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ABSTRACT

We compute the p-adic L-functions of evil Eisenstein series, showing that they factor
as products of two Kubota—Leopoldt p-adic L-functions times a logarithmic term. This
proves in particular a conjecture of Glenn Stevens.

Contents
1 Introduction 2
2 Partial modular symbols 10
2.1 Hecke operators . . . . . . . . . ... 10
2.2 Definition of partial modular symbols . . . . ... ... ... 11
2.3 Comparison between partial and full modular symbols . . . . . ... .. 12
2.4 Cohomological interpretation . . . . . ... ... ... ... ... .. .. 12
2.5 Classical partial modular symbols . . . . . . ... ... ... ... 13
2.6 The boundary symbol associated to an Eisenstein series . . . . . . . .. 15
2.7 Boundary symbols in raised level . . . . . . ... oo 16
3 [Eisenstein series and their non-boundary modular symbols 19
3.1 Notations . . . . . . . . . . e e 19
3.2 (C-cuspidal modular forms and their symbols . . . . . . ... ... ... 19
3.3 (C-cuspidal Eisenstein series . . . . . . . . . ... ... ... ....... 21
4 Overconvergent partial modular symbols 22
4.1 Modules of distributions . . . . . . ... ..o 22
4.2 Spaces of overconvergent partial modular symbols. . . . . . . .. .. .. 23
4.3 The p-adic L-function of an overconvergent partial modular symbol . . . 23
4.4 The eigencurves of partial modular symbols . . . . . .. ... ... ... 24
5 Overconvergent boundary modular symbols 26
5.1 Properties of overconvergent boundary modular symbols . . . . . . . .. 27
5.2 A basis of the space of ordinary overconvergent boundary modular symbols 29
5.3 Proof of the —e(f)-part of Theorem 1.1 . . . . .. ... ... ... ... 30
6 Families of p-adic L-functions of Eisenstein series: proof of the main
theorem in the normal case 31
6.1 The p-adic L-functions of an ordinary Fisenstein series . . . . . . . . .. 31

2010 Mathematics Subject Classification 11F67
Keywords: p-adic L-functions, modular symbols, Eisenstein series

We thank Glenn Stevens (whose beautiful conjecture was the original motivation for this article) and Robert
Pollack for many useful conversations, encouragement, and access to several of their papers before they were
published. We also thank Henri Darmon who fostered this collaboration, and the anonymous referee for his careful
reading and his suggestion regarding indecent Eisenstein series (cf. Remark 1.7). Joél Bellaiche was partially
supported by NSF grants DMS 0801205 and DMS 1101615, as well as the 2010-2011 centennial fellowship from
the American Mathematical Society. Samit Dasgupta was partially supported by NSF grants DMS 0900924 and
DMS 0952251 (CAREER), as well as a fellowship from the Sloan Foundation.



JOEL BELLAICHE AND SAMIT DASGUPTA

6.2 A family of partial modular symbols . . . . . .. .. ... ... ... .. 33
6.3 End of the proof in the normal case . . . . ... ... ... .. ..... 35
7 Proof of the main theorem in the exceptional case 38
References 41

1. Introduction

The aim of this paper is to compute the p-adic L-functions of evil Eisenstein series (also known
as critical Eisenstein series). Before stating our result, let us recall how this p-adic L-function is
defined.

Let f be a modular newform of level I'; (V) and weight k42, with & > 0 an integer. Let p be a
prime not dividing N, and let a and /3 be the roots of the Hecke polynomial X2 — apX—l—f—:(p)pkH,
where ¢ is the nebentypus of f and a, is the T)-eigenvalue of f. To attach a p-adic L-function
to f, one needs to first choose one of its p-refinements f, or fg. These are forms on

[':=T1(N)NTo(p)
defined by

fa(z) = f(2) = Bf(p2),
f3(2) = f(2) — af(pz),

satisfying Upfo = afa, Upfs = Bfs. Choosing one of those two refinements, say fgz, the p-adic
L-function of fg is traditionally an analytic function L(fg,o) where the variable o runs among
continuous characters Z,, — C;. Already early in the theory, it was observed that the salient p-
adic object that one attaches to fs is a p-adic distribution i, on Zj, from which we can retrieve
the p-adic L-function by Ly(fg,0) = pi,(0). Here it is understood that o is viewed as a function
on Zjy by extending the character o by 0 on pZ,. Note that the p-adic L-function determines the
restriction of the distribution wuys, to Z;, but ignores the distribution on pZ,. Also, it is useful
to treat separately the even and odd parts ,u,]TB and MJTB of the distribution py,. Each of them
determines the values of the p-adic L-function on half of the characters (the even ones and the
odd ones, respectively).

