m Lot g tim Bt oo Lo
n—oo Cn n—oo 1 n— oo n n—oo n

1.

True. If the terms do not tend to zero, the partial sums do not tend to a limit. For example, if the terms are all greater than
0.1, the partial sums will grow without bound.

o0
False. Consider the series Z 1/n. This series does not converge, but 1/n — 0 as n — oo.

n=1

False. If ar, = b, = 1/n, then Z a, and Z br, do not converge. However, anb, = 1/ n?, so Z anbn does converge.

False. If anb, =1/ n?and a, = b, = 1 /n, then Z anby, converges, but Z a, and Z bn, do not converge.

True. If ) |an| is convergent, then sois > an.

. . . -n" . .. . .
False. The alternating harmonic series g u is conditionally convergent because it converges by the Alternating
n

. . . -1)" 1. . . . Lo
Series test, but the harmonic series E ‘ u = g — is divergent. The alternating harmonic series is not absolutely
n n

convergent.
False. There are power series, such as Z x™ /n, which converge at one endpoint, —1, but not at the other, 1.

True. By the comparison test, if Y an is larger term-by-term than a divergent series, then Y  an diverges. If Y by
diverges, then so does > 0.5by,.

True. The power series Y . Cp(z — a)™ converges at ¢ = a.

True. Since the power series converges at x = 10, the radius of convergence is at least 10. Thus, x = —9 must be within
the interval of convergence.



684 Chapter Nine /SOLUTIONS

43. False. If Z C,x" converges at x = 10, the radius of convergence is at least 10. However, if the radius of convergence
were exactly 10, then = 10 is the endpoint of the interval of convergence and convergence there does not guarantee
convergence at the other endpoint.

44. True. Intervals of convergence can be of any length and centered at any point and can include one endpoint and not the
other.

45. False. The interval of convergence of » . Cpz™ is centered at the origin.

46. True. The interval of convergence is centered on x = a,soa = (—11 4+ 1)/2 = —5.

PROJECTS FOR CHAPTER NINE

1. (a) To show f is decreasing for x > 1, we look at f'(x):
fl(@)=nn+1D2" !t —nn+ 12" =n(n+ 1)z 11 —2).

Thus, for z > 1, we have f'(x) < 0, so f is decreasing. Since f(1) = 1, this means f(z) < 1 for z > 1.
Factoring z™ out of f(x), we get

fz)=nm+1z" —nz" =2"(n+1—nz) < 1.
(b) We simplify the value of x

1+1/n  (n+1)/n  (n+1)>

TTIt1/n+1) (n+2)/(n+1) nmn+2)

Before substituting into 2™ (n + 1 — nx) < 1, we calculate

n+1—nx:n+1—nM
n(n+2)
 (n+1D)(n+2)— (n+1)?
o n+2
4+ +2-(n+1) n+1
- n+2 T n42

Thus, substituting into the inequality from part (a), 2™ (n + 1 — nx) < 1, gives

n (n + 1)
T <1
n+2
(¢) We want to show s, < s,41. Since s, = (1+1/n)" and 5,11 = (1+1/(n+1))""", using the
definition of x, we have

Sn (I+1/n)™ 1

sny1 (L+1/(n+1))" (1+1/(n+1))
o n+1
-7 <n+2>'

Sn, n<n+1>
=z <1,
Sn+1 n+2

Thus, by part (b), we have

SO
Sp < Sp1-

Thus, the sequence is increasing.
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(d) Substituting x = 1 + 1/2n into the inequality from part (a) gives

L R 142 UL U A N U T
om ) \" " m) )~ om 2) " 2 o '
177.
1+ — 2.
<+2n><
12n
14+ — 4
<+2n)<,

Sop < 4.

Thus

(e) When we square this inequality, we get

that is, for all n

Thus, the even terms are bounded above by 4. Because we have shown the sequence is increasing, for each
odd term, we have
Son—1 < 29y, < 4,

so the odd terms are also bounded above by 4. Since all terms are bounded below by 0, the sequence is
bounded.

(f) From parts (c) and (e), we know that the sequence is increasing and bounded, and therefore, by Theo-
rem 9.1, it has a limit.

2. (@ @ p?
(ii) There are two ways to do this. One way is to compute your opponent’s probability of winning two in
a row, which is (1 — p)?2. Then the probability that neither of you win the next points is:
1 — (Probability you win next two + Probability opponent wins next two)
=1-(p"+(1-p)?
=1-(p*+1-2p+p?
=2p° —2p
=2p(1—p).
The other way to compute this is to observe either you win the first point and lose the second or vice
versa. Both have probability p(1 — p), so the probability you split the points is 2p(1 — p).

(iii)
Probability = (Probability of splitting next two) - (Probability of winning two after that)
= 2p(1 — p)p?
(iv)
Probability = (Probability of winning next two) + (Probability of splitting next two,
winning two after that)
= p? +2p(1 — p)p?
(v) The probability is:
w = (Probability of winning first two)
+ (Probability of splitting first two)-(Probability of winning next two)
+ (Prob. of split. first two)-(Prob. of split. next two)-(Prob. of winning next two)
2
=p° +2p(1 = p)p* + (2p(1 = p))" P> + - -
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(vi)

b) O

(i)

This is an infinite geometric series with a first term of p? and a ratio of 2p(1 — p). Therefore the

probability of winning is
2

U
1—=2p(1—p)
Forp = 0.5, w = % = 0.5. This is what we would expect. If you and your opponent

are equally likely to score the next point, you and your opponent are equally likely to win the next
game.

Forp =0.6, w = % = 0.69. Here your probability of winning the next point has been
magnified to a probability 0.69 of winning the game. Thus it gives the better player an advantage to
have to win by two points, rather than the “sudden death” of winning by just one point. This makes
sense: when you have to win by two, the stronger player always gets a second chance to overcome the
weaker player’s winning the first point on a “fluke.”

Forp = 0.7, w = % = 0.84. Again, the stronger player’s probability of winning is
magnified.
2
Forp =04, w = S (1) i 0.31. We already computed that for p = 0.6, w = 0.69. Thus

1—2(0.4)(0.6)
the value for w when p = 0.4, should be the same as the probability of your opponent winning for

p = 0.6, namely 1 — 0.69 = 0.31.

S = (Prob. you score first point)
+(Prob. you lose first point, your opponent loses the next,
you win the next)
+(Prob. you lose a point, opponent loses, you lose,
opponent loses, you win)
= (Prob. you score first point)
+(Prob. you lose)-(Prob. opponent loses)-(Prob. you win)
+(Prob. you lose)-(Prob. opponent loses)-(Prob. you lose)
-(Prob. opponent loses)-(Prob. you win)+ - - -
=p+(1-p)(l—gp+((1-p)(1—9q)’p+--
_ p
C1-(1-p)(l-q)

Since S is your probability of winning the next point, we can use the formula computed in part (v) of (a)
for winning two points in a row, thereby winning the game:

52
T 1-25(1-9)

w

e Whenp =0.5and g = 0.5,
0.5
S=—"——"—=0.67.
1 —1(0.5)(0.5)
Therefore
B S? B (0.67)2
S 1-25(1-8)  1-2(0.67)(1—0.67)

e Whenp =0.6and ¢ = 0.5,

w = 0.80.

2
S = 06 =0.75 and w= (0.75)

1— (0.4)(0.5) 1=20.5)(1=0.75) _ %




3. (a)

(b)

(0

(d)
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Let k by the relative rate of decay, per minute, of quinine. Since quinine’s half-life is 11.5 hours, we have

1
> = ¢~ k(11.5)(60)

)

k= 2 0.001

©(aLs)(60) T
Hence, k£ = 0.1%/min.
Just prior to 8 am of the first day the patient has no quinine in her body. Assuming the drug mixes rapidly in
the patient’s body, she has about 50/70 ~ 0.714 mg/kg of the drug soon after 8 am. Suppose we represent
the concentration of quinine in the patient (in mg/kg) by x and represent time since 8 am (in minutes) by
t. Then
© = Ae=0-001t,

where A is the initial concentration and £ = —0.001 is the rate at which quinine is metabolized per minute.
There are 24 - 60 = 1440 minutes in a day. On the first day, the patient begins with 0.714 mg/kg in her
system, so just before 8 am of the second day the patient’s system holds

0.714¢ 790011440 ~ (9 169 mg/kg.

After the patient’s second dose of quinine, her system contains 0.714 + 0.169 = 0.883 mg/kg of quinine.
By continuing in a similar manner, we see that just prior to 8 am on the third day, she has 0.883¢ ~0-001-1440 ~
0.209 mg/kg; just after 8 am, she has 0.209 + 0.714 = 0.923 mg/kg. Just prior to § am on the fourth day,
she has 0.923¢70-001-1440 ~ (218 mg/kg; just after 8 am, she has 0.228 + 0.714 = 0.932 mg/kg. We can
keep going with these calculations: just prior to 8 am on the fifth day, the concentration is 0.221 mg/kg;
on the sixth day, it is 0.222 mg/kg; on the seventh day, it is 0.222 mg/kg, and so on forever.

We find a formula for the concentration just after the n*" dose as follows. The last dose contributes
0.714 mg/kg. The previous dose contributes 0.714¢~9-001(1440) mo/kg. The dose before that contributes
0.714¢~0-001(2)(1440) mo/kg and so on, back to 0.714¢~0-001(n=1)(1440) ;yo/ko from the initial dose. So

Concentration just
after n doses

— 0.714 4 0.714e™ "M 4 0.714 (7 144)” ... 4 0.714 (744"

We notice that this is a geometric series, with sum given by

ion 1 — ¢~ 1l44n
Concentration just — 0714 ( e

— —1.44n
after n doses 1_61,44> =0.936(1 —e ).

Although the concentration of quinine does not reach an equilibrium it does fall into a steady-state
pattern which repeats over and over again. This makes sense; at some point the patient must metabolize
the daily dosage exactly. If we let n — oo in our formula, we have e ~'44" — 0, which means that the
concentration just after the n*® dose gets very close to 0.936. So the concentration just before the n*® dose

is 0.936 — 0.714 = 0.222, as we found in our calculations for the first few days.
X

0.936
0.714

0.222

Figure 9.1

If we keep setting the clock back to 0 minutes each day at 8 am, then we have that at ¢ = 0 each day,
the concentration (starting on the fifth day or so) is 0.936 mg/kg. As the day progresses, we have

x = 0.936¢0-001¢,
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(e) The average concentration of quinine in the patient is given by the integral of the concentration over a day,
divided by the time in a day:

1 1440 1440

S dt = ——
1440 J, 77T 1440 J,

0936 [ —e 00011\ |10 936
1440 \ 0.001

144
~ 0.496 mg/kg.

0.936e 9001 gt

Average concentration

(1 _ 6_1'44)

0

(f) Since the average concentration is 0.496 mg/kg and the minimum effective average concentration is 0.4
mg/kg, this treatment is effective. It is also safe—the highest concentration (0.936 mg/kg, achieved shortly
after 8 am) is less than the toxic concentration of 3.0 mg/kg.

(g) Each dose of 25 mg corresponds to 25/70 = 0.357 mg/kg. Let x5 be the steady-state concentration just
before each 0.357 mg/kg dose. Then = + 0.357 will be the concentration just after the dose. Since we are
in a steady-state, this concentration decays to exactly =, just before the next dose. So

zs = (s + 0.357)6_0'001(12)(60).

This means
0.357670‘001(12)(60)

Ts = T ,=0.001(12)(60)

~ 0.339 mg/kg,

so x5 + 0.357 = 0.696 mg/kg is the concentration just after each dose. At ¢ minutes after a dose, for
0 <t < (12)(60), there is a steady-state concentration of

x = 0.696e %" mg/kg.

This means

1 720 720
Average concentration = — / rdt % — / 0.696¢0-001 gt
720 Jo 0

720
0.696 [ —e—0:001t7 720 gog

- = — 221 - 0.487]
720 | 0.001 ||, 0.72

~ 0.496 mg/kg.

This treatment is also effective and safe. The average concentration of 0.496 mg/kg is greater than 0.4
mg/kg, and the highest concentration of 0.696 mg/kg is less than 3 mg/kg.
(h) For an exponentially decaying function, the average value between two points (zo,yo) and (z1,y1) is

% where 7 is the relative rate of decay and Ag is the initial concentration. The reason is as follows.
1 1
Average = / Age~"tdt
1 — Xo )
Ay [e_rt ] o
1 — o T zo
Yo — Y1

- (x1 —x0) -7

(i) Since a steady state has been reached, yy is the concentration right after a dose and y; is the concentration
just prior to a dose. Thus, yg — y; represents the increase in concentration from each dose. Furthermore,
x1 — xq is the time between doses. When we go to the new protocol, we halve both the numerator and
the denominator of the equation for the average concentration, and so the average remains unchanged.
Similarly, if we were to double the dose to 100 mg and give it every 48 hours we would simply be doubling
both the numerator and the denominator; again the average concentration would not change.

(j) We want the final concentration to be 10719 kg/kg = 10~* mg/kg. We therefore need to solve for ¢ in
10~* = 0.883 - ¢~ 9901t Doing so yields ¢ ~ 9086 min ~ 6.3 days.



