Math 26L

Final Exam
April 30, 2002
NAME:
INSTRUCTOR: SECTION:
Instructions:

This exam has ten pages in addition to this cover sheet. For grading purposes the point
value of the entire exam is 200 points. The values of the individual questions are indicated
beside the questions. We suggest that you spend not more than 15 minutes on each page. If you
follow this strategy for time allocation, then you will have 30 minutes at the end to use for
checking, refinement, and correction.

Some of the exam questions include carefully worded descriptions or directions. In order
to complete the problems correctly, you may need to read these instructions carefully
before attempting the problems. You may use your calculator and one sheet of notes that you
prepared for thisexam. You must show your work to receive credit. In particular if you use the
calculator to assist in answering a question, be sure to reproduce (by hand) any relevant graphs
and explain any relevant mathematics.

When you turn in your exam, be sure that each sheet has your name and section number
n it and that you have signed the honor code below.

Honor Code:
| have neither given nor received aid in the completion of this examination.

Signature:

Please do not write below thisline,
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1. (6 points) Find a possible formulafor the grgph of the trigonometric function given below:

2. (8paints) On the graph below, illustrate what is meant by

6
> flxp)Ax where Az = % andz, =1+ kAx.
k=1

1 T T T

f(_xj 0.5

3. (4 pointseach) Compute the following integrals exactly (do not use a calculator). Asis required
for dl questions on this exam, you must show your work so that your reasoning is clear.

@ [ Ldr [Asumea>1.]

(b) f1\/1 — 22 dx

0
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4. (12 points) Supposeweroll two six-gded dice. Let X be the random variable that represents the
absolute value of the difference of the values that come up.
(& What vauescould X possbly assume?

(b) Graph the probability mass dendty function for X.

(00 What isthe expected vdue of X7?

5. (6 points) Suppose you collect the following datain asurvey. (For example, the following numbers
could be scores of 10 randomly selected people on sometest.)
42,44,6.1,6.1,75,7.8,81,88,9.1,94

(@ If Fisthe cumulative digribution function, find F{(7).

(b) Let f bethe probability density function. Estimate f(7). Explain how you got your answer.
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cx—x? if 0<z<ec

6. (5 points) Consider p(x)= { . Find ¢ so that p(z) isaprobability dengty function.
0 otherwise
? if z>1
7. (5points) Let f(xz)= { . Could f(x) beaprobability dengty function for an
0 otherwise

appropriate ¢? Why or why not?

8. (10 points) The following table gives the amount of sunlight in Durham NC on the day given. Let
t = 0 correspond to March 21. Find asnusoidd function that would give the amount of sunlight on any
givenday. Explainyour answer in ashort paragraph.

March 21 12.1 hours
June 21 14.5 hours
September 21 | 12.1 hours
December 21 | 9.7 hours
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b
9. (4 points) State the definition of fa f(z)dz, the ddfiniteintegra from a to b.

10. (8 points) Circledl of the following that are solutions to the differentid equation
dy
I =Yy—2z.

@ y=2x+2+¢€"
(b) y=2z+2—-¢"

© y=c"—a

d y=e—22+1

11. (6 paints)
@ If y=arctan(zx), then z =

(b) Useyour answer in (a) aboveto show carefully why L (arctan(z))= Hle.
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12. (12 points) Maich the dope fields below with the given differentid equetions:

dy _
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dt — 2
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13. (8 points) Beow are 4 differentiad equations that are models of population growth discussed in
class. Ineach case, k > 0 and M > 0. Maich each differentid equation with one of the Stuations
below that could be modeled most appropriately by that differentia equation.

£ —kp

L —(P—M)
L —kp M- P)
iE—kP+M

a

(@ unrestricted (or naturd) population growth
(©) naturd population growth with a constant rate of immigration (d) Newton'sLaw of Cooling
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14. (10 points) A car going 80 feet per second (about 55 mph) brakesto astop in 5 seconds.
Assuming that the deceleration was constant, how far did it travel in those 5 seconds?

15. (4 points) Let F(x f f(t)dt, where f(t)>0. Assumethat h isasmal, positive number.

Circle every expresson below which is equivaent to w

* flz+h) * F'(x) « F(w)

* f(z) * f'(@) * F(3)

« an gpproximation of F'(z) * areaunder F over [3,x] * an gpproximation of f(x)

* theaverage of F over [z,z+h] « an goproximation of ' (x) « areaunder f over [x,z+h)]
o theaverage of f over [z, x+h]  areaunder F over [z,x+h]

16. (4 points each) The following statements may be correct or may contain one or more
erors. State whether or not it is correct and explain why.

2
(a)f (x +13dx—f0 2u3du—8uE:2

(b)f zcos(z)dr=xsin( f sin(z)dr=zsin(x)+cos(z)|” =zsin(z)—1

S
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17. (20 points) Congder the function, f, defined by the graph below(the parts that appear
curved are parts of circles and the parts that appear Sraight are straight).
Let F(z)= [y f(t)dt for zintheinterva [0.4].

11

057

N W [N | |O

(b) Find the average vdue of f ontheinterva [0,4].

(c) Findwhere F’(x)=0ontheinterva [0,4] and label each of the point(s) as either aloca maximum
or alocd minimum.
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18. (24 points) Solve the following initid vaue problems exactly, expressing y explicitly asa
function of .

@ % =3-15, y=lazr=0

b % —3-15/z, y=lar=0
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19. (18 points) Write anintegrd or adifferentid equation that models the following Stuations.

(& Aningot of iron ore a 1200°F is plunged into awater bath whose temperature is kept at
70°F. Thetemperature of the ingot decreases at arate proportional to the difference between
and the temperature of the ingot and the surrounding temperature. If the proportiondity
congtant is 3, find, but DO NOT EVALUATE, an expression for the temperature as afunction
of time.

(b) Suppose that the rate at which the world's ail is being consumed is continuoudy increasing
and can be modeled with the function () =e** + e ~**, where r is measured in barrels per

year and t is measured in years since January 1, 1990. Find, but DO NOT EVALUATE, an

expression for how much oil was used between January 1, 2000 and January 1, 2002.

(c) Dead leaves accumulate on the ground in aforest a arate of 3 grams per square centimeter per
year. At the same time, these leaves decompose a a continuous rate of 75% per year (i.e. the leaves
decompose a arate proportiona to the amount present with proportionality congtant 0.75). If there
are 10 grams per square centimeter of leaves on the ground now, find, but DO NOT EVALUATE, an
expression for how much will betherein 5 years?
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20. (18 paints) Suppose that your company will sl about 300,000 computer chips over the
next year. Your statisticians have determined that the function,g(¢) = 1 — e ~903! represents
the fraction of the total number of computer chips that have failed as of time¢ (in months).

(@ Isg(t) aprobability dengty function or acumulative digtribution function? Explain.

(b) Wnat isthe probahility that a computer chip will last more than a year? How many chips would you
expect to last more than one year?

(©) What isthe average (or mean) lifetime of acomputer chip?

(d) What isthe median lifetime of the computer chips?
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