If ord,(B) < k + 1, we are in the so-called non-critical case, and the p-adic L-function of fg
was defined in the 1970s by the work of Mazur and Swinnerton-Dyer, Manin, Visik, and Amice-
Vélu (see e.g. [MTTS86]) by interpolation of the special values of the corresponding Archimedean
L-function. To be precise, if y is a Dirichlet character of conductor p™ with n > 0, and j is an

integer in the range 0 < j < k, then the p-adic L-function satisfies
pn(jJrl)j!
B (=2mi)iG(x 1)y

Ly(f3,x7") = L(f,x~hi+1). (1)
(See [MTTS86, Proposition of §14].) Here G(x 1) is the usual Gauss sum, while Q;{ and Q7 are
Shimura periods chosen to ensure that the right side of (1) is algebraic; in (1), the plus/minus
sign is determined by x(—1) = £1.

This definition does not apply in the critical case, i.e. when ord,(3) = k + 1. More recently,
Pollack and Stevens provided a definition of L,(f3, o) when ord,(8) = k+1 but fz is not in the
image the operator 6y, the so-called non-6-critical case (see [PS13]). Here 6, is the map from
overconvergent modular forms of weight —k to overconvergent modular forms of weight k+2 that

acts as (qd%)k+1 on g-expansions. An evil Eisenstein series is f-critical, so the Pollack—Stevens
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definition does not apply. Therefore, we use the definition of L,(fs,o) given in [Bell2] by the
first-named author of this paper. This definition extends the Pollack—Stevens construction as
follows.

One uses Stevens’ notion of overconvergent modular symbols: these are group homomorphisms
from the abelian group A of divisors of degree 0 on the set P1(Q) to the space of p-adic
distributions over Z,, which satisfy a special I'-covariance condition depending on the chosen
weight k. The space of such overconvergent modular symbols is denoted Symbp(Dy) and is
endowed with an action of the traditional Hecke operators, and also an involution ¢ that commutes
with the Hecke operators. We denote by SymbZ (Dy)[fs] the common eigenspace in Symbr(Dy,)
for the Hecke operators with the same eigenvalues as fg and for + with eigenvalue £1. The main
result of [Bel12] is that, under a mild technical condition on f, called decency, Symbi (Dy)|fs]
has dimension 1. We can thus, if f is decent, choose generators @;{B and @;ﬁ of these spaces,

and define the distributions u}; and yiy as the images of the divisor {oo} — {0} under @}Lﬂ and
<I>JIB. We then define the p-adic L-function by the usual Mellin transform: L,(fg, o) = ,ujfﬁ (o),
where the sign =+ is chosen to be o(—1). Note that since the symbols @Jfﬂ and o are defined
up to multiplication by a non-zero p-adic number, there is the same indeterminacy in the p-adic

L-function; the restriction of L,(fs,0) to the space of even characters, and to the space of odd
characters, are each defined up to multiplication by a non-zero p-adic number.

Let us now turn to the case where f is a new Eisenstein series of weight k + 2 and level M.
The complete list of such Eisenstein series is easily given: there are the normal ones:

Briopr(q) =co+ Y end"

n>1
with
o =Y W(n/d)r(d)d"
dln
for n > 1, and
0 if @Q>1,
Co = Biior
sL(r—k-1)=—53t%5 Q=1

Here ¢ and 7 are primitive Dirichlet characters of conductor ) and R respectively, such that
QR = M, ¢y7(—1) = (—=1)*, and if v = 7 = 1, then k # 0. The latter condition corresponds
to the well-known fact that holomorphic F9 does not exist. Because of this fact, there are also,
when M =/ is prime, a few exceptional new Eisenstein series

{—1 )
E2,E = T + qun, with Cp = deJrl.
n=1 d|n
od
To each new Eisenstein series f as above is attached a sign €(f) = £1, defined as the eigenvalue
for the t-involution of the unique (up to scalars) classical modular symbol in Symbp, (yp) (Ve)[f]-
(See Section 2 for precise definitions; here Vy is the dual of the space of polynomials of degree
at most k.) One shows (Proposition 2.9) that e(f) = ¢(—1) if f = Ej42.4,- and €(f) =1 in the
exceptional cases.

If f is a new Eisenstein series as above, and p { M, then the two roots o and g are ¥ (p)
and 7(p)p*t! (resp. 1 and pFT! in the exceptional case). The form f, is ordinary, whereas the
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form fg is critical. The interpolation formula (1) and the well-known factorization of the classical

L-function of f allows one to easily calculate the p-adic L-function of the ordinary p-stabilization

fa in terms of the Kubota-Leopoldt p-adic L-functions associated to the characters v and 7:
0 if o(—1) = €(f)

Erlfe ) = {(;2(25)0_1(@)[/19(1/’7‘72)[/19(77 0z7%) if o(—1) = —¢(f)

in the normal case f = Ej42 4 -, and

(2)

0 if o(—1) =1
L1 =071 (0)¢(02)Gp(0) i o(—1) = —1

in the exceptional case f = Es . Here the Kubota-Leopoldt p-adic L-function L,(%, o) is defined
by interpolation of classical values (see equations (44)—(45) in the proof of Proposition 6.1 for
the precise interpolation formula). We have chosen the periods ij = —2mi. A proof of (2) is
given in Proposition 6.1, and (3) is similar.

Ly(far0) = { (3)

Our main result is a similar formula for the critical p-stabilization fgz, when its p-adic L-
function is defined, i.e. when f is decent. For a new Eisenstein series, f is decent unless f is a
normal Eisenstein series of the form Fj, , and there exists a prime ¢ dividing with the same
order v > 0 both the conductors ) and R, and such that the restriction of ¢ and 7 to (Z/¢(*7Z)*
are equal. In the rest of this article, we will always assume that our Eisenstein series f is decent

(cf. Remark 1.7 for a brief discussion of the indecent case).

To state our result, we recall from [Belll] the analytic function logl[)k], defined as follows. Let

o denote a continuous character Z;; — C;. The function

ta
dzk o(z)

is constant on Zy; we define log,[)k] (0) € Cp, to be this constant. An equivalent definition for log,[f]

. 1 o(1+
is logl’ (0)) = w(0)(w(o) —1)... (w(o) — k + 1) where w(o) = %

log][)k} vanishes precisely (to order 1) at the characters o of the form z +— 27(z), where x is finite

order and j is an integer such that 0 < j <k — 1.

. The analytic function

THEOREM 1.1. Let f be a new Eisenstein series of level M and p a prime not dividing M. Let
fs be the critical slope refinement of f. We have

Ly(fg,0) =0 ifo(=1) = —€(f). (4)
In the normal case f = Ej2y 7, we have
Ly(fs,0) = o~ (R)log) 1 (0) Ly(vh, 02) Ly(r,027%) if o(=1) = e(f). (5)
In the exceptional case f = Ey ¢, ¢ prime, we have
Ly(f5,0) = log)l(0)(1 = o7 (£))Gp(02)Gp(0)  ifo(=1) = 1. (6)

Note that equations (5) and (6) are to be interpreted as equalities up to multiplication by
a non-zero p-adic number, since their left hand sides are defined only up to multiplication by a
non-zero p-adic number. However, see Remark 1.6 below.

REMARK 1.2. The —e(f)-part of the theorem is relatively easy. The proof is given in Proposi-
tion 5.9. The e(f)-part is much harder. The proof is given at the end of the paper.
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Let x denote a Dirichlet character of p-power conductor with x(—1) = €(f). It is customary to
write p-adic L-functions in terms of a variable s € Z, instead of the variable o, writing L, (f3, x, 5)
for what we call Ly (fg, x(2)%).! Here (2) := z/w(z) is the component in 1 + pZ, (or 1 + 4Z, if
p=2)of z € Zy, and w denotes the Teichmiiller character. Similarly, the Kubota-Leopoldt
p-adic L-function is often written as a function of s € Z, via:

Ly(vx 'w, s) if vx~!is odd
1

Lp(v, x(2)°) = {

L,(v1x,1—s) ifvxy !iseven

for any Dirichlet character x of p-power conductor.
With this notation equation (5) becomes (for f = Ej424 - and x(—1) =9 (-1))

Ly(f5,x:8) = X (R)(R)®s(s = 1)+ (s = k) Lp(¥x ', s + DLyt xw ™™, 1 = s+ k).
Equation (6) becomes (for f = Es g, £ prime)
Lp(fa;8) = s(1 = (0)"*)Gp(s + 1)¢p(1 — s). (7)

In the case p = 3, £ = 11, formula (7) was conjectured by Glenn Stevens based on numerical
computations that he carried out with Vincent Pasol using software written by Robert Pollack

[St2].

REMARK 1.3. In current work, Ander Steele and Glenn Stevens have taken a different approach
towards Theorem 1.1 ([SS]). In his thesis, Kalin Kostadinov constructed a p-adic family of mod-
ular symbols for I'g(11) and p = 3 valued in a space of distributions “with rational poles,”
and showed that the appropriate specialization of this family yields the formula for the p-adic
L-function conjectured by Pasol-Stevens [Kol0]. The work of Steele and Stevens generalizes
Kostadinov’s result using the Shintani cocycle for GL2(Q) to construct families of modular sym-
bols valued in distributions with poles; they show that this cocycle specializes to the p-adic
L-function of any evil Eisenstein series.

REMARK 1.4. Let us indicate some future arithmetic applications of the result of this paper.

A natural question is whether the main conjecture holds for evil Eisenstein series. A statement
of the main conjecture in a setting sufficiently general to contain the case of evil Eisenstein series
was first given by Perrin-Riou, and then recently reformulated in terms of (¢,I')-modules by
Pottharst. Thus, by their work, one disposes of an algebraic p-adic L-function of an evil Eisenstein
series. This paper computes a formula for the analytic p-adic L-function of an evil Eisenstein
series. The main conjecture is the assertion that the two are equal. This conjecture is proved
in a work in preparation by Yurong Zhang, who has computed, using Pottharst’s definition and
computations of cohomology of (¢,T')-modules, a formula for the algebraic p-adic L-function
which matches exactly ours.

Once the main conjecture for evil Eisenstein series is proved, a possible application could be
to propagate the main conjecture to classical points on the eigencurve sufficiently close to evil
Eisenstein points (or perhaps, to all the classical points on the irreducible components through
them), in the spirit of [EPWO06]. Those points correspond in general to cuspidal non-CM forms
with a non-ordinary (but non-critical either) refinement, and the main conjecture for those forms
is not known.

'Here we have chosen the convention of [MTTS6]. Note that [GS93] and other works of Stevens use the convention
Lo(fs,%x,8) = Lp(fs, x{2)*™') exacted by the change of variable s ++ s — 1.
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Another application in the same spirit would use the easy part of our theorem, that is,
the identical vanishing of our p-adic L-function on half of the weight space, to deduce some
information about the p-invariant of ordinary modular forms. This application is an idea of R.
Pollack and a joint work in progress with him.

REMARK 1.5. An important open question about the Eisenstein series fg is whether there exist
non-classical overconvergent modular forms that are generalized Hecke eigenvectors with the
same eigenvalues as fg. If we call e the dimension of the space of such forms (classical or not),
the question is whether e = 1. When f = Ej2 4 -, the following assertions are equivalent.

(a) We have e = 1.

(b) In the category of p-adic Gg-representations, the unique non-split extension of ¢ by 7(k+1)
that has good reduction everywhere in the sense of Bloch—-Kato is non-split at p; that is,
the restriction map

Hi Q¢ '1(k+1)) = Hp(Qp, o '7(k + 1))
is injective (hence an isomorphism, since both the source and the target have dimension 1).
(c) We have L,(v~1r, 2F+1) #£ 0.

The equivalence is proved in [BC06] in the case 7 = ¢ = 1. The general case can be proved
similarly, using [Bell2]. It is conjectured that these properties always hold; in fact, (b) is a
consequence of Jannsen’s conjecture ([Jan87]), cf. [Bell09, Prediction 5.1]. It is widely expected
that a proof of such a result would require some progress in transcendence theory (e.g. a suitable
generalization of Baker’s results on independence of logarithms, as adapted by Brumer to the
p-adic setting, to the case of polylogarithms).

It is proved in [Bell2] that if e > 2, then L,(fs,0) vanishes at every interpolation character
o, i.e. characters of the form yz’/ with x a finite-order character and j an integer 0 < j < k. An
example is given to show that this does not necessarily hold when e = 1.

Let us check that this result is compatible with Theorem 1.1 in the case of a normal Eisenstein
series with v = 7 = 1, so k is even and k > 2 (other cases are similar). Observe that the
factor log}[,kﬂ] (o) has a simple zero at every interpolation character and no other zeroes. So the
only interpolation characters o for which L,(fs, o) may possibly not vanish are the poles of
Ly(¥,02) = (p(0z) and Ly(t,027%) = (,(627%). The p-adic zeta function (,(c) has (simple)
poles precisely at the characters o(z) = 1 and o(z) = 2. Since we are interested in characters o
such that o(—1) = 1, the only pole of the second factor (,(c27%) is o = z*. For this o, the other
term in our factorization formula for L,(f, o) is (p(0z) = (,(z**1), which by the equivalence
between (a) and (c) vanishes if and only if e # 1. Therefore, we find that L,(fs, 2*) is non-zero
if and only if e = 1. A similar analysis holds for the pole of the first factor (,(cz) at o = 1, using
the functional equation of the p-adic zeta function. Our factorization formula therefore conforms
with the result proved in [Bell2] and mentioned in the previous paragraph. Unfortunately, but
not surprisingly, we cannot prove independently that Ly (f3, 2F) # 0 and therefore conclude the
Leopoldt-like conjecture (a) (equivalently, (b) and (c)).

Also, note that in the exceptional case f = Fj g, one always has e = 1. This follows from (6),
which shows that L,(fg, o) does not vanish when o is the trivial character.

REMARK 1.6. With the notation of the preceding remark, assume e = 1. Then it is possible to

reduce the indeterminacy of the modular symbol @;;f ), hence of the p-adic L-function L, (fg,0).
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Actually, e = 1 is equivalent to the fact that the map
pi + Symby ! (Dy) [ f5] = Symbr (Vi) [5]

is an isomorphism. Here, py is induced by the restriction map (i.e. pg sends a distribution to the
linear form it induces on polynomials of degree at most k). One can then pick an element ¢ fs 0

Symbr (V) and ask that pk(q);(ﬁf )) = ¢f,, which reduces the indeterminacy on CI’}(Bf ) to whatever
indeterminacy we have in our choice of ¢f,. We shall consider two ways to normalize ¢y, .

The first normalization, a la Pollack—Stevens, is the one used in [PS13] in the cuspidal critical
slope case: if L is a finite extension of @, on which ¢y, is defined, and if Oy, is its ring of integers,

we normalize ¢y, to be a generator of the free Or-module of rank 1 Symbp(Vi(OL))[fs]. This

determines ¢y,, hence @;(Bf ) and Ly(fs,0), up to multiplication by an element of OF instead

of L*. In particular, p-adic orders of the value of L, are well-defined. One can then ask for an
integral version of (5), which would hold up to a unit in Or. We shall content ourselves with the
case f = Ejy911 for an even k > 2. In this case, assuming p # 2,

k—1

_ p
Gk + 1R
where L,(f3,0) is normalized & la Pollack-Stevens, and = here means equality up to a unit in
Or. Note that (,(k + 1) # 0 since we have assumed e = 1. To prove equation (8), it suffices to
evaluate both sides of (5) at the character o(z) = z*. For the LHS one uses [Bell2, Example
4.10], and for the RHS one uses the well-known residue of ¢, at the character o = z (cf. [Co00]).
It is also possible to prove a formula in the general case using a similar method; we leave this to
the interested reader.

Ly(fp,0) log) ™ (0)¢p(027*) G (02), (8)

The second normalization is the one used by Stevens in the case f = E, when ¢ = 11 and
p = 3. It can be used for the exceptional Eisenstein series Ey, without restriction on ¢ and p
(since e = 1 in the exceptional case). One simply requires ¢, ({co} —{0}) = 1, which determines
by, hence @?B and L(fg, o), uniquely. One then has

p—1 _
Ly(fg,8) = ———<5(1 — () ) (p(s + 1) (1 — s). 9
8) = o= (070G (64 161 -9 )
Here = means a genuine equality, and we say that L,(fs,s) is normalized a la Stevens. The
reader may check that if p = 3, £ = 11, one obtains the precise formula conjectured by Stevens
in [St2].

We now give some indications about the proof of Theorem 1.1. The basic difficulty in com-
puting the p-adic L-function of a modular form of critical slope is that the interpolation property
does not suffice to characterize the p-adic L-function, in contrast to the case of non-critical slope
(in particular ordinary) modular forms. The basic strategy to overcome this difficulty is the same
as the one used in the CM case in [Belll]: there is an injective map

O : Symbp(D_g_) — Symbrp(Dy)

induced by the (k + 1)st derivative on distributions, which serves as a close analog of the afore-
mentioned map 6 on overconvergent modular forms. The map O commutes with the action
of the Hecke operators and the ¢ involution, up to a simple twist (7y and Uy are multiplied by
0F+1 L by (—1)Ft1). The basic strategy is to find an eigenvector ®_5_j in Symbp(D_s_;) whose
eigenvalues are such that the eigenvalues of ©p®_5_ ;. are those of @?ﬁ. By uniqueness, we would
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know that O, P_o_; = <I>Jj55 up to a scalar, and from this it is easy to deduce a relation between

the p-adic L-function of @J{; (the very object we are trying to compute) and the one of ®_o_p.
We then hope to get some grasp on the p-adic L-function of ®_5_j, which is now an ordinary
modular symbol. This can perhaps be done by putting it in a family of ordinary modular symbols
®,;, whose p-adic L-functions can be computed for positive integer &', or by other means.

In our case, since (I)i has the eigenvalues (for the 7y, U, and diamond operators) of the
critical Eisenstein series fz = E,if&wﬁ, the sought-after ®_5_j should have the eigenvalues of
the ordinary p-adic Eisenstein series Efr,S,TW (note the negative weight, and the inversion of the

order of the characters). It should also have sign, i.e. eigenvalue for ¢, equal to :l:(—l)k“. When
the sign & is —e(fg) = —(—1), we therefore want ®_5_ to be of sign 7(—1). In this case, we can
find a suitable ® _5_j; which is in fact a boundary modular symbol that we can compute explicitly.
It is then easy to compute its p-adic L-function, which is always 0. This allows the determination
of half of the p-adic L-function of fg, and accounts for the easy part of Theorem 1.1.

Unfortunately, this method fails for the other, more interesting, part of that p-adic L-function,
the one of sign + = €(fg) = 1(—1). There are simply no modular symbols ®_5_j, with the right
eigenvalues and the right sign —7(—1) (at least when e = 1 in the sense of Remark 1.5, which is
always expected to be the case.) To solve this problem, we employ the notion of partial modular
symbols due to the second-named author (see [Das04], [DD06]). A partial modular symbol is a
modular symbol defined only on the divisors of degree 0 on a non-empty subset C' of the set of
cusps P}(Q), instead of the whole set of cusps P!}(Q) as for a usual full modular symbol.

From the point of view of partial modular symbols for a subset C' of cusps, an Eisenstein
series that vanishes at all the cusps in C' looks like a cusp form. It is therefore possible to attach
to such an Eisenstein series a partial modular symbol by integration, exactly as one does in the
Manin—Shokurov construction of modular symbols attached to cusp forms. For example, if the
Eisenstein series Ej - vanishes at both the cusps 0 and oo (this is the case when both 7 and
1) are non-trivial), it is possible to attach by integration (and Stevens’ lifting) an ordinary partial
modular symbol ®;, in Symbr. -(Dy) for a suitable set of cusps C' containing 0 and oo with the
same eigenvalues as ng&nw and the right sign —7(—1).

Moreover, the very construction by integration of ®j allows us to compute its p-adic L-
function as a product of two Dirichlet p-adic L-functions. By interpolation, using computations
made in [DDO06], we can define a partial modular symbol ®_5_j in Syman(D_z_k) with the
right eigenvalues and sign.

To finish the proof we need to deduce that O,®_5_; is the same, up to a non-zero scalar,

)

things: to know that the eigenspace we are considering in the space of partial modular symbols

has dimension 1, and that the restriction of CI“;B(_

as the restriction to the set of cusps C' of the full modular symbol @?;_1 . For this we need two

D toa partial modular symbol over C' is still
non-zero. The first of these facts is proven with a method that is similar to the one used in
[Bel12] to prove the same result for full modular symbols: it involves constructing the eigencurve
for partial modular symbols and comparing it with various other eigencurves. The second of
these facts is perhaps the most technically difficult point of the paper: it involves a very careful
study of boundary overconvergent modular symbols.

This description of our method applies for an Eisenstein series that vanishes at 0 and oo, but
not all Eisenstein series are of this type. However, if f is an Eisenstein series, it is always possible
to chose two auxiliary primes ¢; and f2 and a linear combination g of f(z), f(¢1z), f(¢2z) and
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f(£143z) that vanishes at both 0 and co. By applying the method described above to g, with
some complication due to the fact that g is no longer a newform, we eventually get a formula for
the p-adic L-function of fz which is (5) up to parasitic factors involving ¢; and /. An important
point in the proof is the fact that the eigencurve is still smooth at the old point g, which can
be proved assuming that ¢; and ¢o are outside a set of bad primes depending on f. When f is a
normal Eisenstein series, the set of bad prime is finite, and by letting the auxiliary primes ¢; and
£y vary, we can show that the parasitic factors cancel, yielding our desired result in the normal
case. This methods breaks down in the exceptional case f = FEs, because for all choices of an
auxiliary prime /1, the eigencurve of tame level £/ is non-smooth (even non-irreducible) at the
old point corresponding to f. We therefore need an alternative method for the final steps of our
proof, which we provide in the last section, based on a certain numerical coincidence that arises
only in the exceptional case.

REMARK 1.7. Let us discuss now briefly what happens in the indecent case. Let f = Ej oy
be a normal new Eisenstein series which is not decent and let fg be its critical refinement. Let
C be the set of cusps where fg vanishes. Then it is still possible to construct a canonical partial
modular symbol @?{E’_Cl) in Symbp (Dy) with the Hecke eigenvalues of fz and the right sign
1(—1). Indeed, since 1 # 1 and 7 # 1 in the indecent case, C' contains the cusp 0 and oo and we
are in the simplest case of Definition 6.2, the case when N = QR and there is no auxiliary prime

£y or 5. We define @qfﬁ(_cl) as the modular symbol denoted by @zrit in Corollary 6.7. Moreover,

that corollary shows directly that the p-adic L-function attached to @?g;}l) (which is defined

because C' contais 0 and 00) is given by Theorem 1.1. Note that since there is no auxiliary prime
£1 or {5 in this case, the geometric arguments of §6.3, which use decency, are not needed.

We thank the referee for a suggestion allowing one to prove that when 1) # 7, there is actually
?(71) in Symbp(Dy) with the same eigenvalues of fg and the

5
right sign ¥ (—1), whose restriction to C is @?{3(7_01), and in particular, which has its p-adic L-

a canonical full modular symbol &

function given by Theorem 1.1. Indeed, if f is not decent and v # 7, there exist two integers
Ny > 1 and d such that N = Nyd?, and three Dirichlet characters v, 79, and 1 such that 7 is of
conductor d, T = 119, ¥ = g, and fo = Ej12.4.7 is @ decent Eisenstein series of level 'y (Np).
One can then make use of the twisting map

th : Symbpl(NO)(V) — Symbl"l(N)(V)
d—1
=0 |<0 1 )
@1/)0(71)

(fO)ﬁO
used in this paper makes it easy to prove that this ®

to define @?ﬁ(*l) as the image by tw,, of . The fact that tw, commutes with all operators
¥(
fs
Thus, if we had agreed to define the p-adic L-function of fz as the one associated to the

U has the desired properties.

canonical modular symbol @?ﬁ(_cl) (or @?B(_l) when 1) # 7) then Theorem 1.1 would be proved
Y(
fs
up to a scalar in their respective eigenspaces, we refrain from defining the p-adic L-function in

the indecent case.

even in the indecent case. However, as we do not know whether @ _Cl) (or @?B(_l)) are unique
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2. Partial modular symbols

2.1 Hecke operators

Let T and I be congruence subgroups of GL2(Q), S a submonoid of GLy(Q) containing I" and

I/, and W a right S-module. For each double coset I'sI” with s € S, we have a morphism
CsT ]y : W5 — W

called a Hecke operator, defined by

Wi[rsr) = 2 :w|8i'
i

Here the s; € S are defined by
s = H I's; (finite decomposition).
i
We often drop W from the notation of the Hecke operators.

In this paper, W will always be a vector space over a field L of characteristic 0, and the action
of S will be L-linear. It follows that the Hecke operators are also L-linear.

We recall standard names for some Hecke operators that we will use throughout the paper.
When I' =T" is T'1(N), To(N), or any group in between, we denote by T (resp. Uy) the Hecke

operator [I' (1 O> I'] for £4 N (resp. for £ | N). Note that

0 ¢
10\, T1.(1 a 0o
“o r=Hro 1o )
if £+ N. The same holds without the last coset for ¢ | N. For a € (Z/N7Z)*, we denote by (a) the

Hecke operator I's,I', where s, is any matrix in I'g(N) whose upper-left entry is congruent to a
(mod N). All these operators commute.

Now let M, N, and t be positive integers such that Mt | N. Let T' = T'; (M) or T'o(M), and

let T/ =TNTo(N). Let oy = <1 ’

0 t_1> and denote by V; the operator

t LX) - Wwh - wh.

Observe that T'ay IV = T'ay, so wyy, = t_lw‘at. It follows that Vi = V;Viy whenever Mtt' | N, so
it is enough to consider V; for ¢ a prime factor of N/M. It is clear that V; commutes with any
operator Ty or Uy for £/ # £, as well as with the diamond operators.

A simple computation shows that if we write ip v for the inclusion WY — W, then
wyy,y, = ir(w), (10)
and if £ | N but ¢t M, then

ir,r (wi,) = ir,r (W) [y, + Wy, (11)

where T'(¢,¢) is the operator I (é 2) I
1 0
0 -1
Note that ¢ is simply given by w — wjq,, -

Finally, we let o 1= < ) € S and define an involution ¢: W' — WV by 1 = [TasI].

10
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Let Winiv be the Q-vector space of maps S — Q, endowed with its obvious right S-action
by left-translations. We write H(S,T') for the Q-algebra generated by all Hecke operators [I'sI']
acting on Wiypiy. It is easy to see that H(S,T') acts on every right S-module W (by letting
[['sT)w,,., act by [['sI'ly), making W a right H(S,T")-module.

The basic example of these actions is when W is the space of holomorphic functions f: H — C,
where H is the Poincaré upper half-plane, and S = GLj (Q) (matrices with positive determinant)
acts by

fiy(2) = (det Ve (cz 4 d)TF2f (Zji;) for v = (Z Z) , (12)

for a fixed integer k. Then W' contains the space of modular forms of level I' and weight k + 2
as a subspace stabilized by the action of H(GLj3 (Q),I'). The reader can check that with these
conventions, if f(z) =Y 00 j ang™ with ¢ = €*™*, then

fv(2) = f(£2) = ang™
n=0
and

)
fio,(2) = aneg™.
n=0

2.2 Definition of partial modular symbols

We let GL2(Q) act on the left on P1(Q) by -z = Z;:Cis Let T’ be a congruence subgroup of

SL2(Z). Let C be a non-empty I'-invariant subset of P}(Q). We denote by A¢ the abelian group
of divisors on C), i.e.

Ac = {Z ne{c}t: ne € Z, n.=0 for almost all c} ,
ceC

and by A, the subgroup of divisors of degree 0 (i.e., such that > ccc e = 0). The group I acts
naturally on the left on Ag and A%.

If V is any abelian group endowed with a right-action of T, we provide Hom (A, V) with a
right T-action by setting, for ¢ € Hom(A2, V),

Opy(D) = ¢(v- D)}y
DEFINITION 2.1. A partial modular symbol on C' for I' with values in V is a I'-invariant element
¢ € Hom(AY2, V). We write
Symbr (V) = Hom(AY, V)T
for the abelian group of partial modular symbols.
When C = P!(Q), we drop C from the notation and call Symbp(V') the space of (full) modular

symbols for I' with values in V.

Assume that we are given a submonoid S of GL2(Q) containing I" that acts on the right on
V in a way extending the action of I', and that preserves the set C' C P}(Q). Then Hom (A2, V)
has a natural right action of S extending the one of I, and thus Symbp (V') is endowed with
a right action of the Hecke algebra #H(S,I'). It is clear that Symbrp (V') is a functor from the
category of right I'-modules V' (resp. right S-modules V') to the category of abelian groups (resp.
right H(S,T')-modules).

11
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2.3 Comparison between partial and full modular symbols

The exact sequence of abelian groups
0=AY - Ac—=Z—0
is split, and hence we have an exact sequence of S-modules:
0 — V — Hom(A¢, V) — Hom(A2, V) — 0. (13)

The long exact sequence of group cohomology for I' attached to this short exact sequence gives
an exact sequence of H(S,T')-modules:

0—= VT —~ Hom(Ag, V)T —%= Symby. o(C) -S> HY(T, V) . (14)

DEFINITION 2.2. We write BSymbr. (V') for the image of the map bc in the above exact sequence,
and call this submodule of Symbp. (V') the module of boundary partial modular symbols.

By (14), we have an isomorphism of H(S, I')-modules
BSymbr (V) ~ Hom(A¢, V)'/VT (15)
and an exact sequence of H(S,I')-modules

0 —= BSymby (V) — Symby. (V) 2<= HY(T, V). (16)

When C = P1(Q), this exact sequence is well-known and we have a commutative diagram:

0 — BSymbp(V) Symbp (V) —— HY(T, V)

NG

0 —— BSymbr (V) — Symbp (V) — H'(T, V)

An easy diagram-chase yields:
LEMMA 2.3. The kernel of the restriction map
resc: Symbp(V) — Symbrp (V)
is contained in BSymbr (V).

2.4 Cohomological interpretation
In this subsection we mimic the arguments of [AS86, Prop 4.2] to give a cohomological interpre-
tation of partial modular symbols.
Let H be the Poincaré upper half-plane, and Ho = H LI C' with its usual topology. Let V be
the constant sheaf on H¢. The long exact sequence of relative cohomology of (H¢, C) gives
0— H(H¢,C,V) — H(He, V) — H°(C,V) — H'(H¢,C, V) — H' (Hg, V).

The first term H°(Hg,C, V) vanishes because H¢ is connected and C is not empty. The last
term H'(H¢, V) also vanishes because H¢ is contractible. We therefore obtain an exact sequence
of I'-modules

0— H(Hc,V) = HY(C,V) - HY(He,C, V) — 0. (17)
We claim that (17) is isomorphic as an exact sequence of S-modules to the sequence (13).

Indeed there is a natural isomorphism H°(Hg,V) — V since H¢ is connected, and a nat-
ural isomorphism H%(C,V) — