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1 Introduction

One fascinating and mysterious aspect of modern number theory is the interaction between the
analytic and the algebraic points of view. The most fundamental example of this interaction is the
relationship between the Dedekind zeta-function (x(s) of a number field k and certain algebraic
invariants of the field k. The definition of the complex-valued function ((s) is

a(s)=1] 1_11\1‘3—5

p

for Re(s) > 1, where the product runs over all nonzero prime ideals p of k. Through the process of
analytic continuation, we obtain a meromorphic function (x(s) defined on the complex plane.

Interestingly, the analytic behavior of the function (j allows one to prove purely algebraic facts
about the number field k. For example, Dirichlet was able to exploit the fact that the meromorphic
function (q(s) has a simple pole at s = 1 in order to prove that there are infinitely many primes in
every arithmetic progression of the form {a,a+b,a+2b, - -} where a and b have no common factors
(e.g., there are infinitely many primes of the form 12n 4 5). To prove this theorem, Dirichlet also
had to define a generalization of the function (x(s), called a Dirichlet L-function. His arguments
relied on the subtle analytic fact that certain such L-functions do not have a zero or a pole at s = 1.

Even more, Dirichlet proved the celebrated “class number formula,” which gives an explicit
formula for the residue of (x(s) at s = 1:

2" (27)" 2 hy, Ry,
V| Dilex

where r; and ro are the number of real and complex places of k respectively, and hy, Ry, Dy,
and e are the class number, regulator, absolute discriminant, and number of roots of unity of k,
respectively. This is a remarkable formula because the definition of (j(s) uses only local information
about k (i.e. the prime ideal structure) and analytic continuation, but the residue Res((x;1) at 1
involves global invariants of k, such as hy and Ry.

Using the functional equation for (j(s), we can reformulate equation (1) as saying that the first
non-zero term in the Taylor series of (x(s) at s = 0 is given by

Res(Cr; 1) = (1)

fhkRk ST1+T2_1. (2)
€L

The term —hy Ry /ey is the ratio between the (presumably) transcendental number Ry and the
algebraic number —ey/hg. Furthermore, the regulator Ry is the determinant of (r; 4+ ro — 1)-
dimensional square matrix whose entries are logarithms of the archimedean valuations of units
belonging to k.

In the first half of this century, Artin, Hecke, Tate, and others established a general theory of
L-functions and functional equations, partially extending some of the results obtained by Dirichlet.
However, despite all of this work, there was no satisfactory generalization of the above Dirichlet
class number formula in the context of arbitrary Artin L-functions. In the 1970’s, H. M. Stark
attempted to find such a formula. He was guided by the following;:

Motivating Question. If K/k is a finite Galois extension with Galois group G and Y is the
character of an irreducible, finite-dimensional, complex representation of G, is there a formula,
analogous to (2), for the first non-zero coefficient in the Taylor expansion of Ly /i(s, x) at s = 07
More precisely, if r(x) is the order of Lg/x(s,x) at s = 0, can this coefficient be expressed as the



product of an algebraic number and the determinant of an r(x) x r(x) matrix whose entries are
linear forms in logarithms of archimedean valuations of units belonging to K7

Answering this question would provide a generalization of the Dirichlet class number formula
in two different ways. First, for any Galois extension K/k with Galois group G, the L-function
L (s, 1) corresponding to the trivial character 1¢ is precisely the Dedekind zeta-function ((s).
More importantly, however, there is the formula

Ck(s) =[] Lrepuls, )XV

X

where the product runs over all irreducible characters y of G. Therefore, providing a formula for the
first non-zero Taylor coefficient of Ly .(s,x) for all irreducible x would strengthen the statement
of the Dirichlet class number formula by showing how the leading term of (x (s) factors into pieces,
one for each irreducible representation of G.

Questions about leading coefficients of the Taylor expansions of L-functions arise in many
aspects of number theory. For example, there are L-functions in the theory of elliptic curves and
the still unproven Birch-Swinnerton-Dyer conjecture is an analogue of the Dirichlet class number
formula in the setting of elliptic curve L-functions. In fact, there have been efforts to prove the
Birch-Swinnerton-Dyer conjecture by splitting it up into pieces, as Stark’s conjecture attempts to
do with Artin L-functions. Therefore, gaining a deeper understanding of Stark’s conjecture may
shed light on other analogous problems in number theory.

In the case where K/k is an abelian extension, Stark has given a refined conjecture which
essentially states there exists a unit of K such that specific linear combinations of its archimedean
valuations give the values of the derivatives L) Ik (0, x). In certain cases, this “Stark unit” can be
seen to generate K over k, and hence the refined conjecture implies that K can be obtained from
k by adjoining the value of a certain analytic function at zero. As Stark observed himself [24, pg.
63], “a reference to Hilbert’s 12th problem may not be completely inappropriate.” In fact, in cases
where a solution to Hilbert’s 12th problem is known, namely when k is either Q or a quadratic
imaginary field, Stark was able to prove his abelian conjecture. For these many reasons, Stark’s
conjectures remain among the central open problems in number theory.

Unfortunately, for base fields k other than Q and quadratic imaginary fields, it is not known
how to directly construct Stark units. Thus, progress on Stark’s Conjecture in the case of general
number fields has been mostly limited to “numerical verifications.” This numerical evidence is now
overwhelming, but a general strategy for a proof is still lacking.

We begin this thesis by formulating the non-abelian Stark conjecture, which states roughly
that an expression analogous to the Dirichlet class number formula exists for non-abelian Artin
L-functions. We then analyze the conjecture in greater detail for the cases r(x) = 0 and r(x) = 1.
The study of the case r(x) = 1 leads to the notion of a “Stark unit”. As we noted above, Stark
gave a refinement of his conjecture in the case where K/k is abelian by using these Stark units.

In addition to explaining the proof by Sands of the abelian Stark conjecture for certain Galois
groups with exponent 2, we provide a numerical confirmation of the abelian conjecture for a specific
cubic base field k with a complex place; this is the first time a numerical confirmation has been
done in such a case. Our methods follow those of Dummit, Sands, and Tangedal [6], who treated
many cases where k is a totally real cubic field, but there are some additional problems that do not
arise in the totally real case.

We conclude the thesis with a consideration of two more advanced topics. First, we discuss the
Brumer-Stark conjecture, which combines the ideas of Stark’s abelian conjecture and the work of
Stickelberger on annihilators of ideal class groups. Second, we carefully explain the difficult proof of



the non-abelian Stark conjecture for characters xy which assume only rational values. This includes
the cases in which Gal(K/k) is a symmetric group.

The basic motivation and many of the results of this thesis are due to Stark, but the greatest
influence on this thesis was provided by Tate [27]. His book provides an elegant and sophisticated
account of work that has been done on Stark’s conjectures, much of it by Tate himself. This
work involves giving proofs of special cases of the conjectures, as well as finding more conceptual
formulations of what is to be proven. Such reformulations led to a function field analogue of
Stark’s conjectures, and this analogue was proven by Deligne, thereby providing further conceptual
evidence for the original conjectures. As is often the case in mathematics, properly formulating
what is to be proven is an essential step towards greater understanding.



2 Basic notation

We now present the basic notation to be used throughout this thesis.

The symbols Z, Q, R, and C denote the integers, rational numbers, real numbers, and complex
numbers, respectively. We fix a choice of i = v/—1 € C. The symbol k will denote an algebraic
number field; that is, a finite extension of Q. A choice of k£ will be fixed for most of the discussion.
Finite extensions of k are denoted K /k. The group of roots of unity in k is denoted u(k), and the
number of roots of unity in k£ is denoted ey.

The set S, will denote the set of archimedean primes of k, and the set S will be any finite set
of primes of k containing S. The finite (i.e. non-archimedean) primes of k are usually denoted
p,q,.... General primes of k (archimedean or non-archimedean) are denoted v,v’,.... The set
of primes of K lying above those in S is denoted Si. We write 3 for a prime of K lying above
the finite prime p of k, and we write w,w’, ..., for primes of K lying above the primes v, v/, ...,
of k. We use the terms “place of k” and “prime of k” interchangeably. If K,, and k, denote the
completions of the fields K and k with respect to the valuations w and v, respectively, then we
write [w : v] for the degree of the local extension K,,/k,.

The ring of integers of k£ will be denoted O or simply O, and the S-integers are written Og.
The fractional ideals of Oy, form a group I(Of) = Ix. To each finite prime p of k, there corresponds
the “valuation function” vy, on £* and on the group I. This function gives the valuation on k
corresponding to p:

2l = (Np) @,

With this normalization, a uniformizer 7 for the local field k, has valuation (Np)~!. If v is an
archimedean place of k, we define

B {\x! =tz if v is a real place

TT if v is a complex place

With these normalizations, the product formula can be written simply as

H |z|, =1,

v

where the product runs over all (inequivalent) places v of k. Furthermore, if w is a place of K lying
above v, and u € k,, our normalizations yield the equation

Julw = Juli.

Whenever we have a finite group G, all G-modules V will be left modules. We write the action
of z € Z|G] on v € V as v*. The reader is warned that with this notation, v*¥ = (v¥)?.

When K/k is a Galois extension, the Galois group G = Gal(K/k) acts on the primes of K in a
natural way. For x € K and ¢ € GG, we have

270w = |2]w-
For a finite prime w = B, this agrees with the definition
P = {27 : z € P}.

The decomposition group of w in G is denoted G,,.



Let Np be the size of the finite field O /p. The Galois group Gal((Ox/PB)/(Ok/p)) is generated
by the Frobenius automorphism z — zNP. The coset of Iy in G'op which maps to the Frobenius
automorphism is denoted ogz. When p is unramified in K this becomes an element ogq, called the
Frobenius element at ‘B. The G, Iz, and osp for the various P lying above a fixed p are conjugate
by elements of G, so, when K/k is abelian, we denote them by G|, I, and oy, respectively.

For a finite set A, we write |A| for the cardinality of A. There is no risk of confusion with our
notation for absolute values.

Fix a Noetherian ring F' (usually either Z or a field). Unless otherwise specified, all F[G]-
modules are understood to be finitely generated over F. For F[G]-modules V and W, we write
Homg(V, W) for the F[G]-module homomorphisms from V' to W. When there is no subscript,
Hom(V, W) represents the F-linear homomorphisms from V' to W. An F[G]-module structure on
Hom(V, W) is defined by having

(99)(v) = g9~ ')

for any ¢ € Hom(V,W). In particular, we have an F[G]-structure on the dual
V* = Hom(V, F),

where F' has trivial G-action.

If x is a character of G over some field L containing a characteristic 0 field F', let F'(x) be the
field obtained by adjoining the values x(o) to F' for all ¢ € G. Note that F(x)/F is abelian since
it is a sub-extension of a cyclotomic extension. If a: L — K is a map of fields, then we write y¢
for the function o x: G — K. If V is an L[G]-module realizing y, then x® is the character of the
K[G]-module V* = K ®, V. When we wish to emphasize a particular choice of a, we sometimes
write K ®r, V instead of K @1 V.

Throughout this work, if A is a subring of C and B is a Z-module, we will denote by A B the
A-module A ®z B. When B has a G-module structure, AB has an A[G]-module structure, with
G acting on the right factor B and A acting on the left factor.



3 The non-abelian Stark conjecture

In this section, we present the non-abelian Stark conjecture. We begin by recalling the Dirichlet
class number formula, which gives an explicit formula for the first non-zero coefficient in the Taylor
expansion for the Dedekind zeta-function. The Stark conjecture, in its abstract form, extends this
to general Artin L-functions. The main difficulty in stating the Stark conjecture is defining an
analogue of the regulator appearing in the Dirichlet class number formula. Once we define the
regulator, we show that for the base field £k = Q, this regulator has the form suggested in the
motivating question in the Introduction. This special case was one of Stark’s early results that led
him to his general conjectures.

We then state the non-abelian Stark conjecture. We also analyze naturality properties of the
conjecture and verify the independence of the conjecture from certain choices that are made. This
will enable us to show that if Stark’s conjecture is true for the base field k = Q, it is true in general.

3.1 The Dedekind zeta-function

Let k be a number field, and let S be a finite set of primes of k£ containing the set of infinite
primes So.. The definitions of Dedekind zeta-function (; and its generalization (j g are given
in A.1.1. Dedekind was able to relate the residue of the simple pole of (, at s = 1 to certain
algebraic invariants of the field k. This generalized Dirichlet’s work in the specific case where k is
a quadratic field (see [3] and [4]).

Theorem 3.1.1 (Dirichlet Class Number Formula at s = 1). The function (x(s) has a simple
pole at s = 1 with residue
27 (271')7"2 hi Ry,

VIDiler
where r1 and ro are the number of real and complex places of k, respectively, and hy, Ry, Dk,

and ey are the class number, requlator, absolute discriminant, and number of roots of unity of k,
respectively.

Using the functional equation for (x(s), we can give a reformulation of this result at s = 0.

Theorem 3.1.2 (Dirichlet Class Number Formula at s = 0). The Taylor series of (x(s) at
s=01s
(:k,(s) _ _hkRk Sr1+7‘2—1 + O(s’rl-i-rg) _ _hkRkS‘Soo|_1 + O(S‘Soo‘)
€k €k
Proof. The functional equation for (;(s) = L(s, 1) can be obtained from Theorem A.8.1. We find
that Ag(s) = Ag(1 — s), where

Ag(s) = | Dg|? T (s)2Tr(5) Cu(s),

with Tr(s) = 77%/2T'(§) and T'c(s) = 2(27)~*T'(s). Since I'(s) has a simple pole at s = 0 with
residue 1, by using the Dirichlet class number formula at s = 1 and the functional equation for A,
we see that as s — 0,

9r1tr2 oT1+72 hi Ry,
—C(s) ~ — : ‘
S 1+72 S ek
Here the symbol ~ means that the ratio of the two sides is 1 as s — 0. The result follows. O

We can give an analogous statement for a general finite set of places S D S, by using the
following lemma. The definition of the S-integers Og and the corresponding class number hg = hy, g
and regulator Rg are given in A.5.1 and A.5.4.



Lemma 3.1.3. Let p be a place of k not lying in S, and let " = S U {p}. If m is the order of p
in the ideal class group of the S-integers Og, then we have
hs

m ’

[ ] hS’ =
o RS/ = m(log NP)RS,
® (s ~ (logNp)s - (i 5(s) as s — 0.

Proof. For the first assertion, note that there is a natural surjection I(Og) — I(Og/) given by
U — UOgr; surjectivity holds by a consideration of prime ideals. Composing with the projection to
the class group I(Og/) — Cl(Og/), we get a surjection ¢: Cl(Og) — Cl(Og/). We will show that
the sequence
0 —— (p) —— ClOg) —2— ClOg) —— 0

is exact, where (p) is the subgroup of Cl(Og) generated by the class of p. By definition, m = |(p}|,
so this exact sequence will give the first part of the lemma. The fact that (p) lies in the kernel of ¢
is clear. Conversely, given any i € I(Og) representing an element in the kernel of ¢, we can write
UOg = BOg with B € K*. In particular, vq(i) = v4(80Og) for all finite places q of Og distinct from
p. We then find that 4 = p®SOg where e = vp(L) — vp(3), since both sides are fractional ideals of
Og with the same valuation at all places of Og. This completes the proof of the first assertion.

For the second assertion, let {ui,...,u,} with » = |S| — 1 be fundamental units, i.e. repre-
sentatives for a basis for the maximal torsion-free quotient of O5. We claim that if p™ = 7Og,
then {uy,...,u,, 7} are fundamental units for Og. First we demonstrate that this claim will give

the desired result. Since vg(m) = 0 for q # p, the matrix M(S’) of logarithms whose determinant
defines the regulator Rg has a particularly simple form in terms of the analogous matrix M (S)
defining R(S), where we choose arbitrarily the same place vg € S C S’ to exclude when defining

these matrices: () ‘
M(S *
M(S") = ( ) )
(%) 0 |loglrlp

Then we have
Ry = [log|r|y| Rs = (mlog Np)Rg

as desired.

It remains (for the second part of the lemma) to prove our claim that 7 generates O%, /O%. Let
u be a unit of Og/. By scaling by an appropriate power of 7, we may assume that 0 < i = vp(u) <
m — 1. Then p’ = uOg since both sides have equal valuation at all the places of Og. Since the
order of p in Cl(Og) is m, we must have ¢ = 0, implying that v € OF. This proves the claim.

For the final assertion of the lemma, recall that

Gusr(9) = (1= 5z ) s

from the Euler product representation of (. Taking limits as s — 0 gives the desired result. O

Corollary 3.1.4. The Taylor series of (i s(s) at s =0 is

hsR _

10



This corollary gives the first non-zero Taylor coefficient of (j 5 as the quotient of the tran-
scendental number Rg by the rational number —%. Furthermore, this transcendental number is
the absolute value of the determinant of an (|.S| — 1)-dimensional square matrix whose entries are
linear forms in the logarithms of the valuations of units in Og. The non-abelian Stark conjecture
essentially says that such a formula can be given for an arbitrary Artin L-function. Before we can
reformulate this conjecture, it will be convenient to review some basic facts about Artin L-functions.

3.2 Artin L-functions

Notation 3.2.1. Let K/k be a finite Galois extension of number fields with Galois group G, and
let S be a finite set of primes of k£ containing the archimedean primes. Let x be the character of a
finite-dimensional representation V' of G over C. The Artin L-function associated to y, relative to

S, is given by
s -1
Ls(s,x) = H det ((1 — o Np )|VI‘B)

peEs
for Re(s) > 1 (see section A.8). Suppose the Taylor series for Lg(s, x) in a neighborhood of 0 is

Ls(s,x) = cs(x)s™5™ 4 O(s7s00H),

Since the set S will usually be fixed, we often drop the subscript S and write r(x) = r5(x) and
c(x) = cs(x) for notational convenience. Our goal is to state a conjecture concerning c(x), so we
should first determine the value () of the order of Lg at s = 0.

Let Sk be the set of primes of K lying above those in S. Let Yk g be the free abelian group
generated by Sk, and let Xk ¢ be the “hyperplane”

)(335:: :g: TMU'U)EE)GQS : }E: Ny =0

weSK wESK

We will drop the subscripts for Y = Yg g and X = Xk g when the field K and set of primes S are
clear. Note that Y has a G-module structure in which G acts by permuting the w’s lying above a
fixed place v of k. More precisely, if we choose for each v € § a fixed place w € Sk lying above v,
we have an isomorphism of Z[G]-modules

Y = Pmdd, 2 = P26 e, Z. (3)

veS veS

where the decomposition group G,, acts trivially on Z.
Clearly X is a G-submodule of Y and we have an exact sequence

0 X Yy ——— Z 0,

where €: Y a,w — Y ay is the augmentation map.
Now suppose k C L C K with L/k Galois. Let H C G be the subgroup fixing L. We have a
natural embedding Yi: — Yk given by

wr, — Z[w:wL]w:Zh-wo, (4)

wlwg, hecH

where [w : wp] is the degree of the local extension K,,/L,, and wy is an arbitrary fixed place of
K above wy,. The coefficients [w : wr] in (4) force the inclusion Yg < Y to induce an inclusion

11



Xgr — Xgk. Note that X; = NH - X, where NH = Y, . h € Z|G]. We do not in general have
X1 = (Xg)", but NH - X[ has finite index in X and it is clear that F ®z X1 = (F @z Xg)¥
for any field F' of characteristic zero.

We write xx and xy for the characters of the C[G]-modules CX and CY, respectively (see
section 2 for this notation). Note that

Xy =xx + 1, (5)
where 1¢ is the trivial character of G.

Proposition 3.2.2. If x is the character of a C[G]-module V' with finite C-dimension, then
rg Z dime V& — dime V¢ = (x, xx)¢ = dimc Homg(V*, CX).
vES

Remark 3.2.3. In the above formula, GG, denotes a choice of decomposition group in G of some
place w above v. Since all choices are conjugate, dimc V@ only depends on v. Also, an interesting

consequence of the equality 7(x) = (x, xx)¢ is that r(x) = r(x®) for any automorphism « of C.
This is not obvious from the analytic definition of 7(x).

Proof. We have
dimc Homg(V*, CX) = dimc(Hom(V*, CX))¥ = (x - xx, la)a

since Hom(V*,CX) = V ®c CX has character x - xx. Since (x - xx,lg)e = (X, Xx)c and xx
takes on only rational (in fact integer) values, the last equality of the proposition is proven.
For the second equality, we use (3), (5), and Frobenius Reciprocity:

xx)e = Z (x.Ind%, 1¢,)s — (. 1a)e

veS

= > low la,)a, —dimVE
veS

= Zdim VGw — dim V.
veS

It remains to show that r(x) is equal to any of the other three expressions in the proposition.
Brauer’s Theorem (Theorem A.2.3) states that x can be written as a Z-linear combination

X = Z ng Indge 0,
0

where the characters 6 are 1-dimensional representations of various subgroups Hy of G. By the
naturality properties of L-functions (see Proposition A.7.2) we find that

=> ngr(9). (6)

Here 7(0) is the order at s = 0 of Ly /k,s, (s,0), where Fy = Ko, Since the inner product ( , )
satisfies the analogous naturality properties, we obtain

06 xx)e =Y ne0, (xx)|u)u (7)
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Comparing (6) and (7), it suffices to study the 6’s instead of x, so we are reduced to proving the
desired equation for y a 1-dimensional character.
If x = 1¢g, then Lg(s, x) = (x,5(s) and we obtain from Corollary 3.1.4 that

r(x) =1S|-1=> dimV —dim V.
vES

If ¥ is 1-dimensional and x # lg, then V¢ = {0}. Furthermore, Ls__(s,x) = L(s, x) has neither
a zero nor a pole at s = 1 in this case. Recall that the functional equation for L(s,x), as in
Theorem A.8.1, is

Ao(s,x) = g(s)Ao(1 = 5,X), (8)

where ¢(s) is a nowhere vanishing holomorphic function, and
Ao(s) =Tc(s)?I'r(s)"Tr(s 4+ 1)*L(s, x),

with
— 3 Gw — 3 Gw
al = dim V>, as = codim Vv,
v real v real

Equating the orders at s = 0 in (8), we obtain

—rg —ay +rg_(x) =0,

S0)
rs.(X) =ra+ar= Yy dimV,

VESeo

thanks to the fact that we are in the case dimg V = 1.
Since

Ls(s,x)= [] 1 —x(op)Np~*)L(s,x)
peES—Soo
x(Ip)=1

and G, is generated by I, and a Frobenius element oy, we find that

rs(x) = [{p € 5 — oo : X(Gp) = 1}| + 75, (X)

= Z dim V& +rg_(x)
pPES—Sso

= Z dim V&,

veS

as desired. ]
For future reference, we restate this result for the case where x is a 1-dimensional character.

Proposition 3.2.4. If x is a 1-dimensional character of G then

TS(X): ‘S‘_l lfleG
H{v e S:x(Gy,) =1} otherwise.

13



3.3 The Stark regulator

The next step in stating Stark’s conjecture is to define an analogue of the regulator term Rg
appearing in Corollary 3.1.4, the “generalized” Dirichlet class number formula.

Notation 3.3.1. As in the case of the standard regulator, we consider the units
O5=Urs={xeck”:|z|,=1forv ¢S}

of the Dedekind ring Og. We will usually write U = Uk for the Sk-units Uk 5, when K and S
are fixed.
Due to the product formula, we have the “logarithmic embedding” A = Ax: U — RX given by

AMu) = Z log |ty - w.

wWESK
This is a Z][G]-module homomorphism, and the unit theorem [10, V.I] states:

Theorem 3.3.2 (Unit Theorem). The kernel of X is the set of roots of unity u(K) in K, and
the image is a lattice of full rank |S| — 1 in RX. Thus U/u(K) is a free abelian group on |S|—1
generators and 1 @ A\: RU — RX is an isomorphism of R[G]|-modules.

Remark 3.3.3. Suppose that k¥ C L C K with L/k Galois. Let H C G be the subgroup fixing
L. Recall the embedding X; < Xy induced by (4). This inclusion is compatible with the
homomorphism A, which is to say the diagram

U, 2, RX;

| |
Uk —5 ., RXy

[wwr]

commutes. One checks this by noting that for v € Uy, we have |u|,, = ]u\wL

of L lying under a place w of K (see section 2).

, where wy, is a place

By tensoring with C, we obtain an isomorphism of C[G]-modules CU — CX also denoted
A. Therefore, the C[G]-modules CU and CX have the same character. Since extension of scalars
commutes with formation of characters, the characters of the Q[G]-modules QU and QX are equal.
Therefore, these two Q[G]-modules are isomorphic, though not canonically. Let f: QX — QU
be any such Q[G]-module isomorphism. Complexifying gives an isomorphism f: CX — CU. An
isomorphism CX — CU which arises in such a manner is said to be defined over Q. Composing
with A gives an automorphism Ao f of CX. With this notation, we can give a reformulation of the
generalized Dirichlet class number formula which will serve as the motivation for the statement of
Stark’s Conjecture.

Proposition 3.3.4. Let K = k, and let f be an injection of G-modules X — U. Consider the
isomorphism

f: CX — CU.

obtained by complexifying. Composing with A: CU — CX gives an automorphism X o f of the
C[G]-module CX. Let c¢(1) be the first non-zero coefficient in the Taylor series of

Ck(s) = Lir(s, 1c)

14



at s = 0. Then we have
hs

U (X))

where hg is the class number of the ring Og of S-integers of k.

c(1) = +det(Ao f) -

Proof. If we fix a place vy € 5, then we have the decomposition
X = @ Z(v — vo).
S—{vo}
Let €, = f(v —wg) € U. We explicitly evaluate
Ao f(v—w9) = Aey) = Z log | €yl - v = Z log | €y (v — vg).

v'es S—{vo}

H |6U|y’ = la

v'es
due to the product formula and the fact that ¢, € U = Of.
The matrix for A o f with respect respect to our basis {v — vy :v € S — {vg}} of CX is

Here we use that

(1Og |€v |v’)v,v’€S—{vo} .

Up to a sign, the determinant of this matrix is the product of the standard regulator Rg of the
S-units and the index of the subgroup of U/u(k) generated by the €,. Since the €, generate f(X),

we obtain
RslU : £(X)]

€k
In the last equality, we use the fact that f(X) N wu(k) = {1}, since f is an injection and X is
torsion-free. The Dirichlet class number formula states that

hsRg
c(l) =— o

det(Xo f) = £Rs[U : F(X)u(k)] = £

The desired formula follows. O

With this reformulation of the Dirichlet class number formula as our motivation, we now define
the Stark regulator.

Let f: CX — CU be defined over Q. Let V be a finite-dimensional C[G]-module with character
X- The automorphism A o f gives, by functorality, a C-linear automorphism

Home (V*, CX) %Y Home (v, CX)

Pt > Ao fo.
The Stark requlator associated to f is the determinant of this automorphism:

R(x, f) = det((Ao f)v).

Since (Ao f)y is defined by functorality, it is clear that the regulator R(x, f) depends only on the
character x and not its realization V. In section 3.6, we will determine how changing the isomor-
phism f changes the Stark regulator. Note that by Proposition 3.2.2, R(x, f) is the determinant
of an automorphism of a complex vector space of dimension ().
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Consider the case where K = k and G = Gal(K/k) = {1}. If V is the trivial representation,
then we have a canonical isomorphism

Homg(V*, CX) = CX.

Therefore, the determinant of the automorphism (Ao f)y is equal to the determinant of Ao f. We
interpret Proposition 3.3.4 as saying that the Stark regulator R(y, f) should play the part of the
regulator Rg in any analogue of the Dirichlet class number formula for general Artin L-functions.
Indeed, in the case studied in Proposition 3.3.4, the Stark regulator differs from Rg by a factor
which is a rational number.

3.4 Stark’s original example

The form of Stark’s conjecture which we give in section 3.5 is the culmination of observations Stark
made while considering specific cases. In this section, we show that, in certain cases, the Stark
regulator R(y, f) has the form described in the Introduction: it is the determinant of a matrix of
linear forms in logarithms.

The following example was analyzed by Stark in [24]. Let & = Q and assume that yx is a
character of G = Gal(K/Q) not containing the trivial character 1 as a summand. Furthermore,
let S = Soo = {00}, where oo is the unique archimedean prime of Q. (We will see later that
proving Stark’s conjecture with these assumptions will prove it in general.) Our goal here will
be to explicitly write down the regulator R(x, f) for a particular choice of isomorphism f. This
expression will be the determinant of an r(x) x r(x) matrix whose entries are linear forms in
logarithms of valuations of units belonging to K.

Let V be a C[G]-module realizing the character x. Chose a basis {e;} for V. For o € G, write
A(o) = (a;j(0))i; for the matrix representing the automorphism o of V' with respect to the basis
{ei}, so

e7 = Zaij(a)ei for all o € G.
(2

Now fix an archimedean place w of K (note that since K is Galois over k = Q, the archimedean
places of K are conjugate to one another and hence are all complex or all real). If w is complex,
let 7 € G represent complex conjugation in w; if w is real, let 7 = 1. In either case, T generates the
decomposition group G,,. We choose our basis {e;} of V' so that the matrix of 7 in this basis is

Alr) = < Iﬁa —(I)db )

where a + b = x(1). Since x(7) = Tr A(7) = a — b, we deduce from Proposition 3.2.2 that

1

r(x) =dim V& =a= 5 (x(@) +x(7)), (9)

thanks to our assumption that V' contains no trivial subrepresentation.
In order make a convenient choice of isomorphism f, we will use a theorem of Minkowski [12]
on the existence of a special unit in K.

Lemma 3.4.1 (Minkowski’s Unit Theorem). Let K/Q be a finite Galois extension. There
is a unit € of K fized by T such that there is exactly one multiplicative relation among the € for
o € G/Gy, and this relation is



Choose a unit € € K as in Lemma 3.4.1. We define the isomorphism f.: QX — QU of Q[G]-
modules to be the map induced by the G-homomorphism f.: Y — U given by cw — €°. The fact
that fe: QX — QU is an isomorphism follows from the special property of € in Lemma 3.4.1. To
calculate the regulator R(x, fe), we identify Homg(V*, CX) with Homg(V*, CY); this is possible
because CY = CX @ C and Homg(V*, C) = 0 by our assumption that V does not contain the
trivial representation. We further identify Homg(V*, CY') with (V ® CY)% by using the canonical
C[G]-linear isomorphism

t: V®CY — Hom(V*, CY).

With these identifications, the regulator R(x, f¢) is the determinant of the automorphism 1® (\o f;)
of (V ® CY)%. Indeed, if +(v ® u) = 0, then (Ao f.)y(8) = Ao f. 06 and

Ao feoB(p) = pw)Ao fo(p) = (1@ (Mo f))(v @ p))(e).

In order to compute the determinant of 1 ® (Ao f.) on (V ® CY)%, note that any element of
(V ® CY)? can be written uniquely as

Tr = Z Te Q@ oW

UEG/G'LU
with 21 € V& and 2, = ox; for all o0 € G /Gy. We thus have a C-linear isomorphism
d: (Vo CY)¥ - yov

given by = +— z1. Recall that we have chosen our basis of V so that ey, ..., e, form a basis for VGw.
We may calculate

Po(1® (Ao fe))o (I)—l(ej) = Po(1® (Ao fe)) <Z oej @ O'U))
= ¢ (Z gej @ Ao fg(aw)>

= & Zlog]e”\arw(aej(}balw)

o0’

= & Z log |€7 | 5rwaij(0)(e; @ o'w)

o,0 i

= Zlog €7 |waij(o)es, (10)
o)

where all sums for o and o’ range over representatives of the elements of G/G,,. Since the right
side of (10) is an element of Vv, the coefficient Y log |€7|,]a;;j(0) of e; for i > a must be zero.
We thus see that our regulator is

R(x,fo) =det | > ai(0)log|e” |,
c€G /Gy 1<i,j<a

Since we saw that a = r(x) in equation (9), the regulator R(x, fe) is the determinant of an r(x) xr(x)
matrix whose entries are linear forms in logarithms of valuations of units belonging to K.
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Remark 3.4.2. R(y, fc) is not quite the same as Stark’s R(x,¢€) in [24]. Stark lets G act on V'
on the right, rather than on the left as we do here. Thus our matrices A(o) = (a;j(c)) must be
replaced by their transposes A’(0) = (a;;(0)) in order to agree with Stark’s notation. Also, Stark’s
R(x, €) has extra factor of |G,|?, since his definition is

R(x,€) = det (Za@»(a)log\ef’@) = |Gyl®det | D" aj;(0)log|e]w
1<ij<a

oeG 0€G/Gu 1<i,5<a

3.5 The non-abelian Stark conjecture

Having seen that the Stark regulator R(x, f) is a reasonable analogue of the regulator Rg appearing
in the Dirichlet class number formula (at least for the base field k¥ = Q), we now state Stark’s
conjecture. With Proposition 3.3.4 as our motivation, we propose:

Conjecture 3.5.1 (Stark). Let K/k be a finite Galois extension of number fields with G =
Gal(K/k). Let x be the character of a finite-dimensional representation of G over C, and let
f: QX — QU be a Q[G]-module homomorphism. Define

_ R(x.f)
Alx, f) = ) e C.
Then
{A(Xa f) € Q(x) and (11)
A(x; £ = A f) for all o € Gal(Q(x)/Q).
Equivalently,

A f) = Al )® (12)
for all field automorphisms o of C.

The equivalence of the two statements of the conjecture follows from basic field theory, as we now
explain. The fact that (11) implies (12) is clear. Conversely, suppose we have (12). If « € Aut C
fixes Q(x), then A(x, f) = A(x“, f) = A(x, f)®. Proposition A.11.3 implies that A(x, f) € Q(x)-
The statement that A(x, f)* = A(x?, f) for all elements o € Gal(Q(x)/Q) follows from the fact
that Aut C — Gal(Q(x)/Q) is surjective (Proposition A.11.1).

Observe that when &k = Q, S = {o0}, (x,1lg)¢ = 0, and f = f as in section 3.4, we are in
precisely the setting originally considered by Stark in [24]. We will see in sections 3.6 and 3.7 that
it suffices to prove Conjecture 3.5.1 in these cases. Of course, it is obviously a significant technical
advantage to be able to consider the conjecture over general base fields.

We now present a version of Stark’s conjecture proposed by Deligne, where the representation
of G is defined over an arbitrary field F' which can be embedded in C. Let x be the character
of an F[G]-module V of finite dimension over F'. Instead of letting f arise from an isomorphism
QX — QU as before, we now let f be any F[G]-module isomorphism F'.X — FU.

For any a: F' — C, we construct the C[G]-module V¢ = C®p,V, whose character is x* = aox.
To the character x* of G = Gal(K/k) there corresponds the Artin L-function Lg(s, x®). We further
define f¢: CX — CU to be the extension of scalars of f by means of a: F' — C. As before, we
have an induced endomorphism (A o f¢)y« of the C[G]-module Homg((V*)*, CX). Its (nonzero)
determinant is the Stark regulator R(x®, f¢), which is independent of the realization V' of x over
F.
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Conjecture 3.5.2 (Deligne). There exists an element A(x, f) € F such that for all a: F — C,
we have

R(Xav fa) = A(X7 f)a : C(Xa)'

Note that if F' = C, and f(QX) C QU, then f(QX) = QU for dimension reasons and f* = f
for all a: C — C. Thus Stark’s Conjecture 3.5.1 is a special case of the Conjecture 3.5.2. We will
see in section 3.6 that the two conjectures are actually equivalent. Obviously, it suffices to prove
Conjecture 3.5.2 for F finitely generated over Q in order to prove it in general. For our purposes,
the significance of Conjecture 3.5.2 is that it will allow us to show that the choice of isomorphism f
does not affect the truth of the conjecture (for fixed K/k and x). It would be awkward to directly
show that Conjecture 3.5.1 is independent of the choice of f.

3.6 Changing the isomorphism f

We now study the dependence of Stark’s conjecture on the isomorphism f and the set of primes S.
In this section, we show that if Conjecture 3.5.2 is true for one choice of f, then it is true for all f.
As a corollary we will find that Conjectures 3.5.1 and 3.5.2 are equivalent. We begin by studying
some formal properties satisfied by the regulator R(x, f).

Definition 3.6.1. Let x be the character of a C[G|-module V. If 6 is any C|G]-endomorphism
of a C[G]-module M with finite C-dimension, we define §(x,#) to be the determinant of the
automorphism 6y of Homg(V*, M) induced by 6.

Clearly 6(x,0) is independent of the realization V of x. As an example, the Stark regulator
is R(x, f) = d(x, Ao f), where Ao f is the automorphism CX — CX induced by a C[G]-module
isomorphism f: CX — CU defined over Q.

Proposition 3.6.2. The determinant § satisfies the following properties:

(1) d(x +x/,0) =d(x,0)d(x', 0).
(2) 6(Indf x,0) = 6(x.0).

Here x is the character of a subgroup H C G, and on the right side 0 is considered as a
C[H]|-endomorphism of M.

Here x is a character of G/H for a normal subgroup H C G, and on the right side 0 is
considered as a C[G /H|-endomorphism of M™.

(4) 0(x,000) =(x,0)0(x,0").
(5) d(x,0)* =0(x“,0%) for a € Aut C.
Here 0 is the C[G|-endomorphism of C ®c,o M obtained by extension of scalars.

Proof. (1) This is clear since in the appropriate bases, the matrix for 0y 4y~ is a block matrix whose
blocks are the matrices for 6y and 6y.

(2) Recall the fact that for any C[G]-module M and any C[H|-module W, there is a natural
isomorphism Homg(Indfl W, M) = Hompg (W, M), where on the right hand side, M is considered
as a C[H]-module (see A.2.2). Since this isomorphism is functorial in M, the result follows.

(3) If V is a C[G/H]-module and M is a C[G]-module, then there is a natural isomorphism
Homg (V*, M) = Homg, i (V*, M*™) (see A.2.2). The result follows by functorality.
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(4) This is clear since (0 0 0')y = Oy 0 65,.
(5) Let @ € AutC. Then V* = C ®c, V is a realization of x*. We wish to compare the
determinant of 6y on M; = Homg(V*, M) and of 6§/, on

My = Homg(C ®C,a V*, C ®C,a M)=C QC,a Homg(V*, M).
Since the formation of determinant is compatible with extension of scalars, we are done. O

Proposition 3.6.3. Suppose F' = C and that Conjecture 3.5.2 is true for some C[G]-module
automorphism fo: CX — CU. Then it is true for all C[G]-module automorphisms f: CX — CU.

In particular, Conjecture 3.5.1 is equivalent to Conjecture 3.5.2 with F = C.

Proof. Define the C[G]-module automorphism 6 = f lf: CX — CX. For any character x of G
over C, we define

A(x, f) = A(x, fo)d(x,0) € C,

where A(x, fo) satisfies Conjecture 3.5.2. For any a: C — C we may use Conjecture 3.5.2 for fy
and Proposition 3.6.2 for 6 to compute

A(X?f)a - A( 7f0) ( X )
_ R(X f[) ) «@
= ) — a0, 6%)
_ 5(Xa7)‘of(?) fe -1
- C(Xa) 6(X 7(f0 f) )

5(x* Ao f%)

c(x*)
R(x", f%)
c(x®)
This proves Conjecture 3.5.2 for f. O

Proposition 3.6.4. Conjecture 3.5.1 and Conjecture 3.5.2 are equivalent.

Proof. We have seen that Conjecture 3.5.2 implies Conjecture 3.5.1 by taking the special case
F = C. Conversely, to show that Conjecture 3.5.2 follows from Conjecture 3.5.1, we may assume
that F is finitely generated over Q and hence countable. Fix an injection a: F — C. Suppose
that f: FX — FU is an F|G]-module homomorphism and consider f*: CX — CU. By Proposi-
tion 3.6.3 and the assumption that 3.5.1 holds, we may assume that Conjecture 3.5.2 holds for f¢
(and the base field C). Therefore, if x is a representation of G over F', there exists A(x®, f¢) € C
such that
R((X*)7, (f)7) = AKX, ) 7e((X*))

for all v € Aut C.

In particular, if v is any automorphism fixing o(F') C C, then A(x?, f¢) is fixed by . Hence
by Proposition A.11.3 there exists a unique A(x, f) € F such that A(y, f)* = A(x%, f*) € C
Furthermore, if 3: F — C is any injection then we may choose v € Aut C such that yoa = (§ by
Proposition A.11.1. Then

R((x*), (%)) _ R, x")
ce((x*)) c(x”)
as desired. Thus, Conjecture 3.5.2 is satisfied. 0

Al )P = AN 1) =
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3.7 Independence of the set S

In the previous section, we saw that Stark’s Conjecture 3.5.1 is independent of the choice of non-
canonical isomorphism f: QX — QU. In this section, we show that the conjecture is also inde-
pendent of the choice of set of primes S. KEssentially, the method of proof will follow the proof
of Corollary 3.1.4, where we derived the generalized Dirichlet class number formula from the case
S = Seo. More precisely, we will consider a given set S and relate the terms in the Stark conjecture
for S and S U {p}, for a prime p ¢ S. However, it will be easier to do this for characters of degree
1 than for general characters. To deduce the general result from the degree 1 case, we will apply
Brauer’s Theorem (cf. proof of Proposition 3.2.2; this “induction” technique is standard and will
be used repeatedly in this thesis).

In order to apply Brauer’s Theorem, we will need certain naturality properties of A(x, f). We
now derive these from the properties of the general determinants § in Proposition 3.6.2 and from
the naturality properties of L-functions.

Proposition 3.7.1. Let the notation be as in Conjecture 3.5.1.

(X+X F) = Al HAN F)
A(Ind x, f) = A(x, f) for a subgroup H C G and a character x of H = Gal(K/KH).
A(

Inflx, f) = A(x, flex,) if k C L C K, L/k is Galois, and x is a character of Gal(L/k).

o A(X, f) = Alx, )

Proof. The first two assertions follow immediately from Proposition 3.6.2 and Proposition A.7.2.
For the third assertion, let ¥ C L C K and let H C G be the subgroup fixing L. We have
¢(Infl x) = ¢(x) from Proposition A.7.2. However, in dealing with the regulator we must be careful
about simply writing

R(InﬂX7 f) = (5(1HﬂX,)\ © f) = 6(X7)‘ © f‘(CX)H> = R(X?f‘CXL) (13)

Indeed, in the last equality, we must check that the inclusion X; — Xxg = X induces the equality
CX = (CX)H. We must also check that this inclusion is compatible with X; that is, the diagram

U, 2, RX;

| l

Ux —E ., RXj

commutes. As these two facts were noted in 3.2.1 and 3.3.3, we see that (13) holds and the proof
of the third assertion is complete.

For the final statement of the proposition, we apply statement (5) of Proposition 3.6.2 with
a € AutC chosen to be complex conjugation. Since A o f is defined over R, it follows that
R(X, f) = R(x, f). Furthermore, from the Euler product representation of Lg and the continuity
of complex conjugation, we find that Lg(s,X) = Ls(S,x). Thus ¢(X) = ¢(x). This completes the
proof. O

Proposition 3.7.2. The truth of the Conjectures 3.5.1 and 3.5.2 is independent of the set of primes
S.
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Proof. We will work with Conjecture 3.5.1. Let S’ = S U {p} for a finite prime p ¢ S. Let

U, X' f,cd(x), 7 (x), and A'(x, f') be the corresponding objects when S is replaced by S’. Since

we have seen that the truth of the conjectures is independent of the isomorphisms f and f/, we may

assume by semi-simplicity considerations that f’'|cx = f and that f is defined over Q. Letting
A'(x, ")

B(x) = A0 )

it suffices to show that B(x*) = B(x)?* for all automorphisms « of C.

Using Brauer’s Theorem and Proposition 3.7.1 we may reduce to the case where y is 1-
dimensional; by the third part of Proposition 3.7.1 we may replace K by K¥¢™X and so assume that
K/Fk is abelian. Let 8 € S be a prime lying above p and let Gz C G be its decomposition group
(which is independent of B since G is abelian). We consider two cases.

Case 1: x(Gg) # 1. In this case, the formula in Proposition 3.2.2 shows that r(x) = r'(x).
Furthermore, if V is a realization of x and ¢ is any G-invariant homomorphism from V* to CX’,
then the composite map

V¥ —— CX' —— CX'/CX
of G'yp-modules must be zero, since the right hand side has trivial Gy action (recall Gig = G for
all P’ over p) and the left hand side is 1-dimensional with non-trivial Gss action. Thus, there is a
natural identification Homg(V*, CX’) = Homg(V*,CX) and R'(x, f') = R(x, f) since f'|cx = f.

Furthermore, we can compare the coefficients ¢(x) and ¢/(x). If x(Iyp) # 1 then Lg(s,x) =
Lgi(s,x) and hence ¢(x) = ¢/(x). Thus B(x) =1 = B(x®) and our desired equality is satisfied. If
x(Ip) =1, then ¢(x') = (1 — x(og)) 'e(x), and B(x) =1 — x(og). The result follows.

Case 2: x(Gyp) = 1. By Proposition 3.7.1, we can replace K with K&% | so we may assume that
p splits completely in K. Then o, = 1, s0 Lg/(s,x) = (1-Np~*)Lg(s, x). Therefore r'(x) = r(x)+1
and c(x) = (log Np)c(x).

Now let PB" = 7O for some positive h € Z and 7 € K* (for example, we may take h = hr).
Clearly 7 is a unit away from P and vgp(m) = h. So Q[G]r is a Q[G]-submodule of QU’ whose
intersection with QU C QU’ is {0}. By dimension counting, we find

QU' = QU ¢ Q[G]r

as Q[GJ-modules, since |S7| —1 = (|Sk|—1) 4+ |G| and p is totally split in K. By similar reasoning
we find that
QX' = QX @ Q[G]x,

where z = (‘B — ﬁ NG - w()) , with wg an arbitrary archimedean place of K, and

NG =) oeQ[G]

ceG

The Q[G]-modules Q[G]z and Q[G]r are isomorphic since each is the regular representation of
G over Q. We define the isomorphism f': QX' — QU’ by f'|qx = f and

F@) =

The matrices for M and f’ with respect to suitable bases over C, are

AN M(A) -
M) = ( 0 loglﬁlmllel)

M) = <Méf) IdTG )
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SO

M(Xo f) ‘ * )
M\ o f)= ( .
( f) 0 ‘ log|7r|<;31d‘g‘
Here, M(X) and M(f) are the (|S| — 1) x (|S] — 1) matrices for A and f respectively, and Idg
is the |G| x |G| identity matrix. We can now compute the regulator R'(x, f’). Define a basis for
Homg(V*,CX’) by starting with a basis for Homg(V*,CX) and adding a basis vector for the
1-dimensional space Homg(V*, C[G]x). With respect to this basis, the matrix for (A o f/)y is

M((XN o f)v) = ( M((A(;) D) logTﬂhs ) '

Thus R'(x, f') = R(x, f) - log|n|p, so B(x) = l?fgjﬂf = —h, a rational number independent of .

This completes the proof. O

Proposition 3.7.2 now allows us to see that it is enough to prove Stark’s conjecture in the setting
originally considered by Stark as in section 3.4. This is made precise by the following proposition.

Proposition 3.7.3. If the Stark conjecture is true for every finite Galois extension K/Q then it
is true in general. If the conjecture is true for all abelian extensions K/k then it is true for every
finite Galois extension K/k.

Proof. We work with Conjecture 3.5.1. For the first assertion, suppose that K/k is Galois and x
is a character of Gal(K/k). By Proposition 3.7.2, it suffices to consider the case when S = S,
the set of infinite primes. Let K’ be the Galois closure of K over Q and write G = Gal(K'/Q),
H = Gal(K'/k). The assumption S = So, ensures that when we restrict the primes of S to Q and
take the primes of K’ lying over them, we will obtain the same set as if we had simply lifted the
primes of S to K’ directly.

If f is an isomorphism CXg» — CUgks defined over Q, then we obtain from Proposition 3.7.1

A(Ind% InﬂX? f) = A(IHHX,f) - A(X7f|CXK)

Therefore, knowing Stark’s conjecture for the Galois extension K’/Q will prove it for general K/k.
The second assertion follows from Brauer’s Theorem, using Proposition 3.7.1 in a similar manner
as in the proof of Proposition 3.7.2. O

Using Proposition 3.7.1 and the independence of f in the Stark conjecture, we can now prove
the conjecture for the trivial character 1 and arbitrary K/k.

Proposition 3.7.4. Stark’s conjecture is true for the trivial character 1. Moreover, if f arises
from an injection X — U of Z[G]-modules, then

(U, = f(Xg)]

A(1G7f) ==+ hs

€Q,

where hg = hy g is the class number of the ring Og of S-integers of k.

Proof. First note that if f: X < U then X¢ — X, < U = Uy, so [Uy : f(X};)] makes sense.
Furthermore, for y = 1¢, the third property of A(x, f) in Proposition 3.7.1 implies that we may
take K = k without loss of generality. The desired formula now follows from Proposition 3.3.4.
Since any isomorphism f: QX — QU can be scaled by an integer to arise from an injection X — U
of G-modules, the proof of Proposition 3.6.3 shows that A(1g, f) € Q for arbitrary f. O

23



Since A(y, f) behaves multiplicatively under direct sums of representations, Propositions 3.7.3
and 3.7.4 show that it suffices to prove Stark’s conjecture when £ = Q and x is a character not
containing the trivial character. In other words, the setting in section 3.4 is sufficient to imply the
general case.
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4 The cases r(xy) =0 and r(x) =1

In this section we analyze the cases 7(x) = 0 and r(x) = 1. In the case r(x) = 0, we prove Stark’s
conjecture by reducing it to a theorem of Siegel. In the case r(x) = 1, we give a reformulation
of Stark’s conjecture which provides an introduction to the “Stark units” in the abelian Stark
conjectures. We conclude the section by stating the rank one abelian Stark conjecture and proving
some basic facts about it.

4.1 The case r(y) =0

We have seen that in many instances, Brauer’s Theorem allows us to prove certain statements about
general characters x via reduction to the special case when y is 1-dimensional. In this section, we
will demonstrate how this technique can be used to reduce Stark’s conjecture for r(x) = 0 to a
theorem of Siegel on the rationality of partial zeta functions at zero (see A.6.2).

Proposition 3.7.2 implies that we may assume without loss of generality S = S, the set of
infinite primes of k. Note that if rg(x) = 0, then rg__(x) = 0. When r(x) = 0, the regulator is 1
and L(0,x) # 0. We must therefore prove that L(0, x*) = L(0, x) for all o« € Aut C.

In reducing to the abelian case, we will need a slightly stronger version of Brauer’s Theorem
suggested by Serre [2, App.].

Lemma 4.1.1. Let G be a finite group with center C' and let x be an irreducible character of G
over C. The restriction of x to C is a multiple of a 1-dimensional character 1 of C', and we can
write

X =Y _niIndf x;,
H;

where for each i, H; is a subgroup of G containing C, x; is a 1-dimensional character of H; whose

restriction to C' is ¢, and n; € Z.

Proof. Write G for the group of 1-dimensional representations of G. In general, |G| = [G : [G, G]],
where [G, G] is the commutator subgroup of G. For any subgroup H of G, we have [CH, C’H | =
[H, H] since C' is the center of G. Thus,

\CH| = [CH : [H,H) = [CH : H|[H : [H, H]| = [CH : H]|H|.

Every element of CH restricts to an element of ﬁ and for each element of H there are at most
[CH H] elements of C'H which restrict to it. Therefore, each 0 € H has ezactly [CH : H] elements
of CH restricting to it. Call these 6; € CH for i = 1,...,[CH : H]. Frobenius reciprocity gives

(Id$7 0,0 crr = (0,0 1) = (0,0 = 1.

Therefore, each §; appears as a summand of Ind5 0. As nd%7 0 is a [CH : H]-dimensional
character, we find

[CH:H)
mdg" 0= > 0
=1
and therefore
[CH:H]
md% 6= Y Inddy0; (14)
=1
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Combining (14) with Brauer’s Theorem, we can write

X = an Indgi Xi (15)

where n; € Z, H; D C, and x;(1) = 1.
Now let V' be a C|G]-module realizing x. Consider V as a representation of C' C G and let W
be an irreducible component; W must be 1-dimensional since C' is abelian. Consider the subspace

W'=Y gWcV.
geG

Since W' is G-stable and V is irreducible, we must have W’ = V. But as a representation of C,
W' is a direct sum of copies of W, and hence x|c = m,)y, where m, € Z and 1, is the character
of the C[C]-module W.

Returning to our decomposition of x as a linear combination of induced characters, we note
that for any irreducible character ¢ of G, we have

(¢, Ind$}, Xi)e = (Bl m;, i), (16)

by Frobenius reciprocity. Since y; is irreducible, (16) implies that ¢ is a summand of Indgi x; only
if x; is a summand of ¢|y,. This occurs only if ¢|c = meipy contains a copy of x;|c, that is, only
if xi|lc = 1. We therefore break up our decomposition for y into two parts:

X = Z n; Ind% Xi | + Z n; Indgi Xi
Xilc=%x XilcFE Wy

None of the irreducible representations of G appearing in one of the two terms of the sum appears
in the other. Since y is an irreducible character not appearing in the second term, it follows that
this term is zero and that we have

X = Z nilnd% Xi-

xilo=vx
This gives the desired result. O
With this tool we can now prove:
Theorem 4.1.2. Conjecture 3.5.1 is true if r(x) = 0.

Proof. Asusual, we may assume that S = So,. If the character x decomposes as a sum of irreducible
characters 6;, then since r(x) behaves additively under direct sums we have r(6;) = 0 for all i. Thus,
it suffices to consider the case where y is irreducible. Furthermore, by replacing K by KXe'X  we
can assume that that y is a faithful character; note that x remains irreducible.

We may also assume y # 1, since we have proven the conjecture in this case (Proposition 3.7.4).
By Proposition 3.2.2, we see that V&» = {0} for each archimedean place w of K. In particular,
k is totally real and K is totally complex. If G, = {1,7,} for a complex place w of K, then 7,
acts as —1 on V, since 72 = 1 and V™ = {0}. Since the representation V is faithful, all the 7,

must equal the same 7 € GG. Thus, K is a totally imaginary quadratic extension of the totally real
subfield K7.
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For any o € G, we have o170~ ! = 67,0 ~' = 75, = 7 and therefore 7 lies in the center C of G.

We can apply Lemma 4.1.1 to conclude

X = Z n; Indgi Xi (17)
where n; € Z, C' C H;, x; € l/LI\i, and x;|c = ¥y. Thus,

xilr) = e(r) = X0 =

and we obtain
L/ (0,xi) # 0
since 7 generates the decomposition group of the archimedean primes of K over the totally real
field K: ¢ K7. Since
L(Oa X) = H LK/KHi (Oa Xi)ni
K3

by (17), it suffices to prove the Conjecture 3.5.1 for the y;. In other words, we have reduced to the
case where k = K is totally real and y = y; is a 1-dimensional representation. Furthermore, by
replacing K by KX°'™X| we may assume that K /k is an abelian extension and Y is faithful.

In the abelian case, we can write L-functions as linear combinations of partial zeta functions

(asin A.6.1):
=Y x(0)(s,0

ceG

The desired equation L(0, x*) = L(0, x)* now follows from a theorem of Siegel which states that
¢(0,0) is a rational number for all 0 € G (see Theorem A.6.2). O

4.2 The case 7(x) =1

If r(x) = 1, then x is the direct sum of irreducible characters 6; with r(6;) = 0 and one irreducible
character 6 with r(f) = 1. Since we have proven the conjecture for the #;, we may assume that x
irreducible. We no longer impose the condition S = So,. From Proposition 3.2.2 we have

r(x) = (6 xx)e ’G| > x(o)

oelG

It is clear that the values of xx = xy — 1 are rational integers, and thus r(x%) = r(x)® = 1 for any
a € AutC.

Let F be a field of characteristic zero and let {x;} be the characters of the irreducible represen-
tations {V;} of G over F. Any F[G]-module V has a “canonical decomposition” V' = &;W; where
W; is the sum of the subrepresentations of V' isomorphic to V; (see [18, 1.2.6]).

Definition 4.2.1. Let x be an irreducible character. Define
X)) o
€X = W Z X(U)U S C[G]
oceG
The element e, is a central idempotent of C[G] and acts as projection onto the y-component in

the canonical decomposition of any C[G]-module.
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Note that
o if r(x) > 1, then L';(0,x) = 0;

e if (x) = 0, then ¢, QX = 0, since QX contains no subrepresentation isomorphic to x (as the
inner product of x and xx is r(x) = 0).

Therefore, if I' = Gal(Q(x)/Q) and a € Q(x), we define

m(a,x) =Y a’Ls(0,x")exr € C[G],
vyel

so m(a,x)QX = 0 unless 7(x) = 1. Furthermore, since the e, are central, m(a,x) is central and
multiplication by 7(a, x) is a G-homomorphism CX — CX.

The element m(a,x) does more than isolate the x for which r(x) = 1. Consider the image
> ay-w € CX of an element of X under 7(a, x). The coefficients a,, are Q(x)-linear combinations
of the values L5(0,x7), for v € I'. Therefore, if there is a unit e € U such that A\(e) = " ay - w,
then the logarithms of the valuations of € at the places of Sk are equal to these linear combinations
of the L’;(0, x7). Therefore, we can get a better understanding of the Stark conjecture for r(y) = 1
by studying the intersection between m(a, x)QX and AQU. We now carry this through in detail.

Let V' be a realization of x over C. With the notation of Lemma A.12.4, let m be the Schur
index of x over Q(x), so my is the character of an irreducible representation V' of G over Q(x).
Furthermore, V' must appear as a subrepresentation in Q(x)X since

(mx, xx)a = mr(x) > 0.

~Y

This implies that C ®q(y) V' = mV appears as a subrepresentation of C ®q) Q)X = CX.
Hence

m < <X7XX>G = T(X) =1,

som = 1. Thus, x is realizable over Q(x). Furthermore, Lemma A.12.4 shows that 1) = Trq(y)/q X
is realizable as an irreducible representation of G over Q. Let W be such a realization; i.e., a simple
Q|[G]-module with character ¢. By an argument similar to the proof above that m = 1, one finds
that the multiplicity of W in QX is 1. We write Xy (resp. Uy ) for the unique Q[G]-submodule
of QX (resp. QW) isomorphic to W.

Proposition 4.2.2 (Tate). Let x be an irreducible character of G over C with r(x) = 1, and let
a € Q(x)*. The following statements are equivalent:

(8) 7(a,X)QX NAQU # {0} in CX;
(b) m(a,x)QX = AUw in CX;
(c) the Stark conjecture is true for x.

Proof. (a) < (b): Consider the canonical decomposition of QX into isotypical components:

QX = Xw & P w.

The canonical decomposition of CX is a refinement of the decomposition over Q. That is,

CX:@VV@@EBWM,
J

yel %
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where
P wi; = Coq W
J

for each ¢. Since none of the W;;’s has a subrepresentation isomorphic to any V7, it follows that e,~
annihilates each W;; and hence that 7(a,x) annihilates each W;. Thus 7(a, x)QX = 7(a, x)Xw
is either {0} or a simple Q[G]-module isomorphic to W. The same is true of its image under the
isomorphism A\~!: CX — CU. Therefore, if A=} (7(a, x)QX) N QU is not {0}, then it must be a
QI[G]-submodule of QU isomorphic to W, since W is irreducible. Since the only such submodule
is Uy, the equivalence of (a) and (b) is proven.

Before we establish the equivalence of the other parts of the proposition, a few preliminary
considerations will be useful. Choose a decomposition of Q[G]-modules: QX = Xy & X’ and
QU = Uy & U'. Since QX = QU and Xy = Uy, we also have X' = U’ by semi-simplicity of
QIG]. Let

f/5 X' U
be any such Q[G]-module isomorphism. We can now define a homomorphism f(a, x): CX — CU
via the decomposition QX = Xy & X’. Writing CXyy for the C[G]-module C®q Xy and defining
CUyw, CX’, and CU’ similarly, we have

CX =CXy & CX/, CU = CUy & CU'.
We define
A lom(a,x) on CXyy
f(a’ X) = / /
1® f on CX'.
Here

m(a,x): CXyw — CXw
represents multiplication by the element 7(a, x) and
A CXy — CUW

is an isomorphism.

Since Homg((V7)*, CX) is a 1-dimensional space by Remark 3.2.3, and the image of any C[G]-
homomorphism

p: (V)" - CX

lies in CXyw, Ao f(a,x) acts on Homg((V7)*, CX) as 7(a, x) acts on (V7)* namely by multipli-
cation by the complex number a”L'(0, x7). Therefore, we have

A(X?, f(a,x)) =a” for all y € T. (18)

(b) = (c): If (b) is true, then A~! o 7(a, x)Xw = U . Since f(a, ) is defined over Q, (18)
gives the desired result.

(¢c) = (a): Conversely, suppose that the Stark Conjecture 3.5.1 is true. By (18) and
Proposition 3.6.4 we see that for «, 8 € Aut C,

A fa)?) = AN fax)? = (@9 = a® = AX®, f(a, ).

Therefore (A o f(a,x)?)ye and (X o f(a,x))ye have the same determinant on the 1-dimensional
space Homg ((V*)*, CX), and are thus equal. This implies that the two automorphisms

Ao f(a,x), Ao fla,x)?: CX — CX (19)
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are equal on the subrepresentation of CX isomorphic to V. Since this is true for all «, the two
automorphisms of (19) are equal on CXyy. Therefore, since f is defined over Q on the complement
X’ of Xy in QX by construction, and since X o f(a,x) and X o f(a,x)? coincide on CXyy for all
B, we see that f(a,x): CXw — CUy is defined over Q. Therefore

7T((I, X)QX = 7T((1, X)XW C AQU

But 7(a, x) acts as multiplication by aLs(0,X) # 0 on any element of QX lying in the subrepre-
sentation of CX isomorphic to V. Hence 7(a, x)QX # 0, and (a) follows. O

We now use Proposition 4.2.2 to reformulate Stark’s Conjecture in the case r(x) = 1, by
introducing the notion of a Stark unit. Let ¥ be a finite set of irreducible representations y of G
over C such that:

e lg gV,
o if y € U, then x* € ¥ for o € Aut C.

Let (ay)yew be a set of complex numbers such that aff = aye for a € AutC. Assume Stark’s
Conjecture is true for all x € W. Proposition 4.2.2 and the observation that m(a,,x)QX = 0 if
r(x) # 1 then imply
> ay Ls(0, x)exX C AQU = QAU. (20)
XEV
Since 1¢ ¢ W, the trivial representation is annihilated by each ey with x € W. Therefore, the
inclusion (20) holds when X is replaced by Y. Given any place w € Sk lying above a place v € S,
we can then write
m Z ayL's(0, x)exw = A(e) (21)
XEVY
with nonzero m € Z and a unit € € U. This € is called a Stark unit.
Once the integer m is fixed, the unit € is uniquely determined by w up to a root of unity. For
o € Gy, € satisfies (21), so we may write €7 = (€ for some root of unity (, € pu(K). Furthermore,
since
€7 = (o€ = (5 (e,
the (, define an element of H'(G\,, u(K)). This element is trivial if and only if ¢, = ¢°~! for some
¢ € u(K), which is to say (e € K& Since H' (G, u(K)) has exponent dividing n = ged(|Gy|, exc),
we may replace m by mn and € by (" in equation (21) for some ¢ € p(K) and so can assume that
e € K& (see Proposition A.9.2).
From the definition of e, in 4.2.1 and of A in 3.3.1, equation (21) can be written

Z log |€|pw = mx(1) Z ay L's(0, x)x(0)ow.

G
= .

Equating coefficients, we find

{|e|w/ =1 for w' fv

_ 22
10g |€|ow = log €7 | = mfé(‘l) > xev aLs(0,x)x(oT) for o e G. (22)
TeEGw

This remarkable formula states that the values of L'(0, x) are related in a linear relationship to the
valuations of a unit € in K.

30



For example, suppose that K/k is abelian and that the place v of k lying below w splits
completely in K. Assume also that |S| > 3. Note that in such a situation we can drop the
restriction 1 ¢ W. Indeed, in such a situation L'(0,1¢) = 0, and the inclusion (20) from which
we began our argument still holds. We let ¥ = G and choose ay =1 for all x. Equation (22) then
becomes X m

log |7 = & D> L5(0.x)x().
xXEG

or equivalently, for 6 € @,

S 0(o)log el = Y 0(0)logle” |

ceG ceG

= g 2 Ls0.0x(0)0)

x€é
oeG

= mIL(0,0). (23)

As we will see in the next section, the “abelian Stark conjecture” essentially says that with a
few extra conditions, we may take m = ey = |u(K)|, and that for a Stark unit e, K (€'/¢¥) is an
abelian extension of k.

4.3 The rank one abelian Stark conjecture

In the case where K/k is an abelian extension (and with a few other assumptions), Stark has given
a conjecture which makes the case 7(x) = 1 more explicit. The abelian Stark conjecture refines the
general non-abelian Stark conjecture in the case r(x) = 1 by specifying the exact value m = ey
in equation (23) of section 4.2. The abelian conjecture further predicts that K (e'/°%)/k will be an
abelian extension when e is appropriately chosen. For r(y) > 1, Rubin has given a generalization
of Stark’s “rank one” abelian Conjecture [13].

Notation 4.3.1. In this section, K/k will denote an abelian extension of number fields with Galois
group G. Let e and e; denote the size of the groups p(K) and u(k) of roots of unity in K and k,
respectively.

Let S be a set of primes of k satisfying the conditions below:

e S contains the archimedean places of k£ and the non-archimedean places which ramify in K.
e S contains at least one place which splits completely in K.
o |S|>2.

Fix a place v of S which splits completely in K, and fix an extension w of v to K. If |S| > 3,
we define
U’ ={u € Ugkg : |ufw =1 for all w' v}

If S = {v,v'} and w' is an extension of v’ to K, then we define
U’ ={u € Ugksy : |tu|ow = |u|w for all o € G}.
Finally, define

U?{b/k, — {e € U.s, : K(€'/¢)/k is an abelian extension}.
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Conjecture 4.3.2 (Stark). With notation as above, there exists an S-unit € € Uf(b/k NU"Y such
that
log |€? | = —eC5(0,0) for all o € G, (24)

or equivalently,

1 ~
Ls(0,x) = = > x(0)log|e’| for all x € G. (25)
oceG

Remark 4.3.3. Clearly the choice of place w lying above v does not effect the truth of the
conjecture. The S-unit € in the conjecture is called a Stark unit. The conditions on € specify its
absolute value at every place of K, so € is uniquely determined up to multiplication by a root of
unity in K. This is clear if |S| > 3, and follows from the product formula if |S| = 2. Furthermore,
if G is cyclic and S contains only one place which splits completely in K, then any e satisfying
Conjecture 4.3.2 generates K over k. Indeed, Proposition 3.2.4 implies that for any faithful character
x: G — C* (note x # lg since K # k) we have r(x) = 1 and hence L4(0,x) # 0. If any 7 € G
satisfies €™ = ¢, then by replacing o by o7 in (25) we obtain

1
L5000 = — 3 x(0)loglel,

oeG

1
= 3 (o) log e
ceG

= M5 (o) g7l

oceG
= X(7)Ls(0,x).

Thus x(7) = 1, and hence 7 = 1. Therefore K = k(e) as desired. Suppose we also have that k is
totally real, and the place v which splits completely is real. Fix an embedding k C K C K, = R
corresponding to a real place w above v, and suppose € is a positive Stark unit. Then (24) yields

€ = exp(~2C4(0,16))

and hence
K = k(exp(~2¢4(0,16))).

This is very reminiscent of Hilbert’s 12th problem. Unfortunately, however, the function (s(s, 1)
depends on the extension K/k.

We write St(K/k,S,v) or simply St(K/k,S) for Stark’s Conjecture 4.3.2.

Proposition 4.3.4. The conjecture St(K/k,S) is true if S contains at least two places which split
completely.

Proof. Let v and v’ be two places of S which split completely in K. If |[S| > 3, then e = 1 is a
Stark unit since L'g(0,x) = 0 for all x € G by Proposition 3.2.4.

It remains to consider the more interesting case S = {v,v'}. The rank of the group of S-units
is then 1 by Proposition 3.3.2. Let n € Uy s be a fundamental S-unit with |n|, > 1. The Dirichlet
class number formula (Theorem 3.1.4) implies

~ hi,slognly

Ligji,s(0.16) = Gs(0) = ~=£52
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Since (k) is a subgroup of p(K), e is a multiple of e. Proposition A.5.3 implies that hg = hy, g is
a multiple of [K : k|. Hence
e-hg
m=———-—

er - [K : k]
is an integer and we can define € = n™. It is obvious that € € U" (as defined in 4.3.1). Furthermore,
K (€'/¢) lies inside of the compositum K (n'/¢) of the abelian extension K/k and the Kummer
extension k(n'/®*)/k, so K('/¢)/k is abelian. Thus, € € U?{% NnU".

Finally, since € € k,

Lg(07 1G) = =
€L

hg log 1]y K:k 1 -

oeG

and for x # 1g,

1 - log |€ly
S ooy toglerl = BN S v (0) = 0 = L0, )
oceG oeG

Here the last equality follows from Proposition 3.2.4 and our hypothesis that v and v" are totally
split in K. Thus, € is the desired Stark unit. O

Since Stark’s conjecture is true when S contains two places which split completely, the truth
of the conjecture is independent of choice of v. This justifies the notation St(K/k,S) for the
conjecture. Tate’s reformulation of St(K/k,S,v) in section 6 will make the “independence of v”
more explicit by not mentioning v at all.

Corollary 4.3.5. St(k/k,S) is true.

Corollary 4.3.6. If S contains two complex places then St(K/k,S) is true. If S contains a finite
place v which splits completely and k is not totally real, then St(K/k,S) is true.

Note that if S satisfies the three conditions in 4.3.1, then so does any S’ D S. Also, if S satisfies
these conditions for K/k, then it does for F//k as well if k C F' C K.

Proposition 4.3.7. St(K/k,S) implies St(K/k,S’) for S C S'.

Proof. Without loss of generality, S’ # S. Fix v € S which splits completely in K, and choose any
p € S’ — S. By the conditions on S, p is a finite prime of k& unramified in K. Let € be a Stark unit
for St(K/k, S,v), and let

-1
/ —
e =7,

It is clear that €’ is an S’-unit since € is an S-unit. Furthermore, if S| > 3 then it is also clear that
€ € Ug, since e € U§. If S = {v,v'}, we see that ¢ € UY, because for any w’ lying above v/,
_ |€"LU, — 1

|6|Ug1w’

since € € Ug. Also, K((¢)1/¢x)/k is an abelian extension since K((€')!/¢x) C K (e!/¢). It remains
to check that € has the correct valuations at the places w lying above v. From the Euler product
representation for the L-functions, we have

L (s,x) = (1 = x(p) Np™*) Lis (s, x)-
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for all x € G. Since Lg(0, ) = 0,

(0,x) = (1 —x(op)L5(0,x)
_ 1- X(GP) o
= TS (o) o e
ceG
- [Z x(o)log|€”|w — Z x(ooyp) log |e‘7|w]
e p
oceG ceG
1 1-o; Yo
= 3 x(o)log| ()
ceG w
1 o
= —— ) x(o)log|(€)w
ceG
as desired. O

Once we give the arithmetic preliminaries for Tate’s reformulation of Stark’s Conjecture 4.3.2
in section 6, we will be able to fill in the gap in the proof of:

Proposition 4.3.8. If k C F C K then St(K/k,S) implies St(F/k,S).

Proof. Fix a place v € S which splits completely and a place w of K lying over v. Let € be a Stark

unit for (K/k,S,w). In section 6.4, we will prove that there exists an ep € U?J;k such that

ep®/°F = (Ng/pe

for some root of unity ¢ € F. This ep is a Stark unit for (F'/k, S,w|r). If |S| > 3, then € € U},
means that |e[,» = 1 for all places w’ of K not dividing v. Hence, for any place w, of F' not dividing

v, we compute
eler

|€F‘w}; = ‘NK/Fdw’ =1

so €p € Up. A similar argument holds if |S| = 2.

Define G = Gal(K/k) and H = Gal(K/F) so G/H = Gal(F/k). Let x be a character of G/H,
and let Infl y be the corresponding character of G obtained by projection. For every o € G/H
choose a lifting & € G. By the naturality of L-series (Proposition A.7.2) we obtain

Lrs(0,x) = Ly 5(0,Inflx)

1
= — Z Infl x(7v) log |€7|w
yeG

= Y X)X logleT

ceG/H TeEH

= = > (@) log | (Nig/re)7

as desired. ]
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Remark 4.3.9. In the case where ep = e, we obtain ey = ( Ng/pe. As Stark units are only defined
up to a root of unity, we may take ep = Ny /pe.

For certain cases where the abelian extensions of k£ can be explicitly constructed by class field
theory, one can actually prove Stark’s conjecture. The proof of the following theorem can be found
in [26] and [27].

Theorem 4.3.10 (Stark). St(K/k,S) is true if k = Q or if k is an imaginary quadratic field.
Proposition 4.3.11. St(K/k,S) is true if |S| = 2.

Proof. The case when k has only one archimedean place is handled by Theorem 4.3.10, so we need
only consider S = {v,v'} where both places of S are archimedean. Since v splits completely in K
and K/k is unramified at all finite places, v’ also splits completely in K by Lemma A.3.7. Hence,
the result follows from Proposition 4.3.4. O

Before analyzing the abelian Stark conjecture in greater detail, we will entertain the reader in
the next section with a numerical confirmation in a specific case. We will return to the abstract
theory, including Tate’s reformulation of Stark’s abelian conjecture, in section 6.
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5 A numerical confirmation

Recall from Theorem 4.3.10 that Stark proved his Conjecture 4.3.2 in the cases when k = Q or k
is an imaginary quadratic field. It is possible to computationally “verify” the conjecture in specific
cases where it is not mathematically proven; Stark did this originally in [22] and [26]. Such a
verification involves the numerical computation of the values (4(0,7) and the construction of a
Stark unit € based on these values. While the algebraic properties of St(K/k,S) can be proven,
a computational verification does not prove the conjecture in the specific case because the values
of (5(0,7) are only numerical approximations and not exact values. Nevertheless, the values of
C5(0,7) given in [6] and in this section are proven accurate to a large number of decimal places, so
the results give very strong corroboration for the conjecture in these cases.

Stark, Fogel, Shintani, and Hayes have each done numerical confirmations in many cases where
k is a real quadratic field, and Dummit, Sands, and Tangedal have done numerical confirmations in
many cases where k a totally real cubic field [6]. In [6] it is remarked that no numerical confirmations
of St(K/k, S, v) have been obtained for cases where k has more than one archimedean place and the
place v of k which splits completely in K is complex. In this section we provide such a confirmation,
following the techniques of [6].

We will take k to be a cubic extension of Q with one real place and one complex place. Since
the conjecture is known to be true when S contains more than one place which splits completely, we
will take v to be the complex place of S, and the real place of k& will ramify in K. Furthermore, the
conjecture is known to be true when |S| = 2 and also St(K/k,S) — St(K/k,S’) if S’ D S; thus
in our example we will have a finite prime of k ramifying in K. Finally, since Sands has studied
the case where |G| has exponent two (see section 7), we will take |G| to be divisible by 3. These
considerations lead to the following example.

5.1 The example

Let k = Q(f), where 3 is a oot of f(z) = #3—2%+5x+1. This is the cubic field of smallest discrim-
inant (in absolute value) with class number 3, one real place, and one complex place (tables of num-
ber fields are available via anonymous ftp at megrez.math.u-bordeaux.fr/pub/numberfields).
We denote these archimedean places oog and coc, respectively. The ring of integers Oy is Z[[]
and the discriminant of k over Q is —588. The primes which ramify are

(3) = Plpg where p1 = (37/6 + 1) and P2 = (355 - 1)’
(2) = p3 where pg = (2,8 — 1), and
(7) = pi where ps = (7,5 +2).

With this notation, the different of k£ over Q is Dy, = prgpi. The Galois closure of k over
Q is k(v/=3). The Hilbert class field is H = k(f) where § = (7 + (; ' satisfies the equation
03 + 6% — 20 — 1 = 0. We take K to be H(y/—3). Then K/k is abelian, since it is the compositum
of k(v/—3) and H, and G is cyclic of order 6. Also, K has e = 6 roots of unity. All of these facts
can be checked on the Pari-GP calculator (or by hand).

Proposition 5.1.1. K is the ray class field over k with modulus m = pjooR.

Proof. First note that K = H(y/—3) is everywhere unramified over k(y/—3) since H/k is unramified,
so the only primes of k which ramify in K are those which ramify in k(1/—3). These are the real
place cor and possibly the primes lying over 3 (since Q(v/—3)/Q is ramified only at the real place
and 3). Consider the factorization of the ideal (3) = P{Pj --- P in k(v/=3). Since (3) = p1p3 in k,
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the ramification index r must be divisible by 2 and g > 2. Since rfg = [k(v/=3) : Q] = 6, where f
is the residue field degree, the only possibility is » = 2, f = 1, ¢ = 3. This implies that p; ramifies
in k(v/—3) and that ps splits. Thus the primes of k& which ramify in K are precisely those dividing
m = pjoOR.

The conductor of the extension Q(v/—3)/Q is (3)oc. By Proposition A.3.8, the conductor of
k(v/=3)/k divides p1p3oogr. Since po is unramified in k(y/—3) while p1 and cog ramify, the conductor
of k(v/—3)/k must be m = pjoor. Moreover, the conductor of H/k is 1, so Proposition A.3.9 implies
that K/k has conductor m.

Since [K : k] = 6, the conclusion will now follow if we show that [Ij; ; : Pym] < 6. Now

U : P = [Im: PL N I] - [Pi N I Py < [InP1 2 Pr] - [Pyt Pl

In the last step, we used that fact that P; N Iy, C P, ; to see this, note that since Np; = 3, if
() € Iy then either @ =1 or —a = 1 modulo p; and so («) = (—a) € Pp,,. Furthermore, we have
[Py, : P] < 2sinceif a =1 (mod p;) and oor(a) < 0 then any element of P, lies either in Py or
the coset of (o) mod Py. Thus

[Im:Pn| <2 -[InP:P|<2-[[: P1]=6
as desired. O

Remark 5.1.2. Note that K/Q is a Galois extension since it is the compositum of the Galois
extensions k(v/—3) and Q(¢7 + ¢;'') over Q. Hence we can factor the ideal (3) in K as (3) =
P[Pj --- P;. Based on our factorization of (3) in k(v/=3) from above, we see that 7 = 2 since K is
the compositum of k(y/—3) and the unramified extension H/k. We also see from the factorization
in k(v/—3) that ¢ > 3. Since rfg = 18 we have g = 3 or ¢ = 9. But g = 9 would imply f = 1,
which would in turn imply that p; splits completely in H. But p; is not principal, so this is not
the case. Hence (3) = PEPZPZ. In particular p;Ox = PB? for a prime P of Ok and ps factors as
the product of two distinct primes. The inertia group I, therefore has size two.

By Proposition 4.3.7, we are led to take S to be the minimal possible set for the extension K/k,
namely S = {p1, coR,00c}. We define v = coc. The conjecture St(K/k, S, v) is not known for this
case. We will computationally verify it in sections 5.2 and 5.3.

5.2 Calculating (5(0,7)

The construction of a Stark unit can be broken down into two distinct steps. The first step is the
numerical calculation of the values ((0,) for v € G. The second step is the construction of a unit
€ with the desired valuations. We describe the first step in this section. Our methods follow those
of [6].

Let 7 be the unique element of order two in GG, so T generates the decomposition group of cor.
Proposition 3.2.4 implies that Lg(s, x) has a zero of order 2 at s = 0 if x(7) = 1 and of order 1 if
x(7) = —1. In particular, (s(0, x) = 0 for all x.

5.2.1 The functional equation

We first consider the functional equation for the L-functions of K/k. With notation as in Theo-
rem A.8.1, we have n = 3, x(1) = 1 for all x, and (aj,a2) = (0,1) if x(7) = —1. Since p; is

37



tamely ramified in K with inertia group of order 2 generated by 7, by Proposition A.4.3 we see
that f(x) = p1 when x(7) = —1. Hence, in this case we obtain

2 1+s 588 -3 21
A(s,x):ﬁ~as-f‘(s)r< 5 )L(s,x), where a = ”Tﬂ?’:m'

5.2.2 The auxiliary function Ag

Definition 5.2.1. For any v € GG we define

1+s
2

As(s.7) = a*T(s)T ( ) (Cs(5,7) = Cs(5,77))

21
w3/2

where a = as above.

We can find an alternative expression for Ag in terms of the completed L-functions A:

As(s.0) = @O (157 Gs(e0) = st
= a°T'(s 1+s 1 X s
= a’I( )F< 5 ) 3X:X<T):1X(7)LS( »X)
- 1 YY) (s, ). (26)
x:x(r)=-1

In the last equality, we used the fact that Lg(s,x) = L(s, x) for x(7) = —1, since the inertia group
of py is {1,7} (see 5.1.2).
Taking the limit as s — 0 in the definition of Ag shows that

As(0,7) = v/ (C5(0,7) = C5(0, 7))
since I'(s) has a simple pole of residue 1 at s = 0 and I'(1/2) = /7. Furthermore,
1
Cs(s:M) +Cs(sm) =5 > X(MLs(s:x)

x:x(7)=1

has a zero of order at least 2 at s = 0 (as noted earlier), so (5(0,7) + ¢5(0,7y) = 0. Thus

We have now reduced the calculation of (5(0,7) to that of Ag(0,7), and the advantage of this is
that Ag satisfies a functional equation.
5.2.3 The functional equation for Ag

To obtain the functional equation for Ag, we must first evaluate the root numbers W (x) appearing
in the functional equations of the L-functions. For an ideal i € Ij, 1, we write x (Y1) for x(oy), where
oy denotes the image of i under the Artin map.

Proposition 5.2.2. If x(7) = —1, then W(x) = x(Dy/qp2)-
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Proof. Recall from Tate’s Thesis [1] that the global root number is the product of local root

numbers:
= H W(xv)-

Definitions of the local and global root numbers are given in [11]. For an archimedean place v,
W(xy) = i "X0) | where n(x,) = 2(xv(1) = xw(0w)) and o, generates a decomposition group over
v. Thus, n(Xeoe) = 0 and, since x(7) = —1, we have n(xoog) = 1.

Now consider finite v lying over a prime p of Q; there is an explicit expression for W(x,) in
terms of a Gauss sum, which we now describe. Define U; to be the subgroup of the group of units
of O, which are congruent to 1 modulo p!, where p,, is the unique prime ideal of O, (and Uy = O}).
The local conductor §(x) is equal to pi’, where f, = f(x,v) is defined in A.4.1. We then have

L r®)
W)= Nsow

= 3w () e (2ri g, (7))

is the “local Gauss sum.” Here the sum runs over representatives x of Uy/Uy,, ¢ is a generator of
the ideal f(xv)®D4,/q,, and xv: k; — C* is the composite of the map

where

ki —— G, CG

from local class field theory with y: G — C*. In particular, f, = 0 when ¥, is unramified and
Try,/q, (Ql;,l/Qp) C O, by definition of the different, so for unramified x, this sum reduces to one

term: 7(x,) = XU(’DI;}/QP).
In our case, the only finite place where K /k is ramified is p;, and p; does not divide the different
D}/q- Hence the contribution to the global root number W (x) by the finite places v # p; is

H Wxw) = H Xo(D k /QP (Qk/Q)
vF#pL vEpL

It remains to compute W (xyp,). We see from Proposition A.4.3 that f,, = 1. Also,
Uo/Ur = (Ok/p1)" = F3,

so we take +1 € Uy as representatives of Uy/U;. The ideal f(Xpl)Qkpl/Qs = P10y, is generated by
¢ = 3, since p; appears once in the factorization of (3) in k, so

— _ 1\ _on /1 » . Y
") = X <_3) 4 %, <3> ™8 = X (3)(€? 4 Xy (—1)e ™).

The map ky, — Gy, from local class field theory is used to define Xy, but this map is “mysterious”
since p; is ramified in K.

We will compute values of xp, indirectly. Since —1 < 0 is a local unit at each place v of &,
Xv(—1) =1 for v # p;,cor (as such v are unramified in K'). Furthermore, by the compatibility of
local and global class field theory, x acts trivially on principal ideles, giving

l=x(-1)= Xpl(_l)XOOR(_l)'
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Now Xoog(—1) = —1 since —1 is not a norm from K, = C for any w’ over oor, so xp,(—1) = —1
and therefore

7(Xp,) = Xpi (3) V3.
We calculate xp, (3) similarly, observing that 3 is a local unit away from p; and pa, so

1 =x(3) = Xoor (3)Xp1 (3)Xp2 (3) = Xp1 (3) X3 (3)

since 3 > 0. Now py has decomposition group of size 3 (see Remark 5.1.2), so X§2 = 1. Combining
this with the fact that x is unramified at po and vy, (3) = 2, we compute

Xpr (3) = X (3) 71 = x(p2) 7% = x(p2)-

Thus T(Ypl) = x(p2) - iV/3, so by definition Wixp,) = T(Xpl)/\/g = ix(p2).
Putting together our local computations,

W(x) =W (Xooe )W (Xoor )W (xps) [T W) = 137" -ix(p2) - X(Drsq) = X(Dryqb2).

vEPL
O]
Proposition 5.2.3. For v € G, Ag(1 — s,7) = As(s,7) where y = 7_1U@k/Qp2.
Proof. By equation (26) of section 5.2.2 and Proposition 5.2.2,
1 m™_
As(1—s,7) = 3 Z TX(V)A(l — 5, X)
x:x(T)=—
1 T™_ _
= <2 >, XMWHA(sX)
xx(m)==1
1 N
= 3 Z TX(W)W(X)A(&X)
x:x(m)=-1
1 T_, _1\—
- § Z 5 (’7 1)X(O—@k/QP2)A(87X)
XX (7)==
= AS(Svﬁy\)
O

5.2.4 The main proposition for the calculation

Let a,,(y) be the number of integral ideals { of k such that 4l is relatively prime to S, oy = 7, and
NU = n. If A,(y) = an(y) — an(y7), then the Dirichlet series for (s(s,v) — (s(s,77) is given by
S A (y)/n®. Since N A, () = O(N?/3), this Dirichlet series converges for Re(s) > 2/3 (see
Theorems VI.3.3 and VIII.1.2 of [10]). The following proposition is essentially a special case of the
calculation in Proposition 2.3 of [7].

21
w3/2

Proposition 5.2.4. Fora = as above, we have

2v/7C6(0,7) = As(0,7) =Y




Proof. Note that the line of integration in the first integral above can be shifted from Re(s) = 1/2
to Re(s) = 3/2 without altering the value, since the integrand has no poles with positive real part.
By using the definition of Ag and the Dirichlet series for (s(z,v) — {s(z, 77y), and interchanging the
order of summation and integration, the result will follow if we can show

AS(()? ’Y)

" 2mi s z z+27rz' z—1

3 tico 2 tico P~

1 /2 AS(Za’Y)d 1 /2 AS(Z’V)CZZ.
3 3
3 3

5100
The functional equation for Ag from Proposition 5.2.3 gives

3 tico ~ 3 tico _ —5-+ico
ﬁz As(zw)dz_ﬁ’2 As(1 z,v)dz__/ 2T As(2,7)

—i z—1 i z—1 _1, z
3 100 ) 100 3 100

where the last equality uses the change of variables 1 — z — z. Thus, it suffices to show

AS(Ovv)

278 J3 00 z 27 —1ico z

3., 1, .

1 /Q—HOO AS(Z7’7)dZ 1 /_Q—HOO AS(Z7’7)dZ
3
2

This holds because shifting the line of integration for Ag(z,7)/z from Re(z) = 3/2 to Re(z) = —1/2
only picks up the simple pole at z = 0 with residue Ag(0,~). This completes the proof. ]

5.2.5 How to calculate the relevant integrals

Proposition 5.2.4 reduces the calculation of (5(0,7) to the evaluation of integrals of the form

1 .
1 [atiee 1
F(t) = / tZF(z)I‘< ‘2”> dz
1
2

21 J1 00 z

and .
1 ot 1 d
G(t) = — /2 #T(2)0 ( + z> :
2mi 3_ico 2 z—1
fort=17,n=1,2,3,.... We evaluate these integrals by shifting the lines of integration to the left

and summing up the resulting residues.

Proposition 5.2.5. For any integer J > 0, we have

J —J—1+4ico
3 1 . ;
F(t):ﬁ(—;—log2+1ogt>+zfj+/ 2 tzr(z)r< +z> dz.
j=1

27 —J—1ico 2 z

where

—1)i/24+1(5/9_1)12i—1 .
V(=1) = (,32/ ) j even

(-2’ 2 :
1

with Hy =143+ -+ % (Hy = 0) and v = —I"(1) = 0.577... equal to Euler’s constant.

A similar result holds for G(t). The proofs of these formulae are given in Appendix B.
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5.2.6 Number of integrals and residues to calculate

In this section we determine how many terms of the sum in Proposition 5.2.4 to evaluate and how
many residues to calculate for each integral to get a provably accurate numerical approximation
for As(0,v). By Proposition 2.3 of [7], we have as ¢ — 0 the estimate

F(t) ~ ﬁ (i)m exp(—3(2t)*/%).

Using a more precise version of this estimate and the very crude bound |A,|,|B,| < n*? (which
follows since no primes of Q less than 3%/2 split completely in k), we obtain the following upper
bound on the error by estimating Ag(0,) with the sum of the first NV terms of Proposition 5.2.4:

V[;T@a4N)V3aq><—3<éi>2B>.

To obtain an error of less than 1072, it suffices to take N > 705.

We now calculate the number of residues needed in Proposition 5.2.5 to obtain an accurate
estimate for the integrals F(¢) and G(t). This is easily computed using a suitable version of
Stirling’s formula. One finds for J large

J
8
<2-({— .
< ()

1 —J—21+4ic0 1 d
,/’ ’ ﬁm@r( +Z>Z
2me J_j_ 1 ico 2 z
To achieve an error in the calculation of F(t) of less than 10731, it suffices to take J > 69. Note that
since we will take N < 1000, an error of less than 1073! in the calculation of F(¢) will contribute
an error of less than 1072 to the calculation of Ag(0,7).

5.2.7 The results for (5(0,7)

All calculations were done on the Pari-GP calculator. In our case, op, generates G, and in terms
of this generator one can compute on Pari that og, Jqpe = 033. Therefore v = 7*1033 for v € G.
The values of A,,(y) were computed using Pari’s ideallist and bnrisprincipal commands. An
internal accuracy of 77 digits was used with NV = 800 and J = 200. This insures that the values of
C5(0,7) below are correct to within the 25 decimal places shown (truncated):

C5(0,7%) = —¢4(0,7%) = 0.4384785858524408926911022.. . .
C5(0,7Y) = —¢6(0,4%) = 0.3999812299583346413364528 . . .
C5(0,7%) = —¢6(0,7°) = 0.7885047438188618467230391 . . .

where vy = oy,.

5.3 Finding the Stark unit ¢

In Dummit/Sands/Tangedal’s examples and in Stark’s examples ([6] and [22]), the alleged Stark
unit € was obtained by considering its irreducible polynomial over the Hilbert class field H of k.
We first describe this method (with notation adapted to our situation).

Let v = op,, and let 7 = 72 be the unique element of G with order 2. Consider a complex place
w’ of K which lies above the real place cog of k. A Stark unit must satisfy |e|,,» = 1. Furthermore,
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complex conjugation is an order 2 automorphism of K fixing k, so it must correspond to 7; since
in the embedding K — K,,, € is a complex number of absolute value 1, we must have ¢!

This implies that the minimal polynomial of € over H is of the form z? — Az 4 1, where
A=ctel = Trg /i €. Now consider the minimal polynomial of A over k, say 23 — 5122 + 59 — 83,
where the s;’s are algebraic integers in k. In the cases previously considered, when K has a real
place, the information about the desired valuations of € gave accurate estimates for the values of s;
in a real place of k. In [6], a standard recognition algorithm was then used to construct the minimal
polynomials for the algebraic integers s;; constructing the Stark unit € was then straightforward.

However, in our case, K has no real places. Thus the information about the valuations of €
only give bounds on the complex valuations of the s;. In our example, these bounds give too many
possibilities to check feasibly on a computer. To solve this problem, we reduce the number of cases
to check by studying the irreducible polynomial of € over k(v/—3) instead of over H.

=€,

5.3.1 The polynomial of ¢ over k(v/—3)

Recall that €™ = € = ¢!, The minimal polynomial of € over k(y/—3) is then 23— Bx?>+Cx—D = 0,
where

B = TrK/k(\/j3)626+672+674,
1 2 4

D == NK/k(m)€:€+’Y+’Y,and

C 7 o el+72+74(6_1 +e 4

Furthermore, B satisfies the equation 22 — t;x + to = 0 over k, where

5
t1 = Trk(\/jg)/kB:TrK/ke:ZUZ, and
=0
tr = NyymguB=(e+ +)(+ +e7),

Also, Nk(\/fs)/kD = Ngjp€e = 1 (since e!*T = 1), so D satisfies the equation 2% — t3z + 1 = 0,
where

2 4 3 5

ts = Try =gy D =€ 777 4T

Here t1,t0,t3 € Of = Z[ﬁ]

5.3.2 Bounds on the ¢;

For a complex place w of K, recall that |z|, = w(x)w(z). Hence we introduce the notation
|z]lw = v/|%|w for the magnitude of the complex number w(x). Since K has e = 6 roots of unity,
a Stark unit e should satisfy

lelliar = 1167 = y/exp(=6¢5(0.777)) = exp(~3¢5(0,77).
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where w is some fixed place above v = coc. Furthermore, we must have |e||,» = 1 for any place w’
of K above ocor. Using section 5.2.7, this gives the following bounds on the ¢;:

5
lt1llooe < D lle” [l < 18.37, [t1]oog < 6,
1=0

2 4 3 5
e2lloce < (llellw + 167l + 1€ 1w ) (1€ lh + 1™ o + 17 ) < 5405, [taloon <9,

2 4 3 5
[t3llcoc < Nl€llw - 1€ lw - €7 [l + €7 | - 1€ [l - € [l < 12.04, |t3]oop < 2.

Here all the bounds have been “rounded up” along every step of the computation in order to ensure
accuracy.

5.4 Creating a finite list of possibilities

Each t; can be written as t; = a; + b;0 + 62-62 with a;, b;, ¢; € Z. Furthermore, for each = € k we
can consider the vector

7T Ek®QRERXC2Rx (R-1xR i)
corresponding to x by

z — @ = (oor(x), Re(ooc(x)), Im(coc (@),
where cor(z) € R and ococ(z) € C are the images of x in the real and complex embedding of
k (of the two conjugate possibilities, choose a fixed complex embedding of k; here we choose the
one determined by Im 3 > 0). The image of O = Z[3] under this Q-linear map is a lattice in R?

—
generated by T, ﬁ, and 3?. Our bounds on t; give bounds on the possibilities for a;,b;, and c;.

“
With |- |gs denoting the standard magnitude of a vector in R? we find for t—; = aiT + biﬁ + ¢ 8%

— 9 9
[t1|rs = \/\tl 2. Fltll%, <19.32.

We similarly find |%; |gs < 54.79 and |#3 |gs < 12.21.
If x denotes the standard cross product in R? then the Cauchy-Schwartz inequality yields

- = 3 - = 3 — - =3
lai| - [T+ (5 x 8% =t - (6 x 8)| <|ti|gs| B x B|gs-

Hence the bounds on |t_,~>|R3 give bounds on the possible size of a;,b;, and ¢;. These bounds are
given below:

1 ‘ a; bz‘ C;

1]18.46 937 5.13

2 | 52.36 26.58 14.55

3| 11.67 5.92 3.24

Thus we have reduced our calculation to the checking of finitely many cases. One need not check
all of these cases, however. If § = —0.191... is the real root of f(xz), then we also have from the
bounds on t; in the place cor the inequality

—dz‘ — b,é — Ci(52 S a; S —bié — CZ'(;Q + di,

where (d1,ds,ds) = (6,9,2). This reduces the number of a; to check.

The list of all these possible triples (¢;) was reduced by first checking that the resulting B and
D values were elements of k(1/—3) (using the nfroots function in Pari). Next, the valuations of
the corresponding € in the archimedean places of K were checked with the values of (g obtained
earlier. This reduces to exactly one possible Stark unit e (up to a root of unity and the choice of
the place w lying above v = co¢), which we now describe.
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5.5 The results

Following the method above, we can reduce to a unique possible Stark unit €, up to a choice of root
of unity. Furthermore, this € has the desired valuations at the complex places of K up to at least
25 decimal places. The minimal polynomials for the possible € are given below:

filz) = 28— (82 —48+1)2® + (=762 + 106+ 5)z* —

(2232 + 176+ 6)a® + (=762 + 103 + 5)z? — (B2 — 48+ 1)z + 1,
fo(z) = 28— (36% =268+ 1)a® + (123 — 148 — 2)a* —

(662 + 4906 + &) + (—128% — 148 — 2)a® — (33> — 26+ 1)z + 1,
f3(z) = 28— (267 +28)2° + (6% — 146 — 3)z* —

(=226 4 358 + 8)2® + (8% — 146 — 3)z? — (26% + 28)z + 1,
fa(x) = —fi(=2), f5(z) = —fa(—2), and fs(z) = — f3(—x).

For each fixed f;(x) and fixed place w above v, there is unique root € of f;(x) such that

log [€7]w = —6(5(0,7),

where ~ represents an error proven to be less than 1072, Furthermore, for each root of unity (,
there is a unique j such that (e is a root of f;(x).

The nfroots command of Pari-GP verified that the polynomials f; indeed have roots in K, and
that these roots do not lie in any subfield of K containing k. Furthermore, any root € is clearly a
unit of Ok since Ny e = 1. We also see that €™ = e ! since 2° - fi(1/x) = fi(z); it follows that
le|lwr = 1 for every place w’ of K lying above the real prime oog of k. To complete our numerical
confirmation, it remains to prove that K (e'/)/k is abelian. The following general lemma will be
useful for this purpose.

Lemma 5.5.1. Let F D L D H D k be a chain of finite extensions of fields such that F/k,L/H,
and H/k are Galois. Suppose further that [F : L] is the largest power of some prime p dividing
[F': H]. Then L/k is Galois.

Proof. We need to show that o(L) = L for every o € Gal(F/k). Since H/k is Galois, we have
o(H) = H and hence o(L) D H. Thus, o(L) is a subfield of F' containing H and having index
in F equal to that of L. We conclude that L and o(L) are the fixed fields of p-Sylow subgroups
of Gal(F/H), say L = FC and o(L) = F%. Since these two subgroups are conjugate, say Gy =
Gy ! with 7 € Gal(F/H), we obtain o(L) = F& = F617 " = 7(FG1) = r(L). But L/H is
Galois, so 7(L) = L, thus completing the proof. O

Proposition 5.5.2. Let € be a fized root of one of the f;(z). Then K (¢'/)/k is an abelian extension.

Proof. When we choose an nth root €'/™ of €, we will write e~ /™ for 1/(e!/™).

It suffices to show that K(e!/2)/k and K (e'/3)/k are abelian extensions. To demonstrate the
first of these, we follow the methods of [6]. Since (¢'/? 4+ ¢ 1/2)2 = A 4 2, we have K(¢'/?) =
k(v A+ 2,v/A—2). Hence it suffices to show that k(v/ A + 2)/k and k(v/A — 2)/k are abelian.
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(e1/6)

) (el
K / A12) =) (€13 1 113
k(Fa\H/
—

Clearly A = Trg /€ € H does not lie in k or else K = k(e) would have degree at most 2 over k
(since €2 — Ae +1 =0). Thus H = k(A) and k(A +2) = H(v/A+2) D H. Hence H(v/A+2)/k
must be abelian if it is Galois, since H/k is Galois and S3 has no normal subgroups of size 2. Now
H(vA+2)/k will be Galois if and only if 0(A4 4 2)/(A + 2) is a square in H for a generator o of
Gal(H/k). This is easily checked (and similarly for A — 2) in Pari-GP.

To show that K (e¢'/3)/k is abelian, we first check that it is Galois. By Kummer theory, this
is equivalent to o(¢)/€’ being a cube in K with i = 1 or i = 2 for each o € Gal(K/k) (but i can
depend on o). Again, one can verify this on Pari-GP.

The element €'/3 4+ e~1/3 satisfies the polynomial 2® — 3z — A over H. It can be checked on Pari
that this polynomial has no roots in H. Hence K (¢'/3) is the compositum of K and H (e'/3 +¢e1/3)
by degree considerations. Thus we have reduced to showing that H(e'/3 + e¢=1/3)/k is abelian;
this is equivalent to the extension being Galois since there are no non-abelian groups of order 9.
Lemma 5.5.1 with L = H(e'/3+¢71/3), F = K(¢'/3), and p = 2 will give the desired result if we can
check that the cubic extension H(e!/3+¢~1/3)/H is Galois. This is equivalent to the discriminant of
the irreducible cubic 22 — 3z — A € H|[z] being a square in H, which one can verify on Pari-GP. [

The following proposition summarizes the results of this section.

Proposition 5.5.3. Fiz a place w of K lying above coc. If there is a Stark unit € for St(K/k,S),
then after scaling by a root of unity, it must a root of fi(x). Furthermore, for each w, there is a
root € of f1(x) satisfying all of the properties of a Stark unit except for possibly

log[€7]. = —6(5(0, 0).

Finally, this last property is satisfied by € up to an error proven to be less than 1072,

We conclude this section by posing the following question, the answer to which would have
made the calculations in this example much less computationally intensive.

Question. Consider the Stark conjecture St(K/k, S,v) when v is a complex prime. Is there a
formula for the actual value in K,, = C of a (conjectured) Stark unit € ? In other words, can one
propose a putative formula for the argument of a Stark unit € in addition to the Stark formula for
its absolute value?



Not only would answering this question make numerical confirmations easier (by pinpointing
the actual values of the s; and ¢; in the archimedean places, instead of just giving bounds on them),
but it would also enable one to make a reference to Hilbert’s 12th problem in the complex v case,
as one can do in the real v case.
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6 Tate’s reformulation of the rank one abelian Stark conjecture

In this section, we present Tate’s reformulation of Conjecture 4.3.2. We demonstrate the equivalence
between Stark’s formulation and Tate’s formulation, and we give alternate proofs of the propositions
in section 4.3 in Tate’s language.

6.1 Definitions for Tate’s reformulation

In this section and the next, S will be any finite set of primes of k£ containing the archimedean
places and G = Gal(K/k) is assumed to be abelian. We do not impose any of the other conditions
of the abelian Stark conjecture given in 4.3.1 until we state Tate’s reformulation of the conjecture
in section 6.3.

Remark 6.1.1. Any x € G extends by linearity to a linear functional (in fact a C-algebra homo-
morphism) C[G] — C. The x € G form a basis for the space of linear functionals C[G] — C. It
follows that if z,y € C[G] and x(z) = x(y) for all x € G, then z = y.

Definition 6.1.2. Let 6 be the meromorphic function on C with values in C[G] given by
0(s) = Ox/rs(s) = D Ls(s, X)ex,
xGG
where e, is defined as in 4.2.1. For every finite prime p of k, define
F, = ]I | Z = QG
Pl ey,
where o0y, is the coset of I, in Gy corresponding to the Frobenius automorphism.
Proposition 6.1.3. The function 0(s) satisfies the following properties.

e For s € C and any character x of G we have

where 8™ and Lgn) denote nth derivatives.

e For Re(s) > 1, we have

-1
0(s) = [ (01— FNp~*) ", (27)
pés
with the product absolutely and uniformly convergent in right half-planes Re(s) > a > 1.

e [f S contains the ramified primes of K/k, then for Re(s) > 1, we have

= Z Cs(s,0)0 !

ceG

Proof. The definition of the e, along with the orthogonality relations for irreducible characters
over C gives x(ey) = 0 for x # ¢ and x(ey) = 1. This implies the first assertion.
We similarly find that for x € G,

_ Jx(ep) Tt =X(0p) i x(Ip) =1
XU = {0 otherwise
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and hence for Re(s) > 1, we have

T =N ) = T (=X Mo ™) 7 = Lis(s,3) = x(0(5))

S pegs
pe x(Ip)=1

The second assertion now follows from Remark 6.1.1. The final assertion is similarly obtained by
expanding the Euler product in (27), since F}, = o}, for p unramified (and considering Re(s) > 1
without loss of generality). Note that one could have deduced the final statement directly from the
definition of # and the orthogonality relations without using Euler products (for Re(s) > 1). O

Corollary 6.1.4. For s € C and p € S, we have
QSU{p}(S) = 0s(s) (1 — Fy NP_S) )
Osugp(0) = 05(0) (1 — Fp) +1ogNp - Fy - 05(0).

Definition 6.1.5. Let H be a subgroup of G and let K’ = K be the fixed field of H. There
is a natural algebra homomorphism 7: C[G] — C[G/H] induced by the projection G — G/H.
Also, any = € C[G] gives by multiplication an endomorphism of the free C[H]-module C[G]. The
determinant of this endomorphism is called the norm N(z) € C[H].

In order to prove that 6 satisfies certain naturality properties we need the following facts from
the representation theory of finite abelian groups.

Proposition 6.1.6. Let x € H and let X* be the induced representation on G. Let {x1,...,Xn}
be the set of characters in G which restrict to x on H. Then we have:

e n=|[G:H| and x* —Z[GH
e There is an equality of maps C|G] — C given by

[G:H]

xoN= HXZ'

Proof. For ¢ € é, Frobenius reciprocity gives

1 if ¢ = x; for some ¢

0 otherwise

X5 ve = 6Yln)e = {

Hence x* =Y | xi and n = [G : H] follows by considering dimension.

For the second assertion, let x € C[G] and let {g;} be a set of coset representatives for H in
G. Then N(z) = det(a;;) where zg; = }_; a;jg; is the unique such expression with a;; € C[H].
Furthermore, the fact that x is an algebra homomorphism C[H| — C implies that

x o N(z) = det M,

where M = (x(ai;)). Hence it suffices to prove that the n-dimensional square matrix M has
{x1(x),...,xn(z)} as its set of eigenvalues (with multiplicities). Applying x; to the equation
defining the a;; gives

Xl gz ZX az] X1 g]
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so v; = (x1(91),---,xi1(gn)) is an eigenvector of M with eigenvalue y;(z). Any linear dependence
> civi = 0 gives a dependence among the linear functionals x;, as follows. For any g € G, write
g = g;h with h € H. Then

> eixilg) = x(h) > eixalg;) = 0.
Since the functionals y; are linearly independent, the v; are linearly independent and the second

assertion is proven. ]

Proposition 6.1.7. We have

O /k,s(s) = m(0kps(s)) and
HK/K’,SK/(S) = N(QK/k,S(S))-

Proof. These equations result from the naturality properties of L-functions, cf. A.7.2, as we now
explain. For y € G/H we have, using Proposition 6.1.3 twice,

X0k jk,5(5)) = Ly s(5,X) = Ligyi,s(s,x 0m) = x o (O /p,5(5)) -

The first assertion now follows from Remark 6.1.1.
For the second equality, let x € H and let the notation be as in Proposition 6.1.6. Then (by
Proposition 6.1.3)
X Ok k9, (5) = Lijkr,8,,(5:X) = L i,s(5,X7)-

Applying Propositions 6.1.3 and 6.1.6 we find

(G:H] (G:H]
Liss(s,X) = I Lms(s:%) = [] xiOrse,s(s) = x 0 N(0g/,5(5))-
i=1 i=1
The result now follows from Remark 6.1.1. O

6.2 Arithmetic preliminaries for Tate’s reformulation

Proposition 6.2.1. Let T be a finite set of places of k containing the archimedean primes, the
primes which ramify in K, and the primes dividing e = |pu(K)|. Then the annihilator A of the
Z|G]-module u(K) is generated over Z by the elements o, — Np, as p ranges over the primes of k
not in T. We furthermore have
e= ged (1—Np).
pET,op=1

Proof. If n € u(K), then for p & T and B a prime of K lying over p, we have 7 ~N? = 1 (mod )
by the definition of the Frobenius automorphism. Now 77* ~N? is a solution of the equation 2¢—1 = 0
in Ok, hence in Ok /B. Since P does not divide e, Hensel’s Lemma implies that this lifts uniquely
to a solution in Kg. Thus we actually have n7» “Np =1, s0 op — Np € A. The Cebotarev Density
Theorem implies that any o € G is of the form o = o, with p ¢ T. Hence, any a € A can be written
as
a= Zap(ap —Np) +d
pgT

where ap,a’ € Z and all but finitely many of the a, are zero. Then a’ € A, so ¢’ must be divisible
by e. Therefore, the first assertion of the proposition follows from the second, since it implies that
e can be written as a finite Z-linear combination of the 1 — Np with p ¢ T" and o, = 1.

50



We have seen above that if p ¢ T and 0, = 1, then 1 — Np € A, so 1 — Np is divisible by
e. It remains to demonstrate that these (1 — Np)’s have no greater common divisor ¢’. Let ¢’ be
such a common divisor and let ¢ be a primitive ¢/-th root of unity in an extension of K. Consider
the abelian extension K (()/k. To avoid confusion about which extension is involved, we use the
notation (p, K/k) for the Frobenius automorphism associated to p for the extension K/k.

Let o be an arbitrary element of Gal(K (¢)/K) C Gal(K(¢)/k). By Cebotarev, o = (p, K(¢)/k)
for some p ¢ T. By the functorial properties of the Artin map (Proposition A.3.1), the restriction
of o to K is (p, K/k). However, o acts trivially on K and hence (p, K/k) = 1; thus by definition
we have €/|(1 — Np) and so o = (p, K({)/k) acts trivially on (. Therefore o is the identity. As o
was arbitrary in Gal(K(¢)/K), we conclude that ¢ € K and €’|e. This concludes the proof. O

Definition 6.2.2. Let kP denote an abelian closure of k containing K. For any L with k ¢ L C k2P
we define the canonical map ~: Ur s — QU g given by z =1 ® =.

Proposition 6.2.3. For each o € G, choose n, € Z such that (¢ = (" for each ¢ € u(K). Then
foru € QUk g, the following three statements are equivalent:

(a) There exists € € U?(b/k such that € = eu.

(b) There exists L with k C L C k*® and u € L; equivalently, u € b

(¢) There ezists a finite set of places T of k containing the archimedean places and those ramifying
in K, such that for p ¢ T there exists e, € Ug with e, =1 (mod pOk) and

~ _ ,op—Np
€p = u"? .

(d) There ezist € € Ug,s and oy € Uk g for each o € G such that

/
~ g —n_y —
eu==¢ a; 7 =al, ",

foro,0' € G.

Proof. We once again drop the subscripts S for ease of notation.
(a) = (b): Take L = K(¢'/¢), which satisfies L C k*P by the assumption € € U?(b/k. Then

1e=€l/e as desired.

(b) = (c): We are given L/k with n € L C k*® and u = 7]. Since 7! = v"~! = 1, we obtain
™"t € u(L). Let T be a finite set of places of k containing S, the primes which ramify in L, and
those dividing ey, (so T satisfies the conditions of Proposition 6.2.1 for L/k). For p ¢ T, we define
€p =07 NP 50 € = uTr NP,

To demonstrate that €, € K, we consider 7 € Gal(L/K). Then

u =

;fl — (anl)UP*NP -1

by Proposition 6.2.1. Thus €, € Ug. Furthermore, n € Uy, is obviously a Tp-unit, so
ep=n"""P =1 (mod pOy)

by the definition of the Frobenius automorphism. Since €, € K, we have ¢, = 1 (mod pOk), as
desired.
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(¢c) = (d): Enlarge T if necessary to include the primes dividing e, so the conditions of
Proposition 6.2.1 are satisfied. We can then find integers b, and by, for p ¢ T' and o € Gal(K/k),
with all but finitely many of the b, and b, , equal to zero, such that

e = pr(ap —

peT
oc—ng = prg — Np) for o € Gal(K/k).
pET
We define
€= Hezp, Qg = Hez‘“’.
peT peT
Then
T= Z cby Zubp(vp—Np) — ew.
pgT peT
For p,q ¢ T, note that
eq1 NI = (o0 —Na)(op—Np) _ (Zp =P

p—Np

Hence e;q_Nq and eg are the same up to a factor which is a root of unity ¢ q € p(K). Since this

root of unity is congruent to 1 modulo p and q (e.g. mod p, we are given €, = 1, while eg"_Np =1
by the definition of the Frobenius automorphism), the Hensel’s Lemma argument of the previous
proposition shows that ¢, 4 = 1. That is,

0q—Ng _ op—Np
€p = 6q .

Hence,
e _ ebp,o _ bp,obq(0q—Na) _ bp,obg(0p—Np) _ bp.o(op—Np) _ _o—n,
o = TL e = T don™9 = T dpobeor) ] cotor i _
pET p,agT p,agT pET
Furthermore, for 0,0’ € Gal(K/k), we have
- bp,oby o1(0g—Ng by,oby o1 (0p—Np _
agn/:HGpp qyz(q ):Heqp q,f(p ):ag/ng.
p,agT p,agT

Thus property (d) is satisfied.

(d) = (a): We will show that K (e!/¢) is an abelian extension of k. Let 7 be an e-th root of €
in an algebraic closure k of k and fix an embedding K < k over k. Let 7 be an automorphism of
k over k, so we get 7| € Gal(K/k); we write n, for n, |, and a, for a,,. Now

(7)° = € =€ at = (" a;)",

Hence 7 = ¢ - n" ar for some eth root of unity ¢, which necessarily lies in K by definition of
e = |u(K)|. This implies n” € K(n) for all 7, so K(n)/k is a Galois extension. Now recall that the
definition of the n, yields (""" =1 for all 7, and hence

T—n\T —n_ __ meNT' —n_s _ T'n  rem. e NT—n,
(™" )T T = (e ()T T = an =a, " =0n"""")

for 7,7/ € Gal(k/k). We conclude from this that ™™ = 57’7, finishing the proof (since K/k is
abelian). O
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Corollary 6.2.4. In QU we have QUy N Upay = U;‘}}k

Proof. The inclusion 1Ua/k C QUi N Ukab is clear: if € € UKb/k, then %EG QUg and %Ez el/e €
Upab. The reverse inclusion follows from the implication (b) = (a) of the proposition. If u € QU
has image in QUpab satisfying u = 7 for n € U, b, then statement (b) of the proposition holds with

L = k(n). Thus statement (a) holds, and eu € U?{b/k O

Corollary 6.2.5. If L is an extension of k contained in K and u € 1Ua Kk in QUr, then Ny pu €
= Ugf;k in QUL.

Proof. The given u satisfies condition (a) of the proposition, so by condition (c) there exists a finite
set of places T of k containing the archimedean places and those ramifying in K, such that for
p & T there exists €, € Ux with ¢, = 1 (mod pOk) and €, = u®» NP, Let ¢y = Ng/rep € UL
Since for any o € Gal(K/L) we have ej = 1 (mod pOk), the product of such congruences over
o € Gal(K/L) gives e, = 1 (mod pOy ). Hence we have e, = 1 (mod pOp,). Furthermore

H u(Up—NP)ZU — (NK/LU)UP_NP,

o

t:\3

where the product and sums run over all ¢ € Gal(K/L). Thus the ¢, satisfy condition (c) for

Ng/ru € QUL, and we conclude from condition (a) that Ng/pu € Uzk/’k O

6.3 Tate’s reformulation of Stark’s Conjecture

Conjecture 6.3.1. Let S satisfy the conditions of 4.3.1. Recall the definitions of X and \ from
3.2.1 and 3.3.1, respectively. Then we have

0'(0)X C é)\ (UK/k)

or equivalently,

A~H0'(0)X) C Upa.

Remark 6.3.2. The equivalence of the conclusions in the conjecture above follows from Corol-
lary 6.2.4.

Proposition 6.3.3. Conjectures 4.3.2 and 6.3.1 are equivalent.

Proof. Suppose Conjecture 6.3.1 is true. By the third condition on S in 4.3.1, namely |S| > 2,
there exists a w’ € Sk which does not lie above v. Then there exists an € € Ua Kk such that

1
0'(0)(w" — w) = =A(e).
e
Since S contains the primes of k ramifying in K, we can apply Proposition 6.1.3 to obtain

> Ls(0,x)ex = 0'(0) = > ('(0,0)0 7,

xe@ oeG
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and hence

%/\(e) = 37 50, ey’ — 3 ¢(0,0)0 w0

XEG oceG

Let x € G and X # lg. If the multiplicity of x in CY is at least 2, then Proposition 3.2.2
implies that L's(0,x) = 0. Otherwise, the x component of CY is contained in ., Cow, which
is the regular representation of G since G,, = 1. Hence exw’ = 0 in this case. Therefore,

1
> Ls(0,x)exw’ = Ls(0, 1g)ergw’ = 42,5(0)@ > o'
XE@ oelG

The equation
1 1 _
g)\(@ = CIQ,S(O)@ > ow' = ¢5(0,0)0 w
oceG oceG
implies that € € U". Indeed, if [S| > 3, then ¢} ¢(0) = 0 by Proposition 3.2.4, and if S = {v/, v}
then evidently the coefficients of ocw’ in A(e), for o € G, are all equal to each other. Furthermore,
we see that for any o € G,

11
glog|e lw = glog|e|0_1w = —(5(0,0).

Conjecture 4.3.2 is therefore satisfied.
Conversely, suppose that an e exists satisfying Conjecture 4.3.2. Then reversing the steps from
above we find that for any w’ not lying above v,

é)\(e) — 0(0)(w — w)

and similarly 2X(e?) = /(0)(w’ — w?) for o € G. Yet the set of all w’ — w” generates X over Z, so
that

1
0/(0)X C =\ (U?(b/k) ,
e
giving Conjecture 6.3.1. O
We noted earlier that Stark’s conjecture is independent of the choices of v and w. Tate’s

formulation of the conjecture shows this directly by making no explicit references to any such
choices.

6.4 Tate’s version of the proofs from section 4.3

Tate’s Conjecture 6.3.1 allows for quick proofs of the results in section 4.3. From Tate’s point of
view, the proof of Proposition 6.2.3 takes care at once of many intricate arguments which one needs
to carry out when studying Stark’s formulation of 4.3.2.

Notation 6.4.1. For any place v of k, we write NG, for the sum of the elements of the decompo-
sition group G, in Z[G]:
NG, = > o €Z[G).

g€Gy
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Proposition 6.4.2. If |S| > n+ 1, then for distinct places vy, ...,v, € S, we have

(f[ NGUZ) -0~ (0) = 0.
=1

Proof. Let y € G and x # 1. Now X(NG,,) = 0 unless x(Gy,) = 1, and if x(G,,) = 1 for all
i=1,...,n, then L("~1(0,%) = 0 by Proposition 3.2.4. Hence in all cases

<ﬁ X(NGW)) L"D(0,x) = 0.
=1

Furthermore, Proposition 3.2.4 shows that L=1(0,1g) = 0 since |S| > n+1, so the above equation
holds for all x € G. The proposition now follows from Proposition 6.1.3 and Remark 6.1.1. O

Recall that if |S| > 3 and S contains two places v and v" which split completely, then € = 1 is
a Stark unit for St(K/k,S). In Tate’s language, this is represented by the formula

0'(0) = NG, NG,/0'(0) =0
from Proposition 6.4.2. We can also give another proof of Proposition 4.3.7.
Proposition 6.4.3 (Tate’s proof of 4.3.7). St(K/k,S) implies St(K/k,S") for S C S’

Proof. Without loss of generality, S’ # S. Fix v € S which splits completely in K, and choose any
p € 8’ — S. By the conditions on S, p is a finite prime of k& unramified in K. Proposition 6.4.2
shows that 0 = NG,05(0) = 05(0), so

iy (0) = 05(0)(1 — ) € 05(0) - Z[G
by Corollary 6.1.4 (note that F, = o, ' € G). Thus Hfgu{p}(O)X C 05(0) - Z[G]X = 65(0)X. Hence

by induction on |S" — S| we have 0%, (0)X C 05(0)X and and the proposition follows. O

We can also complete the proof of Proposition 4.3.8, now that we have built up the proper
arithmetic machinery.

Proposition 6.4.4 (Tate’s proof of 4.3.8). If k C F' C K then St(K/k,S) implies St(F/k,S).
Proof. Recall the embedding Xr g — X g given in 3.2.1. We have

Or/k,s(0)XFs = (m0x/k,5(0)) XFs C Ok /1,5(0) Xk s
and the result follows. O

We now fill in the missing details of the proof of Proposition 6.4.4 given in 4.3.8. Fix a place
v € S which splits completely and a place w of K lying over v. Let € be a Stark unit for (K/k, S, w).

By By Corollary 6.2.5, we see that since u = %’56 %U}’?/k, we have N/ pu € éUff}k. Hence there

exists an ep € Ug‘;k such that

(€F)e/eF = €NK/FU = NK/FG

Therefore, e; = ¢ Ng/pe for some root of unity ¢ € F. The proof of 4.3.8 now shows that ep is
a Stark unit for (F/k, S, wr).
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7 (Galois groups of exponent two

In this section we consider the work of Sands ([14] and [15]) in the case where G = Gal(K/k) has
exponent two. Sands was able to prove Stark’s conjecture in this case with the extra assumption
that either |S| > m + 1 or K/k is tame. The basic idea of the exponent two case is that a Stark
unit for K/k can be built up from Stark units of K;/k, as K; ranges over the relative quadratic
extensions of k contained in K. Furthermore, one can easily compute the (unique) non-trivial
L-function in the relative quadratic case because it is equal to a ratio of zeta-functions:

LKi/k('S?X) = Cg;l(is)) :

We begin with some definitions and lemmatta.

7.1 Basic results

Lemma 7.1.1. Let K/k be a Galois extension with Galois group of prime exponent q. If B is a
finite prime of K which is ramified over k and *B 1 q, then the inertia group Iy is cyclic of order q.

Proof. The ramification index of ‘P over k divides [K : k|, which is a power of gq. The size of the
finite field Ok /P is a power of the positive prime rational integer p contained in 3. Hence the fact
that ¢ & P implies that p divides the ramification index of 8 over k, and so B is tamely ramified
over k. By the structure of totally tame ramified extensions, Iy is cyclic (Proposition A.4.3). Since
Iz is a subgroup of Gal(K/k), which has exponent ¢, Iz has size q. O

Notation 7.1.2. Let F'/k be a quadratic extension with Gal(F'/k) = {1,7}, and let dp be the
number of finite primes of k£ which ramify in F. Write Ir for the group of fractional ideals of F,
and write Pp for the group of principal ideals in [p. Let Ir/, be the subgroup of I given by
the fractional ideals of Iy extended to F. Define Ppj; similarly. The set of “ambiguous ideals” is
Ap ={U € Ip : U™ = U}. The inclusion Ar C Ir induces a map

Remark 7.1.3. Note that I/, C Ap, and in fact Ap is generated by Iy, and the prime ideals
{p1,...,pa,} of F which are ramified over k. Furthermore, each of the p;’s has order two in the
quotient A /Ir/;, and they are independent (over Z). Thus [Ap : Ip/] = 24r  with Ap /I, a
group of exponent 2. Since Cl(k) = I}/ Py — I/ Pp, is a surjection, we see that Ar/Ppyy, is also
finite, so ¢ is a map between finite groups. It is easy to see that I/Py — Ip),/Ppy is injective,
and hence an isomorphism, so [Af : Pr/;] = 24r py .

Proposition 7.1.4. Suppose L is an everywhere unramified extension of F with L/k Galois of
degree 2"+ such that Gal(L/k) is abelian with exponent 2. Let H be the kernel of the Artin map
Ir — Gal(L/F), so

Then
e HD IF/k

[IFPFAF}
2h7dF

is an integer divisible by [HAFp : PrAF].

o If Ap N H # Ipy;, then % is an integer.
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Proof. For the first assertion, let 4 € Iy. Then (UOp,L/F) = (U, L/k)? by the consistency of
the Artin map (Proposition A.3.1). Since Gal(L/k) has exponent 2, this is the identity and thus
I /k C H.

For the second assertion, note that [Ir : H] = [L : F] = 2". Furthermore, [HAfp : H] = [AF :
Ap N H] divides [Ap : I/ by the first assertion. We have seen that this last index is 297 Hence

1 2dr
" 9h=dr ~ [HAp : H] HAp: PrAr]

[Ip : PrAF] ( [Ip: H]

S [HAF:H]'[HAF:PFAFO

and the result follows.
The final assertion of the proposition is a refinement of the previous one, for if Ap N H # Iy,
then we have [HAp : H] is a proper divisor of 29% and the result follows by the above calculation. [

Lemma 7.1.5. Let F be such that ('™ =1 for ¢ € u(F). Ife € F and et = 1, then F(e'/¢r)/k
is abelian.

Proof. With the notation of Proposition 6.2.3 (taking S a sufficiently large set so € € Urg,.), we
can take ny = 1,n, = —1,a;1 = a, = 1 so that the desired properties are satisfied. Thus by the
proof of (d) = (a), we see that F(e'/°F)/k is abelian. O

Throughout the remainder of this section, we consider St(K/k, S,v) and assume that the place
v of S (which splits completely in K) is infinite; the finite case will be considered as part of the
Brumer-Stark conjecture in section 8.2. As usual, w is an extension of v to K. We assume further
that:

° |S | > 3.
e S contains at least one other infinite prime.

e S contains no primes which split completely other than v. In particular, the infinite primes
of S — {v} are real, and they ramify into complex places in K.

We have seen that St(K/k,S) is true if any of these assumptions do not hold (from 4.3.11, 4.3.10,
and 4.3.4 respectively). We define S(K/k) to be the minimal possible set S for the extension K/k,
namely the set of r > 2 archimedean places of k and d = di finite primes of k£ which ramify in K.

7.2 Relative quadratic extensions

For the first part of this section, we assume that [K : k] = 2. Let G = {1, 7}, and take S = S(K/k).
Since |S| > 3, Proposition 3.2.4 implies L's(0,1¢) = 0, so we analyze L5(0, x) where x is the
non-trivial character of G. From the product formula, we obtain

LS(SaX) = L(87X) = Cg]:((j))a

where the first equality holds since the only finite primes of S are those which ramify, and x acts
non-trivially on the corresponding inertia groups (which are G = {1,7}). The r — 1 real primes
of k become complex primes of K, and the prime v splits into two primes of K. Thus K has
r 4+ 1 (inequivalent) archimedean places, so the unit groups of Oy and Ok have ranks r — 1 and r
respectively (Proposition 3.3.2). Thus, and we obtain from 3.1.2 that

Ls(s,x) Ck(s)/s"  ex-hk Rk

L5(0,x) = lim ———"=% =l = .
5(0,x) sliI{l) s sliI{l) Cr(s)/sm1 ex - hi - Ry
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Our goal is to understand the ratios hx /hy and Rg /Ry in terms of the unit groups Uy, and Uk
of Oy and Ok, respectively.

Lemma 7.2.1. The finitely generated group Ug /(Uxu(K)) has rank one. If Q is the order of its
torsion subgroup, and if § € U with |6'~7|, > 1 represents a generator of the maximal torsion-free
quotient of Uk /(Uxu(K)), then

RK _ 27”—2 1 5177'

R, Q og | |-
Proof. We have seen above that K has r + 1 infinite places, while k has r such places, so Ux and
Ui have ranks r and r — 1 respectively. Since p(k) is finite, we see that Ux /(Uru(K)) has rank
one.

Let the archimedean places of k other than v be v1,...,v,_1, and let the places of K lying

above these be wq,...,w,_1. Let w, = w. If €1, ..., ¢, are independent units of Uy, we define the
regulator R({¢;}) as the determinant of an r x r matrix

R(e1, ..., €)= |det(log |e;|w,)|-
If the ¢; are a set of fundamental units, then R({¢;}) is simply the regulator Rx # 0. In general,
R(e1,...,e&r) = R - [Uk : p(K) (€1, ..., e)] #0,

where (e1,...,¢6.) C Uy denotes the subgroup generated by €y,...,€.. In particular, if we choose
€1,...,€6—1 to be fundamental units for Uy, then

R(er,...,6r1,0) = Rc - [Ug : p(K)U(0)] = R - [Uk /(W(K)Uyg) : (6)] = Q - Ri.
Now 617 = 614752 and 6~ (+7) = N§~! € Uj. Hence
Rler, ..., 61,0 7) = R(ey, ..., e1,6%) = 2Q - Rk.

However, we can also compute this regulator directly. For j < r — 1, the decomposition group
of wj is {1,7}, so |61 7|y, = 1 for these places. Furthermore, for these places we have |€;|, = |ei|%j
by our conventions on the normalization of archimedean absolute values (section 2). We conclude
that

R(ey, ... €1, 51_T) = log |61_T|w ’det(log |ei|wj)‘
= 27 og |17 |det(log |€io, )|
2" M og |61 | Ry

Thus we have shown that 2Q - R = 2"~ !log|6'~ 7|, Ry, proving the lemma. O
Definition 7.2.2. Let U~ = {u € Ug : Nu = u!*7 = 1}. Note that U;; " has finite index in U~.

Lemma 7.2.3. With the map of finite groups ¢r: Ax/Pg i — Ik /P defined as in 7.1.2,

1—-d
| Coker x| = [Ii : PkAk] = 2@ : i;f]:[U_ : N(K)U}{_T]'
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Proof. Since | Coker ¢ | = MK}fi]’%ﬁk]\ Ker ¢, and [Ag : Py ] = 2%y, it suffices to show

[Ker o] = (U™ : u(K)UK

Note that Ker ¢ = (PxNAk)/ Pk i Any ideal (a) € (PkNAf)/Pr ), corresponds to a well defined
coset a! =" € (K*)'=7 /U7 Since (a) € Ag we also have !~ € Uk, and (K*)'""NUxg C U~. To
summarize, we have a well defined map

(Px NAg)/Pj —» U™ JUET

given by (a) — a'~7. Hilbert’s Theorem 90 states that (K*)!~7 N Uy = U~, so the above map is
surjective. Injectivity is not difficult to see either: if a!~™ = b!~7 with b € Uk, then a/b is fixed by
7 and hence lies in k. Thus (a) = (a/b) € Py

Hence, we have |Kergy| = [U~ : Ug 7). Note that if ¢ € u(K), then 7 acts as complex
conjugation in any complex place w; of K, so ('™ = |(|w; = 1. Thus u(K) C U™, so we have

U U] = U : p(E) UV UL
To complete the proof, we have to show that

2
W)U U] = 5

Since (2 = (177 for ¢ € u(K), so u(K)?% c UII(_T, we compute

(K : p(K)?]
[W(K) N U™ = p(K)?

(W(E)URT U 7] = [u(K) : p(K) N U] =

The group p(K) is cyclic and of even order, so [u(K) : u(K)?] = 2. It therefore suffices to
prove that (u(K) N U T) is isomorphic to p(K)? 2 (Uk /u(K)Uk)tors, the torsion subgroup of
Uk /(u(K)Uy). Consider u € Uy representing a class in (Ux /(u(K)Ug) )tors- Since 7 acts as inversion
on roots of unity, u'~7 represents a well-defined element of U }{T /u(K)?2. Furthermore, if ut €
w(K)Uy, then u*x € Uy, so (ul=7)tex = (u!*x)1=7 = 1. Thus u!~7 € u(K). Hence, we have a
well-defined map

(Use/ (0K U)ors — () N UL /(K)?

given by u — u!'~7. It remains to prove that this map is surjective and injective. For the former,
suppose that u € Ux and u'~7 € p(K); we need to show that u! € u(K)Uy for some t € Z. But
(ueE)I=T = (ulT)K =1, so u®% € kN Uk = Uy as desired. To see injectivity, suppose u € Uy
and u!~7 = (2 for ¢ € pu(K). Then (u/¢)'"" =1, so u € u(K)Uy. This completes the proof. O

We now consider a general S O S(K/k). Let M = Mg = Mg s = [Ix : PkAk] - 21813,

Theorem 7.2.4. With the assumptions of this section, St(K/k,S) is true when [K : k] =2. A

Stark unit can to be taken to be € = n™ for some n € U’ N Uf(b/k.

Proof. First note that UY = U™, since the decomposition group in Gal(K/k) of any archimedean
prime of k other than v is {1,7}. Recall that U~ is the kernel of the norm map N: Ux — Uj. The
image NUg lies between U,? = NU, and Uy, which each have rank r — 1, so NUg has rank r — 1.
Since Uk has rank r, we conclude that U~ has rank 1. Let n be a generator of the free abelian
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group U~ /u(K) satisfying |n], < 1. With ¢ as in Lemma 7.2.1, §1~7 generates the torsion-free rank
1 group pu(K)Ug ™ /u(K), so
U~ = w(E)UE ™) - 1og [0l = —log 6" . (28)
Combining Lemma 7.2.1, Lemma 7.2.3, and (28), we obtain
“hi - Rk
L 0,y) = HOKIK
S(K/k)( . X) ex - hy - Ry
2 hg 2777 -
— log |§1-7
o e O oE 07 |
2 hx 2777

_ s - . 1—77
= eK 0 (U™ (KU "] - log 1w
r—2

Q 2

2d+r—2
= - ek [IK:PKAK]IOg”I?‘w
2d+r—3

= - [k : Px Ag|(log [n|w — log [n]rw)-
EK

Recalling the definition Mg /i) = 2d+7"_3[l K : P Ak], the previous equation can be written

M [ea
Lis(aesiy (0,00 = =~ Z log‘ ) ‘w
JEG’
Furthermore, we have
Vate(0116) =0= - 3 1o(o)log] (500)°]
O'EG

since n'*7 = 1.

We noted at the beginning of the proof that U~ = U", so n € UY. By Lemma 7.1.5, U~ C
U%b/k, son e U’N Uf(b/k. Thus, €gx/m) = n™ is our desired Stark unit for S(K/k). For general
S D S(K/k), choose p € S — S(K/k). If p splits completely, then we have seen that ¢ = 1 is a
Stark unit. If p does not split completely, then o, = 7 since p remains inert in K. Then the proof
of Proposition 4.3.7 shows that (with the first product over p € S — S(K/k))

I, (1=7) (1—7)|S=S(K/R)]
st = (17500)

is a Stark unit for S. O

M 2IS=S(K/R)  pf
=7 SK/K) =n"s

7.3 General K/k of exponent 2

We now consider general K/k with Galois group G of exponent 2 and order 2. Pick an element
T € G corresponding to complex conjugation in some complex place of K. It is an easy exercise to
check that G has 2" — 1 subgroups of index 2, since these correspond to elements of order 2 in G
(which is non-canonically isomorphic to G). From this it follows that each element of G other than
the identity lies in 2™~ — 1 of these subgroups. Thus there exist 2™~! quadratic extensions K;/k
contained in K which are not fixed by 7. The compositum of the K; must be K, for otherwise this
compositum would have degree over k at most 2™~ !, so it could contain at most 2! — 1 different
quadratic extensions of k, an absurdity.
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Lemma 7.3.1. Let K/k as above be tame (i.e. unramified at primes dividing 2), and let F' be one
of the K;’s. Assume that v is the only archimedean prime of k which splits completely in F. We
let dp be the number of finite primes of k which ramify in F' and s be the number of primes of k
which ramify in K but not F' (all of these must be finite). Then

o [Ir: PrAF] is an integer multiple of 2™~ =5~ and is an integer multiple of 2™~ =% when
r=2.

o When S = S(K/k) and M = Mg as above, we have W-% €Z, and QmL_l € Z whenr = 2.

Proof. Consider the subgroup of G' generated by the inertia groups I, of the s primes of k£ which
ramify in K but not F. The subfield L C K fixed by this subgroup is the maximal unramified
extension of F' contained in K since no prime of k£ ramifying in F' can ramify further in K, by
Lemma 7.1.1 (with ¢ = 2). This subgroup has size dividing 2%, since each of the s inertia groups
has size 2. Thus [L : k] > 2™7%. Proposition 7.1.4 now implies that [Ir : PrAp| is an integer
multiple of 27m—dr—s—1,

When r = 2, a stronger result holds. Let F' = k(y/a) with o € Of. Lemma A.3.7 implies
that a finite place p of k£ must ramify in F, since v is the only archimedean place of k which splits
completely in F. By the tameness hypothesis, p has odd residue characteristic, so by Kummer
theory, an odd power of p appears in the factorization of («). Indeed, if this is not the case, then
after completing at p we see that kp(v/o) = kp(y/u) for a unit w € Op. Such an extension is
unramified, contradicting our choice of p. Since an odd power of p appears in («), an odd power
of P appears in (y/@), where P? = pOp. Thus (va) & Ipy, while evidently (y/a) € Ap since
(va) = (—y/a). By Artin’s Reciprocity Law, the principal ideal (y/«) lies in the kernel H of the
Artin map Ir — Gal(L/F). Thus the last part of Proposition 7.1.4 implies that [Ir : PpAF]| is an
integer multiple of 2™~ % =% when r = 2.

The second assertion follows directly from the first since |S|=r+dp+sandr—3> —-1. O

Theorem 7.3.2 (Sands). Let S = S(K/k) for K/k as above. If (1) |S| > m+1 or (2) K/k is
tame, then St(K/k,S) is true. In case (1) let N = 2151="=2 and in case (2) let N = 273 when
r >3 and let N =1 when r = 2. Then there exists n € U’ N U?(b/k such that e = N is a Stark unit
for S.

Proof. Fix 7 and the K; as above, and let w; be the restriction of w to K;. Define e¢; = u(K;). Note
that S O S(K;/k), so we may let n; and M; = Mg g, be as in Theorem 7.2.4 for the K; which are
ramified at the archimedean places of k£ other than v.

For the K; which are unramified at some archimedean place other than v, let n; = 1 and

M; = 2™~IN. In any case, we have M;/(2™"1N) € Z (using Lemma 7.3.1 in the second case) so
M;/(2m~1N)

i € K; makes sense and we can define

am-1
Pyrop el
U H N eR
i=1

Since the K; generate K, we see that K (771/ €) is contained in the compositum of the abelian
extensions Ki(nl-l/ei) of k, so K (n'/®) is abelian over k as well. Also, n € U since each n; € U". Tt
remains to show that the conjugates of € = nV have the appropriate valuations at w.

Let x be a character of G = Gal(K/k). If x(7) = 1 then L4(0,x) = 0 since 7 generates the

decomposition group of some real place in S. Also, since Gal(K;/k) = {1, 7|k, } and n; € Uy, Ji We
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have 7; *7 = 1. Hence if the o; are representatives for G/(r),

D x(0)loglew =Y x(o5)log [p™N i+, = 0 = L(0, x).

oceG oj

Now suppose that x(7) # 1. Since G has exponent two, x2 = 1 and x: G — {£1} is surjective
with an index two kernel. The fixed field of this kernel is one of the K;, say Kj(
the kernel. If G; = Gal(K/K;) for i = 1,...,2™! then

x)» since 7 is not in

2m—1

> xlo) = {0

oeG;

if x is trivial on G;

otherwise

Since |G;| = |ker x|, we see that the first condition holds if and only if G; = ker x; that is, when
i =i(x). Hence

1 N T
- Yol = 2% 3 oy e
oeG UEG i=1
2m
= - Z =D BRLG |
i 2 oeG Wi
— 10(1 )
= Z T 2 -
2m o€l i
where the last equality holds because 7 represents the non-trivial element of G/G; and x(7) = —1.
Since o € G; fixes n;, this last expression becomes
1 1
I e D B L F e 1 1 M
-1 © oeq; Wi €i(x) i(x)
1 M;
= - X@) [yl

i) peGal(K;y /k) i)
because Gal(K;(y)/k) = {1, 7|k, }- As nMi is a Stark unit for K;/k, this last expression equals

by Proposition A.7.2. This completes the proof. O
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8 The Brumer-Stark conjecture

In this section, we consider the case of Conjecture 4.3.2 where the place v of S which splits com-
pletely in K is a finite prime p. We begin by giving a reformulation of Stark’s conjecture in this
case, which leads to a generalization that Tate dubbed the “Brumer-Stark conjecture”.

8.1 Statement of the Brumer-Stark conjecture

Notation 8.1.1. Let T be a finite set of primes of k containing the archimedean places and the
primes which ramify in K. Let Tk be the set of primes of K lying above those in T'. We define

{r e K :|z|y=1for all w € T} if |T) > 2
{2 € K :|2|gw = ||y for all 0 € G} if T = {v} and w|v

Remark 8.1.2. Let p be a finite prime of k which splits completely in K and let S = T' U {p}.
Consider the Stark conjecture St(K/k,S) with v = p and w = a prime of K lying above p. Note
that N8 = Np since p splits completely in K. Let ¢ € K be a Stark unit for this case, so € is a unit
away from the primes dividing p and we can write

log |€|gpe
€) = B  where n,=—-———"—€Z
=TI o

Define A = " ny,o € Z[G], so (¢) = PB*, and (since € is a Stark unit with respect to S)

/ -1 f
=y loglde oGO0 _ ef5(0)

= log Np log Np log Np

By our hypothesis that p splits completely in K, oy is trivial and Corollary 6.1.4 yields 67(0) =
65(0)/log Np. The fact that € is a Stark unit can thus be summarized by the statements below:

e e07(0) € Z[G].

o (¢) = pefr(0),

e cc K.

o K(e'/°)/k is an abelian extension.

Note in particular that ef7(0) € Z[G] follows from our calculations, assuming the existence of a
Stark unit. In fact, a more general statement due to Deligne and Ribet [5] is true (unconditionally).

Theorem 8.1.3 (Deligne-Ribet). Let A be the annihilator of the Z[G]-module u(K). Then
A-07(0) C Z[G].
In particular, ef7(0) € Z[G].

Conjecture 8.1.4. Let U be a fractional ideal of K. Then there exists an € € Kp such that
(€) = UIrO) and K('/¢)/k is an abelian extension.
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Remark 8.1.5. The idea that ef7(0) annihilates the ideal class group of Ok is due to Brumer
and generalizes the result of Stickelberger (see [11] for the classical Stickelberger result with Gauss
sums). The assertion that K (e'/¢)/k is abelian is motivated by Stark’s conjecture, and generalizes
the fact that Stickelberger’s Gauss sums lie in cyclotomic fields. For this reason, Tate has called
Conjecture 8.1.4 the Brumer-Stark conjecture. We denote it BS(K/k,T).

We write I* = I}, kT for the subgroup of Ix consisting of those 44 which satisfy the Conjec-
ture 8.1.4. It is clear that I* is stable under the action of G. With the notation of Remark 8.1.2,
the Stark conjecture St(K/k,S) is equivalent to the statement P € I*.

Theorem 8.1.6. I* contains the set of principal ideals Px C Ik.

Proof. Let (v) € Ik be a principal ideal. For each ¢ € G choose a p ¢ T such that o = op. Let

ne = Np and define

_ ,y(a—na)GT(O), e@T(O)‘

€=ry

Note that the exponents lie in Z[G] by Theorem 8.1.3, so the definitions of «,,€e make sense.
Furthermore, for any @ € K we have

ol = T lodw= T lalow= [T la" " w = [aN]s.

g€Gy, 0€Gy g€Gy,

Hence if aNGw» = 1 for all w € T then o € Kyp. Proposition 6.4.2 with n = 1 now shows that
€, a5 € Kp. Furthermore, the a, and € satisfy

77’Ll oC—MNg

e o—n o’
 and o =L

oy =€

These were precisely the relations used in the proof of the implication (d) = (a) of Proposi-
tion 6.2.3 to show that K (e!/¢)/k is abelian. O

Remark 8.1.7. Let P be a set of finite primes of K satisfying
e if P € P lies over p, then p € T and p splits completely in K, and
e the P € P generate the ideal class group I /Pk over G.

Theorem 8.1.6 along with Remark 8.1.5 shows that the conjecture BS(K/k,T) is true if and only
if St(K/k, T U {p}) is true for all p lying below primes P € P. In particular, BS(K/k,T') is true if
and only if St(K/k,T U {p}) is true for all p ¢ T which split completely in K (see A.3.10).

Proposition 8.1.8. With notation as above, we have
o IfT CT then BS(K/k,T) implies BS(K/k,T").
e Ifk C K' C K, then BS(K/k,T) implies BS(K'/k,T).
e BS(K/k,T) is true if k is not totally real or if K is not totally complex.
o [f|T| =1 then BS(K/k,T) is true.

Proof. Using Remark 8.1.7, the assertions follow from 4.3.7, 4.3.8, 4.3.4, and 4.3.11, respectively. [J
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8.2 Galois groups of exponent 2

We now present Sands’ proof [14] of the Brumer-Stark conjecture for extensions K/k with Galois
group G of exponent 2 (and satisfying one extra condition). Recall the definition of S(K/k) from
section 7.1. By Proposition 8.1.8, we may assume that |S(K/k)| > 2, k is totally real, and K is
totally complex. Let K° be the subgroup of K* consisting of all elements which have valuation 1
at the infinite primes of K. Note that if 3 € Tk, then by Proposition 6.4.2 with n = 2 we have

(speer @) ¥ = (e )™~ )

and hence P07(0) = (1). Therefore, for any 4 € I and € € K°, if U7(0) = (¢) then in fact
€€ Krp.

Definition 8.2.1. Suppose v € Z[G| and U € Ix. We say that v is a BS-annihilator for il if there
exists € € K° such that {7 = (¢) and K (e/¢)/k is abelian.

Note that the ideals for which a given v is a BS-annihilator form a subgroup of Ix; v is a called
a BS-annihilator for this subgroup. Also, the v which are BS-annihilators for a given i form an
ideal of Z[G]. The conjecture BS(K/k,T') for |T'| > 2 is that ef7(0) is a BS-annihilator for I.

8.2.1 Relative quadratic extensions

We now assume that [K : k] = 2 with G = {1, 7} and maintain our assumptions that |S(K/k)| > 2,
k is totally real, and K is totally complex.

Lemma 8.2.2. Let d be the number of finite primes of k which ramify in K, and let Ax be the set
of ambiguous ideals A = {U € I : U™ = U}. Then we have:

o K° — (K*)l*T}.
o ife € K°, then K('/¢)/k is an abelian Galois extension;
° BHS(K/I@)(O) = 2n+d_2[IK : PKAK](l — 7’).

Proof. For the first assertion, note that since K is totally complex and k is totally real, 7 represents
complex conjugation in each archimedean place of K. Thus |al|, = |a”|, for each a € K and complex
place w of K, so K° D (K*)!~7. For the reverse inclusion, note that Ng,,a = a"a = |al, = 1
(in ky, hence in k) for a € K° and w a complex place of K. Thus Hilbert’s Theorem 90 gives the
desired result.

The second assertion follows from Lemma 7.1.5 and the identification of 7 with complex conju-
gation at each archimedean place of K.

The final assertion is derived in an analogous manner to the methods of section 7, as we now
explain. The calculation is actually easier since U~ = {u : u!™™ = 1} equals p(K). Indeed, U~ is
the kernel of the norm map N: Ux — Ui and the image of N has rank equal to that of both Uk
and Uy, namely r — 1, so U~ is a finite group. Since U~ contains u(K), we obtain U~ = u(K).

To summarize the argument for the proof of the final assertion, we note that for the non-trivial
character x of G = {1, 7},

. Cr(s)/s"" _ex-hig-Rx _ 2-hik-Rg
L 0,x) = lim = = :
st/ (0 X) = I o = e he Ry ex b R
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The method of proof of Lemma 7.2.1 shows that

RK 27”—1

R, [Ug: p(K)U)’
and the method of proof of Lemma 7.2.3 applies without change to give

h
}Tf}: = 29I« P AR [Usk : p(K)Uy).

Since [S(k/k)| > 2, we have Lg(x /) (0,1¢) = 0, so from the definition of § we find

1—71 2 1—71
= S orHd=211 s PR Ak -
5 ex Ik : PxAk] 5

as desired. ]

Os(r/k)(0) = Lg(x /i) (0, %) -

We are now in a position to prove BS(K/k, T) for general T O S(K/k) in the relative quadratic
case.

Proposition 8.2.3. Suppose L is an everywhere unramified extension of K with L/k Galois of
degree 2" 1 such that Gal(L/k) is abelian and has exponent 2. Let H be the kernel of the Artin
map Ix — Gal(L/K). Then we have

. ﬁ%QﬂK/k(O) € Z[G] and is a BS-annihilator for Ir. In particular, BS(K/k,T) is true.
* sr—as07 Kk/k(0) € Z[G] and is a BS-annihilator for H.
Proof. Lemma 8.2.2 implies 5-35=50g(x/1)(0) = [[x : Px Ak](1—7). By Corollary 6.1.4, we see that
0r(0) = bswmy(©0)  J[ (=03
pET—S(K/k)
_ () 0 if there exists p € T such that p splits completely
- SR (1 —7)IT=SE/R therwise .

In the first case, O7(0) = 0 and both assertions follow trivially. In the second case, recall that
|S(K/k)| = r + d and note that (1 — 7)% = 2(1 — 7), so the above expression for 7 (0) yields

or+d—2
07(0) =

Ik : PxAg](1 —7)-2/TI=7=d,
€K

or equivalently,
€K

WQT,K/]C(O) = [IK : PKAK](l — T) € Z[G]
For notational purposes let t = [[x : PxAg|. For any U € I, we clearly have U’ € Px Ay and
hence (by definition of Ag) Yt=7) ¢ P}{_T. The first assertion of the proposition now follows from
Lemma 8.2.2.
For the second assertion, note that

exK t

a2 0rae/k(0) = 5= (1= 7).

By Proposition 7.1.4, /2"~ is an integer and yt/2" ! ¢ PrAg for all 4 € H C HAg. The result
follows as above. O
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8.2.2 General K/k of exponent 2

We now let K/k have Galois group G of exponent 2 and order 2". As usual, we may assume that
|S(K/k)| > 2, k is totally real, and K is totally complex. To derive the Brumer-Stark conjecture
for this case from the relative quadratic case, we will use the same method as in section 7. That
is, we let 7 € GG denote complex conjugation in some complex place of K lying above a real place v
of k. Let K; fort=1,...,2" — 1 be the quadratic extensions of k£ contained in K, ordered so that
7 fixes K; if and only if i > 2™~1. We will prove BS(K/k,T) from the statements BS(K;/k,T).

For each i, let G; = Gal(K/K;) and NG; = }_ . 0 € G. We also write e; for ex;, = |u(K;)|.
Let 0 = 07 x/x(0) and 0; = 07 k,/,(0). Finally, for each i choose 0; € QIG] whose image under
mi: QIG] — Q[G/G;] is 0; € Q[G/Gy].

Lemma 8.2.4. In Q[G], we have

2m—1
2m19 = > 6;NG;.
i=1
Proof. For z € Q[G] such that m;(z) = 0 € Q[G/G], obviously # NG; = 0. Thus the right-hand
side of the equation in the lemma is independent of choices of ¢;’s. Furthermore, Proposition 6.1.7

shows that we may take 6; = . By Remark 6.1.1 and Proposition 6.1.3, it therefore suffices to
show

for all characters x of G. Since y is an algebra homomorphism C[G] — C, we have

om 1 2m—1 2m—1
> T ONG; | =x(0) > x(NGy) = Ly x/1(0.%) > X(NGy).
=1 i=1 =1

As we noted in the proof of Theorem 7.3.2, since G has exponent 2 it follows that y = 1g or
Ker x = G; for some i. If Y = 1g or Kery = G; for some i > 2™~ then x can be viewed as a
character of Gal(K;/k), and x(7) = 1, so the real place v of k corresponding to 7 splits completely
in K. In this case,

L7 r/k(0,X) = L1 i, /1(0,X) = 0

by Proposition A.7.2; and the desired equation follows.
If Ker x = G; for some i < 2™~ then x(NG;) = 2™~ and x(NG,) = 0 and j # i. The result
follows. O

Lemma 8.2.5. Suppose that M € Z such that for each i < 2m~1, 179 is a BS-annihilator for
Nk, Ik C Ik,. Then i 169 € Z|G] and is a BS-annihilator for Ik .

Proof. Since §50; € Z[G/G;], we may choose 0; € QI[G] lifting 6; so that 6—]\}[51 € Z|G/G;]. By
Lemma 8.2.4, we have

m—1
om—le E e e ~
= E ——6;N Z
M 0 P eZMg Gi € Z[G].
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From Proposition 6.1.7, we see that if a € I, and m;: C[G] — C[G/Gj] is the projection map,
then a"%Ox = "™ O = (a0 )™ for any n; € Q such that n;0 € Z[G]. Hence for any 4 € I
we have

2m—1

2m71
ST €0 _ H ﬂﬁQiNGi
=1

2m—1

= I (Ng/x,0)0k) 2"

= ]I ((NK/KZ-L[)%&)G/% Ok
o

= 1_11 (Ei)e/ei

= (9

where € = Hef/ei and ¢; € K{ with Ki(eil/e")/k: abelian. Thus ¢ € K° and He;/ei is an eth root
of €. Since K is the compositum of the K;, we see that K (¢'/¢) is contained in the compositum of
the K;(e'/¢) and is thus an abelian extension of k. O

Theorem 8.2.6 (Sands). Assume that k # Q (so r > 2). Let K/k be an abelian extension with
Gal(K/k) of exponent 2 and order 2™, and let T = S(K/k). If (1) |T| > m+1 or (2) K/k is tame,
then BS(K/k,T) is true. In case (1) let N = 2IT1="=1 and in case (2) let N = 2"=2. Then ~01(0)
is a BS-annihilator for Ik.

Proof. Without loss of generality, |T| > 2. Proposition 8.2.3 shows that o—0; is a BS-annihilator
for Ix,. Therefore, Lemma 8.2.5 shows that W@ is a BS-annihilator for Ix. This gives the
result in case (1).

In case (2), the Lemma 8.2.5 implies that it suffices to show that for each i < 2m~1, =3t €
Z[G/G,;] and is a BS-annihilator for Ng /i, Ik Let F be a fixed K; and write 0 = 0; and er = ¢;;
we may assume that F is totally complex, or else the result is trivial. As in Lemma 7.3.1 we
consider the subfield L of K fixed by the inertia groups of the s = |S| — |S(F/k)| primes of k which
ramify in K but not F. As in that lemma, we find that L/F is unramified and [L : F] > 2m~1=5,
Proposition 8.2.3 now applies to show that (er/2™"~3)0F is a BS-annihilator for H, the kernel of
the Artin map Ir — Gal(L/F). Since H D Ny pl, O Ng,plk, the result follows. O

Since BS(K/k,T) is known to be true when k£ = Q as well, we have

Corollary 8.2.7. If G = Gal(K/k) is of exponent 2 and K/k is unramified at primes dividing 2,
then BS(K/k,T) is true.

Corollary 8.2.8. BS(K/k,T) is true if G is of type (2,2).

Proof. We can assume that & # Q and |T'| > 1 since BS(K/k,T) is known in these cases. Case (1)
of Theorem 8.2.6 handles the present situation unless 7' = |2| and no finite primes of k ramify in
K. Case (2) of Theorem 8.2.6 handles this possibility. O
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9 Proof of Stark’s Conjecture for rational characters

In this final chapter of the thesis, we present the difficult proof of Stark’s non-abelian conjecture for
characters which assume only rational values. The focus so far has been the existence of Stark units,
so our main tool has been class field theory. In this section, we will see how algebraic methods,
particularly the use of cohomology of non-abelian Galois groups, can be used in the study of Stark’s
conjecture. The flavor of our exposition will therefore be different from that of the previous sections.

Let x be the character of a representation of G over C such that the values of y lie in Q. We call
such a x a rational character of G. This is not to be confused with the character of a Q[G]-module
(i.e. a representation with a rational character might not admit a realization over Q). We show
that A(x, f) € Q for rational characters x of G, thereby proving Stark’s conjecture for this case.
For example, this will prove Stark’s conjecture for Galois extensions K /k with Gal(K/k) = Sy, the
symmetric group on n letters.

The tool from representation theory which we will use is that a rational character of G has
an integer multiple which can be expressed as an integer linear combination of induced trivial
characters. This result will imply that a power of A(y, f) is rational. To actually show that A(x, f)
is rational, we will need to give an explicit formula for its value. This will require constructing an
algebraic invariant ¢(V, f) € Q which depends on f and on algebraic properties of a realization V' of

X. Then we will prove that the ratio B(V, f) = ‘2((3}7’]{)) is a real number which “behaves well” under
induction and linear combinations. By proving the simplest case B(1¢, f) = =1 — which essentially
boils down to the calculation we have already done for A(lg, f) in Proposition 3.7.4 — we will
have that B(x, f) = £1 for general rational characters, completing the proof. Unfortunately, this
description of the proof is not entirely accurate, because we will not be able to define the invariant
q(V, f) for general representations V. We can only define it when V' is of the form CM, where M
is a G-module that is Z-free of finite type. To deduce the result for general rational characters y
from these specific characters, we will use a theorem on maximal orders in central division algebras
over number fields.

By the analysis of the behavior of A under a change of f (in section 3.6), we may assume that
f arises from an injection of G-modules X — U. For the remainder of this section, we write f for
both the injection X < U and the induced Q[G]-module isomorphism QX — QU.

9.1 A decomposition theorem for rational characters

In this section we present a decomposition for rational characters as a Q-linear combination of
induced trivial representations. As a corollary, we will find that A(x, f) is an mth root of a rational
number, for some m € Z.

Theorem 9.1.1. Let G be a finite group and let x be a virtual character of G which assumes only
rational values. Then there exists a positive integer m and a Z-linear combination

ZnHlndg 1y = my,
H

where H ranges over the subgroups of G.

Proof. Let n be the exponent of the group G and let p: G — GL(V) be any finite-dimensional
complex representation of G. Since the eigenvalues of the automorphism p(g) are nth roots of
unity, we see that yy = Trop assumes values in Q((,) for all characters xy of G, where (, is a
primitive nth root of unity. Let a be an integer relatively prime to n and write o, for the element
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of Gal(Q(¢,)/Q) such that a,(¢) = ¢* for nth roots of unity ¢ = ¢ € Q((,). Since y assumes only
rational values, we obtain

x(9) = x(9)” = x(9)-
Thus, x lies in the subspace of the space C' of central functions G — C defined by

E = {0cC:0(g9) =06(g") for all g € G and a relatively prime to n}
{0 € C : 0 is constant on the generators of each cyclic subgroup of G}.

The characters of the form Ind% 1 lie in E, since

md% 1u(g) = > lulg)=KleG:lgl " € H}|,

leG
Igl—leH
and lgl~!' € H if and only if [g®l~! € H for a relatively prime to n. In fact, the elements Indg 1
span the inner product space E C C. For if not, there exists a non-zero 6 € E orthogonal to all the
Indg 1g. Suppose this is the case, and let ¢ € G be an element of minimal order in G such that
0(g) # 0. Then if H is the cyclic subgroup of G generated by g and ¢ denotes the Euler ¢-function,
1 1 H
0= (0,Indf 1p)g = (0lm, Lu)u = TH]| > 0(h) = ] > oh) = 9(9)¢|(|H‘|),
heH h gen H

since any h € H which does not generate H has order less than that of g. Thus 6(g) = 0,
contradicting our assumption, and the Indf] 1y span E. We can therefore write

X = Z aHIndg 1y
HCG

for suitable ay € C. Letting p: C — Q be any Q-linear projection of the Q-vector space C onto
its subspace Q, we see that the ay can be replaced by p(ay) € Q in the equation above, since
x and Ind% 1y assume rational values. Multiplying by a common denominator of the p(ay), we
achieve the desired result. O

Since we have proven that A(lg, f) € Q and that A behaves well under linear combinations
and induction (Propositions 3.7.4 and 3.7.1), we immediately obtain the following corollary.

Corollary 9.1.2 (Stark). If x assumes rational values, then A(x, f)™ € Q for some positive
integer m.

9.2 Definition of the invariant ¢(M, f)

Let Mg be the category of G-modules which are Z-free of finite type. Our goal is to give an
explicit formula for A(y, f) when x is the character of a representation CM, with M € M.
We will deduce our desired result for general rational characters x from this formula. In this
subsection, we define the algebraic invariant ¢(M, f) which will turn out to be £A(x, f) when x
is the character of a representation CM for M € Mg. There are two difficult steps in proving
A(x, f) = £q(M, f). The first is demonstrating that ¢(M, f) depends only on the representation
CM and not the actual module M. The second is relating the Tate cohomology of U and X, as
these arise in the computation of the invariant q(M, f).

We first give precise statements for these “difficult steps” and then use these assertions to prove
A(x, f) = £q(M, f) for M € Mg. In the next section, we will show how to deduce A(y, f) € Q for
characters Q-valued y of arbitrary representations using this result. We then go back and prove
the two “difficult steps.”
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Definition 9.2.1. If ¢ is any homomorphism of abelian groups with finite kernel and cokernel, the

Herbrand quotient is defined to be
| Coker o

q(p) = Kerg|
If f: X — U is an injection of Z[G]-modules, we define
far: Hom(M, X)g — Hom(M,U)%
to be the composition of the norm
NG: Hom(M, X)g — Hom(M, X)%

with the map Hom(M, X)¢ — Hom(M,U)Y induced by f. The Q[GJ]-module map obtained from
far by Q-linearizing is an isomorphism, so fj; has finite kernel and cokernel. The invariant (M, f)
discussed above is defined to be the rational number g(far).

We now state two theorems whose proofs we will deter until section 9.5.

Definition 9.2.2. A G-module A is said to be cohomologically trivial if Hr (HyA)=0forallr € Z
and all subgroups H C G.

Theorem 9.2.3. If S contains the ramified places of K/k and the class number hy s, = 1, then
there exist two cohomologically trivial G-modules of finite type over Z, A and B, which fit into an
exact sequence

0 U A B X 0.

Theorem 9.2.4. If M, M' € Mg and CM = CM' as C[G]-modules, then q(M, f) = q(M’, f).

These two theorems are needed in the proof of the following result, which is where the property
of rational characters from Theorem 9.1.1 is used.

Theorem 9.2.5. Suppose M € Mg. If S satisfies the conditions of Theorem 9.2.3, then
A(CM, f) = £q(M, f).

Proof. For M € Mg, define
)= A(CM, f)

B q(M, f)
Theorem 9.2.4 shows that B(M) depends only on the representation W = CM. We want to show
B(M) = +1 for M € Mg.
The character of W takes on only rational values, since CM = C ®q QM is realizable over Q.
Thus, Theorem 9.1.1 implies that we can write

mW = > nyIndf C
HCG

for ny € Z and some positive m € Z. Since B(—) behaves multiplicatively under direct sums by
Propositions 3.7.1 and A.10.5, and B is real-valued (Proposition 3.7.1), we are reduced to showing
that

B(Ind$ M) = B(M) (29)

for M € My and
B(Z) = +1. (30)
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The validity of (29) is a consequence of the corresponding equality for A (see 3.7.1) and the
equality (M, f) = ¢(Ind% M, f), which follows from the fact that the vertical arrows in the com-
mutative diagram

Hom(IndS, M, X)¢ —%— Hom(Ind$, M, X)¢ —L— Hom(Ind§ M,U)C

Hom(M, X)y —<5  Hom(M,X)! —L—  Hom(M,U)H
are obviously isomorphisms, so ¢( flndg w) =a(far)-
To show B(Z) = +1, we recall the explicit calculation from Proposition 3.7.4:

[Uk : f(X)]

Allg, f) == .
k.S

€ Q.

The function fz is the composite of the maps

a Hom(Z,f)

Hom(Z, X)¢ = X¢ e, Hom(Z, X)% = X Hom(Z,U)% = UC = U,.

With X} embedded in X as in 3.2.1, recall that NG - X = Xy, so Coker fz = Uy/f(Xy). Also,
Ker fz = Ker NG = H~1(G, X) since f is injective. By decomposing the complex in Theorem 9.2.3

into a “composite” of short exact sequences, the long exact sequences in Tate cohomology give
H YG,X) = HYG,U) (see A.9.1). Thus,

771
_ HGu)|

B(Z) T

It remains to show that ﬁl(G, U) has size hy s.
Using that hk s, = 1, we have an exact sequence

O U K* IK,SK - 07

from which we get the long exact sequence

0 Uy k* If s, —— HY(G,U) —— H'(G,K*)=0.

If ideals of I} s are identified with their extensions to Ik g, , then I[Gﬂ s = Ik,s, since S contains
the primes of k ramifying in K. As HY(G,U) = HY(G,U) we now conclude |H (G, U)| = s :
k*] = hy g, completing the proof. O

9.3 Proof of Stark’s Conjecture for rational characters

We retain the assumption that our Q[G]-module isomorphism f: QX = QU comes from an injec-
tion of G-modules f: X — U. Let 6 be an arbitrary irreducible character of G. Let ) = Trqg)/q ¢
and I' = Gal(Q(0)/Q). Stark’s conjecture implies that

A, ) =[] A%, f) = [T A, )° = Nq)q A, f).

el el

Chinburg has observed that it may be possible to prove the following special case of this consequence
of Stark’s conjecture.
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Conjecture 9.3.1 (Chinburg). With the notation as above, A(v, f) is the norm in Q of an
element of Q(0).

Only an approximation to this conjecture is currently known, but we will see that this is sufficient
to deduce Stark’s conjecture for rational characters.

Theorem 9.3.2. Suppose that S satisfies the conditions of Theorem 9.2.3 and that f is as above.
Let 0 be the character of an irreducible representation of G over C and define ¢ = Trqg)/q 0-
Then there ezists a fractional ideal 3 of Q(0) such that

AW, f) = £Nqp)/Q U-

Proof. Since 6 is irreducible over C we can apply Lemma A.12.4 with F' = Q, so there is a positive
integer m such that ¢ = ma) is the character of an irreducible representation W of G over Q and
D = Endqg W is a division algebra with center £ = Q(0) and [D : E] = m?. Since 9 takes
on real values, A(v, f) is a real number, by Proposition 3.7.1. Again using Proposition 3.7.1,
A, f)™ = A(gp, f), so it remains to show that there exists a fractional ideal 4 of Q(#) such that
Alp, ) = +(Npq )™

Let A be a maximal Og-order of the algebra D. Note that D acts on the right on W and G
acts on the left. Let My be any Z-lattice in W and let M = Z[G]- My - A. Then M is a lattice in W
which is stable under the action of G and the action of A, so CW = CM. Thus, the C[G]-modules
CW and CM have the same character ¢, so we conclude from Theorem 9.2.5 that

| Coker far]
Alp, f) = +—7".
Since Coker fj; and Ker fjs are A-modules of finite length, and the result follows from Theorem 9.3.3
below with R =0, K = F,and A= D. O

Theorem 9.3.3. Let R be a Dedekind domain with quotient field K. Let A be a mazximal R-order
in a finite-dimensional central simple K-algebra A. Let T be a simple A-module and let p be a

nonzero prime ideal of R which annihilates T (such p obviously ewists). If dimx A = m? and R/p
is finite, then |T| = [R/p|™ = (Ng/qp)™.

Proof. See [21], Theorem 7.1. O
We can now obtain the desired result concerning Stark’s conjecture, via the special case in
Theorem 9.3.2:

Corollary 9.3.4 (Tate). If x is a character of G with values in Q, then Stark’s conjecture is true
for x.

Proof. By Proposition 3.7.2, we may assume that the conditions of Theorem 9.2.3 hold. Write x
uniquely as a sum of distinct irreducible characters of G over C,

X=>_ngb,

with positive integers ng. For a given 0 and o € Gal(Q(6)/Q), 67 is an irreducible character of G
over C. The fact that x assumes only rational values implies that ng = ngo. For ¢y = Trq),q 0,

we deduce
X=>_ngo,

where the sum is taken over the distinct characters ¥y. Thus, x is a linear combination with positive
integer coefficients of characters of the type ¢ described in Theorem 9.3.2. By Proposition 3.7.1
we get A(x, f) € Q, so Stark’s conjecture follows for x. O
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9.4 Facts from group cohomology

We now introduce the cohomological background which is needed prove Theorems 9.2.3 and 9.2.4.
Throughout this discussion, G denotes a finite group.

Theorem 9.4.1 (Nakamaya). For a G-module A of finite type over Z, the following are equiva-
lent:

o A is Z-free and cohomologically trivial.
o A is Z[G]-projective.
Proof. See [19, IX.V, Theorems 7 and 8]. O

Throughout our work, we will only be considering G-modules of finite type. Since G is finite,
the notion of finite type is the same over Z[G] and over Z.

Theorem 9.4.2 (Swan). Let A be a projective Z[G]-module of finite type and let m be a non-zero
integer. There exists an integer v and an ideal Y in Z[G] with finite index relatively prime to m

such that A = Z[G]" & Y as Z[|G]-modules.
Proof. This is a special case of [20], Theorem A for the Dedekind domain Z. O

To prove Theorem 9.2.3, we begin by introducing some natural isomorphisms which will be used
in the proof.

Proposition 9.4.3. Let H be a subgroup of G. There is a unique isomorphism of d-functors on
the category of H-modules

(G, Z[G) ®gp A) 222 B*(H, A) (31)

which coincides with the inverse of the isomorphism AH = (Z[G] Qz[H] A)C given by a — 1®a for
r=0. The action of G on Z[G] @z A is by left multiplication on Z[G].

Proof. (Sketch.) Recall that induced and coinduced modules are cohomologically trivial for finite
groups. Using this, one shows the left side of (31) is erasable for * > 0 and coerasable for x < 0, so
Grothendieck’s method of universal §-functors can be used. O

Proposition 9.4.4. Let H be a subgroup of G. There is a unique isomorphism of d-functors on
the category of G-modules

groth
—_

H*(G, Hom(Z[G] @z Z, A)) H*(H, A)

which coincides with the isomorphism Home (Z[G] ®zx) Z, A) = AT given by ¢ — p(1®1). The
action of G on Hom(Z[G] @z Z, A) is the standard action (go)(x) = go(g ).

Proof. The method is the same as the proof of Proposition 9.4.3. O

Definition 9.4.5. Let (A) and (B) be two short exact sequences of G-modules. We define

Hom((4), (B))
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to be the G-module consisting of all Z-homomorphisms between the complexes (A) and (B); i.e.
all commutative diagrams of abelian groups

0 Aq > Ay —2 Ag 0
Lpl lm L@s
0 By > By 5 B3 >0

The G-module structure on Hom((A), (B)) is defined in the obvious way.

Proposition 9.4.6. Let the notation be as in 9.4.5, and assume that Ay is Z-free. Then we have
an exact sequence

0 —— Hom((A),(B)) —— Hom(Ay, Bs) x Hom(A3, B3) ~2—"2, Hom(Ay, B3) —— 0,
where tp—m4: Hom(Ag, By)xHom(As, Bs) — Hom(As, Bs) is given by (2, 3) — TBOWs— P30T 4.

Proof. One checks exactness at each point in the sequence. The fact that As is Z-free ensures
exactness on the right. O

9.5 Proof of Theorem 9.2.3

The following results from the cohomological formulation of local and global class field theory can
be found in [1, VI and VII]:

Proposition 9.5.1. Let K/k be a finite Galois extension of number fields with Galois group G.
Let Ck be the idele class group of K.

1. The natural map Cj, — HY(G,Ck) is an isomorphism and H'(G,Ck) = 0.

2. f[z(G, Ck) is cyclic of the same order as G and has a canonical generator agy called the global
fundamental class.

3. Cup product with as induces an isomorphism I/{T"(G, Z) — ITI”Q(G, Ck) for allr € Z.

4. If H C G, then res: ﬁ2(G,C’K) — ﬁQ(H, Ck) takes the fundamental class for the extension
K/k to the fundamental class for K/K™.

5. For every place w of K, ﬁQ(Gw,K:‘U) is cyclic of the same order as G, and has a canonical
generator oz, called the local fundamental class.

6. Cup product with ag,, induces an isomorphism I;V(Gw, Z) — I;V“(Gw, K}) for allr € Z.

7. The local fundamental classes are related as follows. Suppose ow = w' for o € G. Consider
the maps G — Gy and K, — K, defined by g — ogo~! and x +— . These maps induce
a map o: H*(Gy, K}) — H*(Gy, KZ,). We then have o(ag) = 094

8. When G = Gy, or equivalently when w is the only prime lying above v, the image of the local
fundamental class az,, € H*(Gy, K2 = H*(G, K}) under the map

H*(G,K.) — H*(G,Ck)

induced by K — Cy is the global fundamental class as.
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Property 8 of the proposition follows from the construction of the global fundamental class in
terms of local fundamental classes. We use Proposition 9.5.1 in order to prove Theorem 9.2.3,
whose statement we now recall.

Theorem 9.5.2. If S contains the ramified places of K/k and the class number hi s, equals
1, then there exist two cohomologically trivial G-modules of finite type, A and B, and an exact
sequence of Z|G]-modules

0 U A B X 0.

Proof. Consider the Sk ideles of K,

Js=Jrse = [ Kox [ O

WESK w¢ Sk

Since hg s, = 1 and Sk contains the infinite primes, the map 7: Jg — Cf is surjective and we
obtain an exact sequence of Z[G]|-modules (denoted (U)):

0 U Jg —— Ok 0.

Recall also the exact sequence of Z[G]-modules (denoted (X)):

0 X Y —— Z 0,

where €: Y — Z is the augmentation map.
For each v € S, choose a fixed place w € Sk over v. We can write

Y =P d, Z =P Z(G] @z, Z, (32)
veS veS

where the action of G, on Z is trivial.
Note that for each v, [], ., K, = Indgw K, as Z]|G]-modules, so we have a decomposition

/‘,U 'Ll), -

HK,:/:KZ] X H K,Zkul
’LU/|1) w!|v
w! #w
as Z|Gy|-modules. We can define a unique element
azy € H*(G, Hom(Z[G) @z, Z, [ [ K7)

w'|v

such that the projection of
groth(ag,) € H* (G, H K;))

w'|v

onto ﬁQ(Gw, K is a2, and the projection onto

H*(Gy, [ Kpy)
w’|v
w! #w
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is zero. One checks from property (7) of Proposition 9.5.1 that g, is independent of the choice of
w|v. By a universal J-functor argument, one checks the diagram

(G, Z(G) ®gic) Z) 2 H'(Go, Z)

Uagﬂvl lUOéQ,w (33)
~ h ~
Hr2 (G, Hw’\v K;Z,) & HT+2(Gw, K:))
commutes for each v € S and r € Z, where shap is the isomorphism from Proposition 9.4.3. The
maps shap and Uas 4, are isomorphisms, so it follows that Uas , is an isomorphism.

Now

H" (G, O%) =0 (34)
for w ¢ Sk, since such w are unramified over k, so we easily compute
H"(G,Js) = P H (Guw, K3) (35)
veS

by means of the isomorphism shap and the compatibility of Tate cohomology with respect to direct
products. Taking the direct sum of the commutative diagrams (33) for all v € S, we obtain the

commutative diagram

B(Gy) 2 @y H(Gy,2Z)

ot | |v@.cs (36)
H(GJs) =2 @, H (G K3)
where, by (32) and (35), we can view af = Bag, as an element of H2(G,Hom(Y, Js)). All the
maps in (36) are isomorphisms, since they are defined as a “direct sum” of isomorphisms.

We now claim that the theory of global and local fundamental classes gives the compatibility
e(ag) = m(ah) in H*(G,Hom(Y,Ck)), where we recall €: Y — Z and 7: Jg — Ck are the natural
Z[G]-module projections. Consider the diagram

H*(G, Ck)
H?(G,Hom(Y, Js)) —— H2(G,Hom(Y,Ck))
grothl groth (37)
HveSH2(Gw7K;Z) - HUESHQ(GW’CK)

J

H2(Gw,K:) ——  H*Gy,Ck)

In the bottom square, the horizontal maps are induced from the canonical map K, — Ck, and
the vertical arrows are projection onto some factor (fix a place v € S). This bottom square is
readily seen to be commutative. Since the maps labeled groth are isomorphisms, to show that
m(ad) = €(a2), it suffices to show that their images in the lower right corner H2(G,, C) are the
same for each v € S.
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A standard universal d-functor argument shows that the composition of the vertical maps in
the right column is simply the restriction H2(G,Ck) — H%(Gy,Ck). Thus, by statement (4)
of Proposition 9.5.1, the image of as under this composition is the global fundamental class for
K/KCv in fI2(Gw, Cr). By replacing k by K% and using statement (8) of Proposition 9.5.1, the
image of o, in H 2(Guw, Ck) (given by the diagram (37)) is the global fundamental class for K/K%v
as well. This proves our claim that (o) = e(a2).

From Proposition 9.4.6, we have an exact sequence

0 —— Hom((X), (U)) —— Hom(Y, Jg) x Cx —— Hom(Y,Cg) —— 0  (38)
since Y is Z-free.

By (32) and Proposition 9.4.4, we have an isomorphism

H(G,Hom(Y, Ck)) = P H' (G, Ck).
vES

As G, can be viewed as the Galois group of K/Kw, this vanishes (see (1) in Proposition 9.5.1).
The long exact sequence in cohomology corresponding to the exact sequence (38) therefore gives

0 —— (G, Hom((X), (U))) —— F2(G,Cx) x H2(G, Hom(Y, Js))
=, H*(G,Hom(Y,Ck)).
Since €(az2) = m(ad), we conclude the existence of a3 € H?(G,Hom((X), (U))) such that
as — (ag,ah) € H*(G,Ck) x H*(G,Hom(Y, Jg)).
Let a3 € ﬁ[z(G, Hom(X,U)) be the image of & under the canonical map
Hom((X), (U))) — Hom(X, U).
We then have a diagram
. —— H'(G,X) — H'(GY) — H'(GZ) —— HT(GX) —
ang, lua; ang ana

RN ﬁr+2(G, U) —— ﬁ'?“-‘rZ(G’ Jg) —— ﬁr—i—Q(G’ Cg) —— ﬁr+3(G’ U) ——

whose commutativity is not difficult to verify. Since the maps labeled U and Uat, are isomorphisms
for all 7 € Z, it follows from the “five lemma” that Uas: H"(G, X) — H™+2(G, U) is an isomorphism
as well.
Now let
0 X’ B’ B X 0
be an exact sequence of Z[G]-modules with B and B’ free Z|G]-modules of finite type. Since all
the modules of the sequence are free over Z, the induced sequence

0 —— Hom(X,U) —— Hom(B,U) —— Hom(B',U) —— Hom(X',U) —— 0

is exact. Furthermore, since B and B’ are free Z[G]-modules of finite type, Hom(B,U) and
Hom(B’,U) are induced and therefore cohomologically trivial (see [1, IV.1]). Lemma A.9.1 now
shows that we have natural isomorphisms

H'(G, X))~ H (G, X')
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and
H"(G,Hom(X',U)) = H' (G, Hom(X, U)) (39)

for all r € Z.
_ Let o € Homg(X",U) = (Hom(X’,U))% be a representative of the inverse image of as €
H?(G,Hom(X,U)) in the isomorphism (39) for » = 0. By the commutativity of the diagram

H™2(G, X') ® H*(G, Hom(X',U)) H™(G,X)® H%(G,Hom(X,U)) ,

ﬁTJrQ(G, U)

we see that cup product with o gives an isomorphism H "G, X") — H "(G,U) for all r € Z.
We are now close to deriving our desired exact sequence

0 U A B X 0

with A and B cohomologically trivial. If a: X’ — U is not surjective, we may replace X’ and B’
by X' @& L and B’ @ L where L is a free Z[G]-module of finite type in the exact sequence

0 — X' B B X 0.

Thus we can assume that « is surjective, and we have an exact sequence

U 0. (40)

Since the maps H" (G, X') — H"(G,U) are isomorphisms, the long exact sequence in cohomol-
ogy corresponding to (40) implies that H "(G,Kera) =0 for all » € Z. Furthermore, B and B’ are
cohomologically trivial since they are free Z[G]-modules, and hence H "(G,B'/Kera) = 0 for all
r € Z as well.

With A = B’/Kera and U = X'/ Ker a, we have the exact sequence

«

0 —— Kera D¢

0 U A B X 0

with H "(G,A) =0 for all r € Z. The above arguments are compatible with replacing G by any of
its subgroups, so it is easily seen that A is cohomologically trivial. This gives the desired result. [

9.6 The category Mg.

In this section, we will prove Theorem 9.2.4, thereby completing the proof of Stark’s non-abelian
conjectures for rational characters. Let M € Mg so Hom(M, —) is an exact functor. From the
exact sequence in 9.2.3, we obtain an exact sequence of Z[G]-modules

0 —— Hom(M,U) —— Hom(M,A) —— Hom(M,B) —— Hom(M,X) —— 0
(41)
where A and B are as in Theorem 9.2.3. Furthermore, Hom(M, A) and Hom(}, B) are also cohomo-
logically trivial since M is Z-free (see [19, IX.5, Theorem 9]). In particular, H (G, Hom(M, A)) =
Ker NG and H°(G,Hom(M, A)) = Coker NG are trivial, so

NG: Hom(M, A)g — Hom(M, A)¢
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is an isomorphism, and the same is true when A is replaced by B. Since taking co-invariants (resp.
invariants) is a right exact (resp. left exact) functor, the exact sequence (41) yields the two exact
sequences given below. The isomorphisms given by NG allow us to connect the sequences in a
commutative diagram as shown.

Hom(M,A)¢ —— Hom(M,B)qc —— Hom(M,X)s —— 0
|~e | e
0 —— Hom(M,U)® —— Hom(M,A)® —— Hom(M, B)“
We can therefore combine the sequences into one exact sequence
0 —— Hom(M,U)¢ —— Hom(M, A)%
—— Hom(M, B)g —— Hom(M,X)g —— 0.
If M’ C M is a fixed Z|G]-submodule of M, then M’ € M and we have the restriction functor
¢: Hom(M, —) — Hom(M’, —).
If C is a G-module, then we get induced maps
©Y: Hom(M, C)% — Hom(M',C)¢, oc: Hom(M,C)g — Hom(M', C)¢.
These fit into the commutative diagram below, with horizontal lines exact:

0 —— Hom(M,U)% —— Hom (M, A)® —— Hom(M, B)g — Hom(M, X)c ——0 (42)

l«pU J:pA J‘PB J@X
0 —— Hom(M',U)% —— Hom(M’, A)® —— Hom(M', B)¢ — Hom(M', X)) —— 0

Lemma 9.6.1. Suppose that M’ is a G-submodule of finite index in M € Mg. If C is a cohomo-
logically trivial G-module of finite type, then

0(oC) = qlpc) = [M : M|Rankz C)/|GI,

Proof. Since C' is cohomologically trivial, the norm map NG: Hom (M, C)g — Hom (M, C)% is an
isomorphism. Thus the vertical arrows in the commutative diagram

Hom (M, C)a LN Hom (M, C)a

|~ | e

Hom(M’,C)¢ —£%— Hom(M’,C)q

are isomorphisms, and we conclude that q(apc) = q(pc). Both g(¢c) and [M : M’](Rankz C)/1G|
are multiplicative under direct sums, so by Theorems 9.4.1 and 9.4.2 it suffices to prove that
q(ec) = [M : M'|Rankz C)/IG| for ¢ = {{ an ideal of Z[G] of finite index relatively prime to
[M : M']. Since Z[g]v and 4 are cohomologically trivial, Z[G]/4 is also cohomologically trivial.

The norm map NG is an isomorphism for cohomologically trivial modules, so the exact sequences
resulting from taking the invariants and coinvariants of

0 —— Hom(M,l) —— Hom(M, Z[G]) —— Hom(M, Z|G]/Y}) —— 0
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can be spliced together in the commutative diagram below.
Hom(M, )¢ —— Hom(M,Z|G]) ¢ —— Hom (M, Z[G]/U)g —— 0
0 —— Hom(M,4)¢ —— Hom(M,Z[G))Y —— Hom(M,Z[G]/UN)¢
Doing this for M and M’, we obtain a commutative diagram of exact sequences
0 —— Hom(M,{)¢ —— Hom(M,Z|G]) ¢ —— Hom(M,Z[G]/WN)¢ —— 0
lsﬂ'u lwzm l%@Z[G]/u (43)
0 —— Hom(M',{)¢ —— Hom(M',Z|G])¢ —— Hom(M', Z|G]/U)¢ —— 0.
Also, the exact sequence 0 — M — M — M/M' — 0 yields the exact sequence
Hom(M/M',Z|G]/Y\) —— Hom(M, Z|G]/\) —— Hom(M', Z|G]/U)
—— Exth(M/M',Z]G]/8t)

and since [M : M'] and [Z]G] : U] are relatively prime, the outer two objects in this sequence are
zero. Thus, Hom(M, Z[G]/4) = Hom(M', Z[G]/4), and so ¢pz(g)/y is an isomorphism as well. The
lemma is therefore satisfied for Z[G]/4, since

a(pzicyyu) = 1 = [M : M Rankz ZIGI//I1G],

By the commutative diagram (43), it remains to prove the lemma for Z[G] in order to prove
it for 4 (see Proposition A.10.5). We can verify the lemma explicitly in this case. Note that the
projection map Z[G] — Z given by > azg — a; induces an isomorphism of abelian groups

Hom(M, Z[G))¢ = Homg(M, Z[G]) = Hom(M, Z).

We have the same isomorphism for M’, and under this identification the map (pZ[G] becomes the
forgetful map Hom(M,Z) — Hom(M',Z). We thus obtain an exact sequence

Z[G)
Hom(M/M',Z) —— Hom(M,Z) “— Hom(M',Z)

— Exty,(M/M',Z) —— Extiy(M,Z).

As [M : M'] is finite, Hom(M/M',Z) = 0 and |Exty,(M/M’',Z)| = [M : M']. Since M is Z-free,
Exty, (M, Z) = 0 and we conclude

q (SDZ[G}) — [M : M'] = [M : M')Rankz ZIG]/IG],
as desired. ]
Lemma 9.6.2. If M € M¢ and M’ is a G-submodule of finite index in M, then

q(px) = q(vv)-

Proof. By breaking up the rows in (42) into two pieces as in Lemma A.9.1, and applying Proposi-
tion A.10.5, we obtain ¢(px)q(¢?) = ¢(¢B)q(¢Y). Furthermore, the exact sequence

0 U A B X 0

shows that Rankz A = Rankyz B, since Rankz U = Rankyg X. The result therefore follows from
Lemma 9.6.1. ]
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We now have assembled all of the tools needed to prove Theorem 9.2.4, whose statement we
now recall:

Theorem 9.6.3. If M, M' € Mg and CM = CM’, then q(M, f) = q(M’, f).

Proof. Since the characters of the C[G]-modules CM and CM’ are equal, the same is true of the
Q[G]-modules QM and QM’. Therefore, there is a (non-canonical) Q[G]-module isomorphism
v: QM — QM. Let M" = M Nny(M') € QM. Since QM"” = QM = QM’, we have reduced
to the case where CM = CM’ is induced by an inclusion M’ — M with finite index. This case
follows from Proposition A.10.4, Lemma 9.6.2, and the commutative diagram below

Hom(M, X)q SELIEN Hom (M, U)¢

[ |+

Hom(M”, X)¢ —" Hom(M",U)C.
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A Background

In this section, we present background work to be used in the main body of the text. All of the
material is standard, but we have presented it here in order to maintain consistency of notation
and to add a sense of self-containment to the remainder of the work. In each subsection below, we
have given references for detailed exposition of the subjects discussed.

A.1 The Dedekind zeta-function

Definition A.1.1. Let k£ be a number field, and let S be a finite set of primes of k£ containing the
set Soo of infinite primes. Define the Dedekind zeta function for Re(s) > 1 by

() = G (9) = 3 i

k - k‘,S(x; - (Nﬂ)s

U

and more generally

1
<k3,S(S) - Z (Nu)s :
(8,9)=1
Here the first sum runs over the nonzero integral ideals 4 of k and the second over those ideals 44
which are relatively prime to the finite primes in S. We have the Euler product

1
Gos(s) =11 T (Np)*

pgs

for Re(s) > 1. The function (; can be meromorphically continued to the entire complex plane and
satisfies a functional equation (see A.8).

A.2 Facts from representation theory

In this paper, we will assume basic facts about representations of finite groups over fields of char-
acteristic zero (see [18]) .

Let G be a finite group and let F' be a field of characteristic zero. The inner product on the
space C of central functions G — F' is denoted (-, -)a:

(O)e = 15 > x(@)o(e ™).

The irreducible characters of G form an orthogonal basis for C' with respect to this inner product
(and orthonormal when F is algebraically closed).

We now state some basic constructions and isomorphisms of representations.

If V and W are two F[G]-modules, we can construct the tensor product V ®p W, which has a
F[G]-module structure with G acting on both factors. The character of the tensor product V®@pr W
is the product of the characters of V and W.

Now let H be a subgroup of G. Suppose that W is a representation of H over I’ with character
x- From W we can construct a representation of GG called the induced representation:

IndG; W = F[G] Qrim W,
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where F[G] acts by multiplication on the left factor. The character of Ind$ W is written Ind$ x

and is given by
1
G -1
Indf x(0) = 7 E X(t7oT).

T€EG
r—lorecH

The character y is related to its induced character Ind% x by the following theorem.

Theorem A.2.1 (Frobenius Reciprocity). Let H be a subgroup of a finite group G. If x is a
character of H and 0 is a character of G, then

<Indg X 0>G = <X7 0|H>H

If H is a normal subgroup of G, then any G/H-module has a natural G module structure
induced by the projection G — G/H. If y is a character of G/H, then the character of G induced
by this projection is called the inflation and denoted Infl y.

For the next Proposition, recall the notation Hom(—, —) and Homg(—, —) from section 2.

Proposition A.2.2. Let H C G be finite groups. We have the following natural isomorphisms.
e Let V and M be F|G]|-modules of finite dimension over F. Then

V @p M = Hom(V*, M).

o Let W be an F[H|-module and M an F[G]-module. Then

Homg (Ind$ W, M) = Homp (W, M).

e Suppose that H is normal in G. Let V be an F|G/H]-module and M an F[G]-module. Then
Homg (Infl V, M) = Homg,p (V, M™),
where M represents the H-invariants of the G-module M.

In the study of Artin L-functions, one can often reduce questions about general characters to
the case of 1-dimensional characters by applying Brauer’s Theorem:

Theorem A.2.3 (Brauer’s Theorem). Let G be a finite group and x a character of G. There
exist subgroups H; C G and 1-dimensional characters x; of H; such that x can be written

X = an Indgi X

7

with n; € 7.

A.3 Global class field theory

The reader is referred to [8] and [10] for proofs of the theorems of global class field theory which
we state in this section.
Let k be a number field. We define a modulus for k£ to be a formal product

m = [[om®
v
where v ranges over the primes of k, with exponents m(v) satisfying:
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e m(v) is a non-negative integer and m(v) = 0 for all but finitely many v;
e m(v) =0 if v is complex and m(v) = 0 or 1 if v is real.

For a modulus m, we define I} , to be the subgroup of Ij consisting of those fractional ideals
relatively prime to the finite primes dividing m. We define P}, , to be the set of principal fractional
ideals («) in I such that

e if p is a prime ideal with m(p) > 0, then vp(a — 1) > m(p);
e if v is a real prime and m(v) = 1, then a > 0 in the real embedding corresponding to v.

For an element « satisfying the above two conditions, we write & = 1 (mod* m). It is clear that
P k,m C Ik,m-

Let K/k be a finite abelian extension, and let m be a modulus of & divisible by all primes of k
ramifying in K (including the ramified real primes). We define the Artin map

cI)K/k,m: Ik,m — Gal(K/k)

by sending a prime p to the Frobenius element o, and extending multiplicatively. The image
Dk /pm(U) of a fractional ideal i € Iy, under the Artin map is written oy or (U, K/k).

Proposition A.3.1. The Artin map satisfies the following functorial properties:

o Let K/k be abelian, and let o: K — K' be an isomorphism, not necessarily equal to the
identity on k. Then
(ol K'Jok) = o(U, K /k)o ™"

o Let K' D K Dk be a bigger abelian extension. Then
resg (U, K'/k) = (W, K/k),
where resg : Gal(K'/k) — Gal(K/k) is the canonical map.

o Let K/k be abelian and let L/k be finite. Let 3 be a fractional ideal of L such that if q is a
prime ideal of L appearing in the factorization of U, and q lies above the prime p of k, then
p is unramified in K. Then

resi (U, KL/L) = (Np 44, K/k).
In particular, if K D L D k, then

(W, K/L) = (Np 8, K/k).

We now state some of the main theorems of class field theory without proof.

Theorem A.3.2 (Cebotarev Density Theorem). Let K/k be a Galois extension with Galois
group G. Let 0 € G and suppose that o has ¢ conjugates in G. The primes p which are unramified
in K and for which there exists B lying above p with oz = o have a Dirichlet density, and this
density is equal to c/|G].

In this paper we will only use the fact that for a given o, there are infinitely many unramified p
such that o, = o; we will not need the precise statement about Dirichlet density. Note in particular
that the Artin map @/,  is surjective.
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Theorem A.3.3. Let K/k be an abelian extension, and let m be a modulus divisible by all the
primes of k which ramify in K. If the exponents of the finite primes dividing m are sufficiently
large, then

Pk,m C Ker (I)K/k,m C Ik,m' (44)

The modulus m of k is said to be admissible for K /k if it is divisible by the primes of k ramifying
in K and if it satisfies the inclusion (44).

Theorem A.3.4. Let K/k be an abelian extension. There is a modulus f = f(K/k), called the
Artin conductor of the extension, such that:

o The primes dividing § are precisely those which ramify in K.
e A modulus m is admissible if and only if § divides m.

Theorem A.3.5 (Existence Theorem). Let m be a modulus of k, and let H be a subgroup of
Iy, o containing Py, . Then there is a unique abelian extension K of k, all of whose ramified primes
divide m, such that the kernel of the Artin map

(I)K/k,m: Ik,m — Gal(K/k)
1s precisely H.

Theorem A.3.6. Let K and L be abelian extensions of k. Then K C L if and only if there is a
modulus m, divisible by all the primes ramifying in either K or L, such that

Pk’m C Ker((PL/k,m) C Ker(q)K/k,m).

Given a number field £ and a modulus m, the existence theorem constructs a unique abelian
extension kn such that
Pk,m = Ker q)km/k,m‘

The field ky, is called the ray class field modulo m. The ray class field k; corresponding to the
modulus m = 1 is called the Hilbert class field of k. The Hilbert class field H is the maximal
everywhere unramified extension of k. The Artin map gives an isomorphism between the ideal
class group Cl(O) and the Galois group of H/k:

Pp/p1: CUO) = Iy /Py — Gal(H/k).

As an example of the use of these theorems, we prove the following lemma, which will be needed
in proving Stark’s Conjecture St(K/k,S) when |S| = 2 (Proposition 4.3.11).

Lemma A.3.7. If K/k is abelian and unramified at every place except for possibly one archimedean
place v, then it is unramified at v.

Proof. We need only consider real v. We may assume that K is the maximal abelian extension of
k unramified outside of v. Then K is the ray class field modulo the cycle f = v. We want to show
that K = H, the Hilbert class field of k. The Artin map gives an isomorphism

q)K/k,f: Ik/P]Qf — Gal(K/k‘),

and it suffices to show that Py ; = Py 1. It is clear that Pp; C Py 1. Conversely, given o € Py 1,
either & > 0 or —a > 0 in the embedding given by v, so (a) = (—«) € Py5. Thus Pp; = Py 1,
completing the proof. ]
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We now prove two basic propositions which will be used to find the conductor in certain explicit
examples in section 5.

Proposition A.3.8. Suppose that K/k is a finite abelian extension with conductor f and that L/k
is finite. Then the conductor of KL/L divides {Or. Here, if Hp p/®) is the “finite” part of §, then
we define

0, = (Hpﬂm) gl

v wl

where the left product runs over all finite primes p of k, and the right product runs over all real
primes v of k which divide §f and split into real primes w of K.

Proof. We may assume without loss of generality that [K L : L] = [K : k], for if not, we can replace
kE by KN L, and f(K/k) by f(K/K N L). The Galois groups of the extensions K L/L and K /k are
now canonically isomorphic. To prove the proposition, it suffices to show that the modulus fOp is
admissible for KL /L. By Proposition A.3.1, we have a commutative diagram

Nr/k
I 50, ——— I

‘PKL/L,fOLJ/ l‘bk/k,f

resg

Gal(KL/L) "% Gal(K /k)

with the bottom row an isomorphism. If a € L with =1 (mod* fOr), then N ya = 1(mod* ).
Therefore
NL//CPL,](OL C P]af C Ker q)K/k,f

and so
Prjo, CKer®kp /150,

as desired. O

Proposition A.3.9. Let Ki/k and Ky /k be abelian extensions with conductors f1 and f2, respec-
tively. Then K1Ks/k has conductor dividing lem(f1,f2).

Proof. Since the conductor of Kj/k is f1, every principal prime of k generated by an element
1 mod * f; splits completely in K7, and likewise for K5. Since a prime that splits completely in
each of two extensions splits completely in their compositum, the conductor of K;Ks/k divides
lcm(fl, fg) ]

The following proposition is used in stating an equivalence between the Brumer-Stark conjecture
and the abelian Stark conjecture (8.1.7). The proof, which we omit, uses the fact that two finite
extensions K and K’ of k are the same if and only if the set of primes of k which split completely
in K and K’ are the same, up to a set of Dirichlet density zero. The proof of this fact uses the
Cebotarev Density Theorem.

Proposition A.3.10. Let K/k be an abelian extension. Let T be a set of finite primes of k
containing all but finitely many of those which split completely in K. Then the elements of T
generate the ideal class group Cl(Ok) = Ik /Pk.
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A.4 Statements from local class field theory

Throughout this thesis, we have chosen to apply the global theory as opposed to the local theory
when possible. However, there are certain definitions and results from the local theory which we
will require. In this section we state those results; the reader is referred to [19] for the proofs.

Let K/k be a Galois extension, and let x be the character of a representation V of G = Gal(K/k)
over C. Let p be a finite prime of k£ and let 8 be a prime of K lying above p.

Definition A.4.1. For ¢ > 0, the higher ramification group G; = G;(B) is defined to be the
subgroup of elements o € Gsg which act trivially on the quotient O /B The G; are normal
subgroups of G'y, and we have

I;B:GobGlD"',

with G; = {1} for large i. We define

<Gl

This is independent of the choice of B lying above p. Note that f(x,p) = 0 unless p is ramified in
K. It is in fact true that f(x,p) € Z, but this is not obvious. Define the Artin conductor of x by

f(x) = pr(x,p) € I.
p

codim V&,

For our purposes, the Artin conductor will be important because it enters into the functional
equation for the function L(s,x). The following theorem will allow us to compute the conductor
in the specific situations dealt with in this thesis.

Theorem A.4.2. Let p be the characteristic of Or/p. The quotient Go/G1 is isomorphic to a
subgroup of (Or/p)*. The quotients G;/Git1 are direct products of cyclic groups of order p.

As an immediate corollary we find:
Proposition A.4.3. If P is tamely ramified (that is, |Isg| is relatively prime to p), then Iy injects
into the cyclic group (Or/p)* and f(x,p) = codim V¥,
A.5 Finite sets of primes S

Definition A.5.1. Let S be a finite set of places of k containing the archimedean places. Define
the S-integers of k by

Os = ﬂOp:{xek:vp(:c)z()forpQS}
peSs
= T 'O where T = {z € O:vy(z) =0 for p ¢ S}.

The size of the ideal class group Cl(Og) = I(Og)/P(Og) of the Dedekind ring Og will be denoted
hkﬂ.

Remark A.5.2. The prime ideals p of O not contained in S are in bijection with the prime ideals
q of Og via p +— T 'p and q — qN O. If m is the modulus representing the product of the
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finite primes in S, this bijection gives an isomorphism between the group of fractional ideals of O
relatively prime to m and the group of fractional ideals of Og:

I = I(OS)
o T

Under this isomorphism, the subgroup of I(Og) consisting of principal fractional ideals corresponds
to a subgroup P), C Iy. The subgroup P, is the set of all 8 € I, of the form { = 4" - (x), where
i’ is a fractional ideal of O with vy(') =0 for p ¢ S, and (z) is a principal fractional ideal of O.

Proposition A.5.3. Let K/k be an everywhere unramified abelian extension such that all the
elements of S split completely in K. Then [K : k| divides hy,s.

Proof. Letting the notation be as in Remark A.5.2, we see that Cl(Og) is isomorphic to I/ PL.
Since Py C Pl, Theorem A.3.5 yields an abelian extension Hg/k such that the Artin map

g /km: I/ Py — Gal(Hs/k)

is an isomorphism. In particular, [Hg : k] = hy,g, so it suffices to show K C Hg as extensions of
k. Since K/k is unramified, we may define the Artin map ®g/j m: Im — Gal(K/k) and it suffices
to show that Py C ker(®g/ ). But since K is contained in the Hilbert class field H of k, the
Artin map ®g ;1 is trivial on all principal fractional ideals of O. Moreover, the primes in S split
completely in K and hence ® gy, 1 is trivial on these primes. Thus @ 1 is trivial on P, so obviously

D¢/, m s trivial on Py, as desired. O

We conclude this section by defining the regulator Rg which appears in the Dirichlet class
number formula.

Definition A.5.4. The unit theorem (3.3.2) implies that the maximal torsion-free quotient of O%
has rank r = |S| — 1. Let {u,...,u,} be any set of independent units in (Og)fee = O%/(O0%)torss
and pick an arbitrary vg € S. Define

Rs(u,...,u,) = |det(log |u;|y) 1<i<r
veS—{vp}
The product formula shows that Rg({w;}) is independent of the choice of vy. Let (u;) be the
subgroup of (O%)®® generated by the u;, and let {1, ...¢€.} be independent units of (O%)¥* such
that (¢;) C (u;). One can then show from the structure theorem for finitely generated abelian
groups that
Rs(ui,...,uy) = Rg(er, ..., e ) - [(ui) @ {€)].

Therefore, we can define the regulator Rg as the value Rg({u;}) for any basis {u;} of (O%)%°. The
regulator is a positive real number independent of the choice of basis {u;}.

A.6 Abelian L-functions

Notation A.6.1. Let K/k be an abelian extension, and let x be a character of the Galois group
G = Gal(K/k). Let S be a set of primes of k containing the infinite primes and those finite primes
p such that x does not act trivially on the inertia group I,. We can then generalize the Dedekind
zeta-function by defining, for Re(s) > 1,

X\O.
LK/k,S(‘SvX) = Z (1\(11,82
W,8)=1
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The function L/ g can be meromorphically continued to the entire complex plane. We will later
see that Ly 5 satisfies a functional equation.
Define the partial zeta function of K/k associated to o € G as (for Re(s) > 1):

Ckms(s,o) = > (NY)™

U,8)=1

oy =0

The partial zeta-functions can be meromorphically continued to the entire complex plane and are
readily seen to be related to the L-functions by

=Y x(0)¢s(s,0)  and  (o(s,0) = mZx o) Ls (s, X)-

oeG xX€G

The essential analytic input into the proof of Stark’s Conjectures for characters x with r(y) =0
in section 4.1 is:

Theorem A.6.2 (Siegel). If K/k is an abelian extension and o € Gal(K/k), then (5(0,0) is a
rational number.

Siegel’s proof of this theorem can be found in [17], and an alternate proof using the explicit
formulas of Shintani can be found in [16].

Proposition A.6.3. Let K/k be an abelian extension, and let x be a non-trivial irreducible char-
acter of Gal(K/k). Then Lk s(s,x) is analytic in a neighborhood of s = 1, and Ly, s(1,x) # 0.

This proposition is the essential step in Dirichlet’s proof of his theorem on primes in arithmetic
progressions.
A.7 Non-abelian Artin L-functions

Artin was able to generalize the definition of abelian L-functions to non-abelian extensions by
considering the Euler product representation for abelian L-functions:

1
x(op)(Np)~*

Lims(s:x) =[] - (45)

pgS

Recall that S contains the finite primes such that x(I,) # 1, so the expression x (o) is well defined
for p € S, even if p is ramified in K.

Definition A.7.1. Let K/k be an arbitrary Galois extensions, and let G = Gal(K/k). Let V be
a representation of G over C with character y, and let S be any set of primes of k containing the
infinite primes. For each place p € S we choose an arbitrary prime ‘B of K lying above p. The
element oy € G'p/I acts on V1%, We then define, with equation (45) as motivation,

-1

LK/kS S X H det ]. — O'gBNp )‘VI;D) (46)

pESs

for Re(s) > 1. Since the elements oy for the various P lying above a fixed p are conjugate, the
determinant in equation (46) is independent of the choice of B.

Here are some formal properties which the L-function satisfies.
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Proposition A.7.2. Let K/k be Galois with group G, and let S be a set of primes of k containing
the infinite primes. The Artin L-function satisfies:

o if G is abelian, the Artin L-function defined in A.7.1 is equal to the abelian L-function defined
in A.6.1;

e if Y1 and X2 are two characters of G, then
Lgjrs(s,x1+x2) = Lik,s(s,x1) - Li/k,s(s, x2);
e if H is a subgroup of G with fized field F', and x is a character of H, then
L ks(s,Indf X) = Lie/r,5, (5, X);
e if H is a normal subgroup of G with fized field F', and x is a character of G/H, then
Lk,s(s,Inflx) = Lp/is(s, x)-

A.8 The functional equation for Artin L-functions

Let K/k be a Galois extension, and let Sy be the set of infinite primes of k. Let V' be a represen-
tation of G over C with character y. In this section, we give the functional equation for the Artin
L-function

L(s,x) = LK/k,Soo(37X)'

To state the functional equation, we need to complete the L-function by adding local factors at the
archimedean places of k. We define the functions

Tr(s) = 720 (g)

and
Fce(s) =Tr(s)Tr(s+ 1) =2(2m) °T'(s).

If v is a complex place of k, then the local factor L, is defined as
Lv(sa X) = FC(S)'

If v is a real place of k, we choose a place w of K above v and define n, = dim V% and n_ =
codim VE». These constants are independent of the choice of w. We then define the local factor
L, as

Ly(s,x) =Twr(s)"* Tr(s+1)".

Recall the definition of the global Artin conductor

i) = [’ e 1
p

from A.4.1. We can now state the functional equation for L(s, x).
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Theorem A.8.1 (Hecke, Tate, Brauer). Let the notation be as above. Define the completed
L-function

A(s,x) = (IDRINFOO)? - | T] Zols,x) | - L5, 0,
v]oo

where Dy, is the discriminant of k/Q. Then A can be extended to a meromorphic function on the
complex plane satisfying the functional equation

A(1 —s,x) = W(X)A(s,X),

where W(x) is a complex number of absolute value 1. If x = 1g is the trivial character, then
Wi(x) =1.

The number W(x) is called the root number. There are explicit formulas for calculating the
root number in terms of Gauss sums, which can be found in [11]. We do not restate those formulas
here, but we give an example of computing a root number in Proposition 5.2.2.

A.9 Group cohomology

In this section we define Tate cohomology, which will be the main algebraic tool used in the proof
of Stark’s conjectures for rational characters. Fix a finite group G.
For a G-module A, let A9 (resp. Ag) denote the invariants (resp. co-invariants) of G. The
element NG =) geG 9 € Z|G] induces a natural homomorphism of abelian groups
NG: Aq —— AC.
Given a short exact sequence

0 A B C 0

of G-modules, we can connect the corresponding long exact sequences in homology and cohomology
with the homomorphism NG:

- —— H1(G,C) A Ba Ca 0
L e e e
0 AC B¢ G HYG,A) —— ..

From the snake lemma, we can splice the sequences together into one doubly infinite exact
sequence

A — ——
. H(G.C) —— KaNG —— KeaNG —— KeaNG ——
A _— ——

Coker NG —— CokerNGB — CokerNGC — HYG,A) —— ---.
We therefore define the Tate cohomology groups H "(G,A) forr € Z as
"(G,A)=H"(G,A) for r > 1,
0(@, A) = Coker NG,
H (G, A) = Kerlqé,
H(G,A) = H_1_.(G,A) forr<—2.

H
H

With these definitions, we correspond to each short exact sequence of G-modules a doubly infinite
long exact sequence of groups with the functors H" (G, —). This makes H*(G, —) a “doubly infinite”
o-functor from G-modules to abelian groups.
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Lemma A.9.1. Consider an exact sequence of G-modules

0 P-4 B Q 0

such that H"™(G,A) =0 = H"(G,B) for all r € Z. There is a natural isomorphism H'(G, Q) =
H™2(G, P) for allr € Z.

Proof. The given exact sequence can be broken into the two exact sequences

0 —— P A Coker p —— 0,

0 —— Cokergp B Q — 0.

The long exact sequences in cohomology corresponding to these short exact sequences, along with
the assumption H" (G, A) =0 = H" (G, B), give natural isomorphisms

H'(G,Q) = H''(G, Coker ) = H™ (G, P)
for all r € Z. O

Proposition A.9.2. Let A be a finite G-module. Then H"(G,A) has exponent dividing |G| and
|A| for all r € Z.

Proof. Tt is clear that |A| annihilates H"(G, A) for all 7 € Z. Furthermore, if H is any normal
subgroup of GG, then the composition of the co-restriction and restriction maps

H"(G,A) —= H"(H,A) ===, H"(G,A)

is multiplication by [G : H] (see [1]). Applying this with H = {1} gives the desired result. O

A.10 The Herbrand Quotient

In this section, we define the Herbrand quotient and state some of its basic properties. The
Herbrand quotient is an important algebraic invariant entering into the proof of Stark’s conjecture
for rational characters.

Proposition A.10.1. Suppose we have an exact sequence

0 Ay DBy B, B gy By e g0y

with A; and B; finite groups. Then

[T14il =TT 1Bl
=1 =1

Proof. For each ¢ =1,...,n, we have
| Ai | Bil
———— = |Im f;] and = | Im g;|.
| Ker f;] [T fi | Ker g;| | Tm. g4
Furthermore, the exactness of the sequence gives Im f; = Kerg; for i = 1,...,n, Img; = Ker f;11
fori =1,...,n— 1, and |Img,| = |Ker fi| = 1. Combining these equations gives the desired
result. O

93



Proposition A.10.2. Let A be an abelian group and ¢ a homomorphism of A into some other
group. If B is a subgroup of finite index in A, then [Ker ¢: Ker N B| and [p(A) : ¢(B)] are finite
and

[A: B] = [Kery:KeronNB|-[p(A): ¢(B)].

Proof. Consider the composite homomorphism
A —— p(4) —— ©(A)/¢(B).

It is evidently surjective with kernel B + Kery. Thus [A : B + Kery| = [p(A) : ¢(B)]. But
[B + Ker ¢ : B] = [Ker ¢ : Ker ¢ N B], so the result follows. O

Definition A.10.3. If ¢ is any homomorphism of abelian groups with finite kernel and cokernel,

we define the Herbrand quotient

| Coker ¢

Proposition A.10.4. Let ¢1: A — B and ps: B — C be maps of abelian groups with finite kernel
and cokernel. Then @3 o 1 satisfies the same condition and q(v2 o ¢1) = q(¢2)q(p1).

Proof. One easily checks that

[Kergpopi| < [Kergs|-|Ker g
and | Coker o3 0 p1| < |Coker po| - | Coker 1.
More specifically, we have
|Kerpaopa| = |op ! (Kerga)| = |Kergpi] - [p1(A) NKer o
(B : ¢1(4)]
d | Cok = |C: B B): A)l=[C: B
and | Coker o3 0 ¢1| [C = pa(B)][p2(B) : 2 0 91(A)] = [C = 2(B)] Kot pp + Ker g 1 o1 (A)]
by Proposition A.10.2. Combining these equations gives the desired result. O

Proposition A.10.5. Suppose we have two exact sequences connected as in the commutative dia-
gram below:

0 —— Ay As As 0
RN
0 —— B; By B3 0

If any two of the p;’s have finite kernel and cokernel, then so does the third and q(p2) = q(v1)q(p3).

Proof. The snake lemma yields the exact sequence
0 — Ker p; — Ker s — Ker o — Coker o1 — Coker 9 — Coker 3 — 0.

It is clear that if any two of (; have finite kernel and cokernel, then so does the third. Proposi-
tion A.10.1 now gives the desired result. O
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A.11 Basic field theory

We now state some results from basic field theory which are needed in the proof of the equivalence
of two different formulations of the non-abelian Stark conjecture.

Proposition A.11.1. Let F' be a countable subfield of an uncountable algebraically closed field C,
and let a: F — C be any field map. Then there is an automorphism of C taking the original
embedding F C C to «.

Proof. Let {x;}ier and {y;} es be transcendence bases for C' over F' and a(F'), respectively. Since
F' is countable, there must exist a bijection a between I and J. The maps a and z; — y,(;) give
an isomorphism §: F({z;}) — (a(F))({y;}). We have reduced to showing that any two algebraic
closures of a field are isomorphic. This follows from Zorn’s Lemma and field theory. O

Remark A.11.2. Proposition A.11.1 is false without a restriction on the cardinality of F', since
a(F') might not equal F.

Proposition A.11.3. Let F' be a subfield of an algebraically closed field C of characteristic zero.
Let G C Aut C be the group of automorphisms of C fixing F'. The subfield of C fized by G is F.

Proof. Given an element x € C'— F', we must produce an automorphism ¢ € G such that z% # z.
If = is not algebraic over F', then there is an automorphism of F'(x) fixing F' which sends = to x + 1.
Choosing a transcendence basis for C' over F(x) and using the “uniqueness” of algebraic closures,
this can be extended to an automorphism of C. If x is algebraic over F', then let K be the normal
closure of F'(z) over F. By our characteristic zero assumption and basic Galois theory, there is an
automorphism ¢’ € Gal(K/F) which does not fix z. Arguing as in the previous case, we can lift
this to the desired ¢ € G. O

A.12 Galois descent and Schur indices

In this section, we analyze questions of realizability of given characters over certain fields. We
consider a field F' of characteristic zero with an algebraic closure C'. Let G be a finite group.

Suppose L/F is a finite Galois extension with Galois group I', and W is an L[G]-module. By
a semi-linear I'-action on W we mean a (left) action of I" on W which commutes with the action
of G and such that y(lw) = y()y(w) for vy € I, I € L, and w € W. Let W be the category of
L[G]-modules with a semi-linear I" action (these form a category in an obvious way) and let V be
the category of F|[G]-modules. of G over F. For any W € W, consider the F-subspace invariant
under I':

W' ={we W :~(w)=w for all y € T'}.

Clearly W is an F[G]-module. Conversely, given V € V, we can extend scalars to produce the L[G]-
module V ®p L, with G acting by its action on V' on the first factor and L acting by multiplication
on the second factor. Furthermore, we can give V ®p L a semi-linear I'-action on by acting on the
second factor.

Proposition A.12.1. There is an equivalence of categories W «—— V given by

W o— Wt
VpL «— V.

Furthermore, this equivalence is compatible with formation of the character of a representation.
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Proof. Let V € V and consider the map ¢: V — (V ®p L)' given by v + v ® 1. This is clearly
an injective homomorphism of F'[G]-modules. To show surjectivity, let {vi,...,v,} be a basis for
V over F. Any element w € V ®p L can be written uniquely as Z:ll v; ® l; with [; € L, and
w € (V @p L)' implies that Y v; ® l; = Y v; ® v(I;) for all v € T. Hence l; € L' = F, so that
w= (3 lLiv;) ®1 is in the image of ¢. Thus V = (V ®@p L)' as desired.

Conversely, consider W € W, and define a linear map ¢: Wl @p L — W by w ® | — lw.
This is clearly a homomorphism of semi-linear L[G]-modules. First we check the injectivity of this
map. Let I' = {o1,...,0,} and let {o1(z),...,0,(z)} be a normal basis for L over F, for some
x € L (see [9]). Any v € W' @p L can be written in a unique way as v = > i_1 v ® oj(x) with
vj € WY If ¢(v) = 0, then Y. oj(x)v; = 0in W. Applying o; to this equation for any o; € I' we
obtain the matrix equation A7 = 0, where A is the n x n matrix whose (4, j) entry is 0;0;(x) and
vV = (v1,...,vn)t is a column vector in W". The proof of the normal basis theorem shows that A
is invertible, so in fact 7/ = 0, implying that v = 0.

For the surjectivity of ¢, consider an arbitrary w € W and create the column vector w =
(o1 (w),...,o0(w))t € W™ Define 7 = (v1,...,v,)" € W" by the matrix equation A7 = w. This
matrix equation is equivalent to

Z ooj(x)v; = o(w) (47)

for all o € I'. In particular, ) o;(z)v; = w.
Since A is invertible, the equation (47) admits a unique solution for each o € I'. Applying any
v €T to (47) and relabeling 7 = yo yields

Y Toj(@)(y) = T(w)
j=1

for all 7 € I'. In other words, the vector v(7') = (y(v4),...,7(vn))! satisfies the equation defining
7, so by uniqueness each v; lies in W and ¢ (3" v; ® 0(2)) = w, demonstrating the surjectivity
of ¢. Therefore ¢ is an isomorphism between the semi-linear L[G]-modules W' ®p L and W.

The fact that corresponding representations have equal characters follows from the fact that
extending scalars does not change the trace of an endomorphism. O

Corollary A.12.2. Let W be a representation of G over L with character 8. There exists an
F[G]-module, unique up to non-canonical isomorphism, with character 1p = Trr/p 0

Proof. For o € T, write W7 for the representation W ®p, ;-1 L of G over L Then it is clear that
W has character Xail, so ¢ is the character of the representation
W= we.
el
By Proposition A.12.1, it suffices to demonstrate that W’ has a semi-linear I'-action. We denote
by [vs ® 1], the element of W’ whose coordinate in the W7-entry is v, ® 1. For v € T', we define
Yve ® 1]5 = [vgy ® 1]5. Note that this gives a left action of I" on W’. We check
Vo @ 1)) = 7o @16 =7[(o(l)vs) ® 1]5
= [(e7(Dvoy) ® 1o = [Voy @ ¥(D)]o
= Y(D[vey ® e = v(D)7V[ve @ 1,

Furthermore, the action of v clearly commutes with that of G, so we have a semi-linear action as
desired. O
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We now employ the theory of Schur indices (see [18]) which will enable us to demonstrate the
realizability of certain representations over Q. This will be used in reducing the proof of Stark’s
non-abelian conjecture for rational characters to characters of the form Try,q x, where x is a
character of an L[G]-module (section 9.3).

Let the irreducible representations of G over F' be V; with characters 8;. Then D; = End F[G) Vi
is a division ring, and its degree over its center E; is a square, mf The integer m; is called the
Schur index of 6; over F.

Lemma A.12.3. [18, Chapter 12.2, Proposition 35] The characters 6;/m; form a Z-basis for the
space of virtual characters of G over C' with values in F.

Theorem A.12.4. Let 6 be the character of an irreducible representation of G over C. Then there
is an irreducible representation of G over F(0) with character ' = mf, where m is the Schur index
of 0" over F(0). Furthermore, ¢ = Trrg)/ F 0’ is the character of an irreducible representation W of
G over F. Finally, D = Endpig) W is a division algebra with center E = F(0) and [D : E] = m?.

Proof. Let the irreducible representations of G over F(0) be V;, with character 6;. Let D;, F;,
and m; be defined as above for V; over F (). By Lemma A.12.3, we see that 6 can be written as
0 = > d;0;/m;, where the d; are integers. By the irreducibility of # over C, we obtain

2

1=(0,0) =) %@,@.

Now
(0:,0;) = [D; : F(0)] = [D; : E][E;i : F(0)] = m?[E, : F(9)].

Hence we obtain
1=Y d[E;: F(0)).

Therefore, all but one of the d;’s are zero, and for exactly one iy we have d?o =1 and E;, = F(0).
We then have, for m = m,,, the equation mé = d;,0;,. Evaluating at 1 € G shows d;, > 0, do
d;, = 1. This proves the first part of the theorem.

Since F(6;,) = F(0), we deduce in particular that 6;, has Schur index 1 over F(f). Fix an
F(6)[G]-module V' with character 6;,, so V is irreducible over F'(#) and

Z(Endpg)q)(V)) = F(0), (48)

where Z(—) denotes the center of a ring.
If I' = Gal(F'(0)/F), we can consider the traces ¢ = Trpg)/p 0 and ¢ = Trp)/p 0;, so

md):gp:ZHZO.

vyel

This character is realizable over F' by Corollary A.12.2 (note F(0;,) = F(0)); that is, ¢ is the
character of a F[G]-module W. We claim that W is actually an irreducible representation over F.
For suppose W = W; @ Ws is a decomposition of W into a direct sum of F[G]-submodules. We
have
(W1 @r F(0)) ® (Wa@p F(0)) =W @p F(0) = @V".
oel

One of the factors in the direct sum on the left, say the first, contains a subspace isomorphic to
V. But since Wi ®p F(6) is stable under the action of I', we see that this factor contains a copy
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of each V7. Furthermore, no o # 1 € I' can satisfy 0F = 0;,, or else o fixes F'(6;,) = F(). Thus,
for o # ~, V7 22 V7. We conclude that @ . V7 = Wi ®@F F(0), so Wo @ F(0) = 0 and hence
Ws = 0. Thus W is indeed an irreducible representation over F'.

Let D be the division algebra Endpig W. It remains to show that its center F is F-isomorphic
to F(#) and that [D : E] = m2. To see this, we will construct an isomorphism of right F(6)-algebras

E®p F(0) = F(0) @ F(0). (49)
Note that this implies that E and F(6) have the same degree over F. Furthermore, such an
isomorphism defines a map over F' E — F () by the composition of maps shown below:

e—e®1
S

E E®p F(0) —— F(0) op F(0) 2222 F(p)

Since this is a map of fields of the same degree over F', it is an isomorphism.
To construct (49), note that

E®pFO) = Z(D®pF(0))
A (EndF(g)[G}(W ®F F(@)))

Z (Endp(g)[g] (@ V")) :
oel

We have seen that the V7 are distinct irreducible representations of G over F'(), so by (48) we
find

I

E®p F(0) = @ Z(Endpe)e V) = P F(0)°, (50)
oel’ oel’

where F(6)° denotes the extension field o~': F(0) — F(#) of F(0). By Galois theory, the right
side of (50) is F'(f)-isomorphic to F'(§) @ F(0) (using the right structure). Finally,

[D: F] = (p,0) =m*(, ) =m®> »_ (6°,07).

oyel

For each o, (07,07) = (A,6) = 1. By the same argument as applied to 6;, before, we have 07 # 67
for o # v, so (67,07) = 0 by irreducibility. Hence [D : F| = m?[F(0) : F], giving [D : E] = m?. O
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B Specifics of the numerical confirmation

B.1 Basic propositions about the I'-function

Proposition B.1.1. T'(2) has no zeroes and only has poles at non-positive integers. Furthermore,
if 7 is an integer j > 0, then the Laurent series at —j is given by

re) = CF (v -+

where H; =1+ % + -+ % and v = 0.577... is Euler’s constant.

Proposition B.1.2. Let j be even and j > 0. Then

L—J\ _ vA(=12(/2)2
F( 2 )_ J! '

B.2 The integrals F(t) and G(t)

Proposition B.2.1. For any integer J > 0, we have

J J
3y
ﬂﬂ:xﬁcz—mzmm>523ﬁ+§:%@
j=2 even j=1 odd
1 —J—1+tico 1
o ’ fﬂ@r(*w>d?
271 —J—L—ico 2 z
with
REDIAG2 —
9; = -
( )'t]j‘j
2
hj = <2logt+ 5 +2H; + H(j,l)/g — 3’)/) .

where H; =1+ % + -+ % and v = 0.577... is Euler’s constant.

Proof. At z =0, we have the Laurent expansions:

T 1
(2) 7_1+
z z
1
F< ;z> = Jr-— Xiw+akgm
t* = 14+ (logt)z+---,

so the residue at zero is

3
Nz <—; —log2+logt) )
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Now consider the residue at z = —j for j > 0 even. In this case only the I'(z) factor has a pole,
and it is a simple pole. Hence the residue is

fﬂ1F<1—;> L1 RGN RN (G2 — 1!

4! 2 ) =i Hjly 4! 512
Finally, consider z = —j for j > 0 odd. We have the Laurent expansions:
1 1
r = —— [ — 4 (H;—~)---
@ = 5 (@)
1+2 (-=1)U-D/2 7 2
F< 5 ) = o T Hanz =) o

()
2 = tI(1+ (logt)(z+j)+-)
1o _,Q+;u+ﬂ+~)-

Hence we have the residue
(—1)-1/2 2
TN <2 logt + = + (Hj-1y/o — ) +2(H; - 7)) :
(u)ltjjlj J

IS
S

This proves the proposition. ]

Proposition B.2.2.

J J —J—1tico
1 2 . 1+2Y\ dz
Git) = (t=vm)+ > fi+ > g;-h;-+2m./ . tF(z)F< 5 >z_1
j=2 even j=1 odd —J—g—io0
with

o AL/ - i
’ tj(j+1) G-

/ (-1)b-
g. =
(B )'t3(3+1)

2

h;- = (210gt+j+1+2Hj+H(j_1)/2—3’y>.

Proof. The residue at z = 1 is tI'(1)2 = ¢, and the residue at z = 0 is —['(1/2) = —/7. At 2 = —j
for j > 0 even, only the I'(s) term has a pole, and this pole is simple. Thus the residue is

fqlr<1—j> L1 RPN a1 - i
7! 2 ) —j-1 G+ 7! a G+ -
At z = —j for j > 0 odd, we have the Laurent expansions
1 1
T - __ H:—~)---
@ = (s w--)
142 (—1)U- 1/2< 2 >
r = H.._ —
< 9 > <u>‘ z—i—j+( G-n/2 =)+
5 !
t* = t7(1+ (logt)(z+j) + )
1 1 1
21 ]—i—l( M >
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Hence we have the residue

D 2logt 72 H 29H:
<]~71> : (“los +j+1+( G-n/2 =) +2(H; =) ).

o) (i +1)!
O
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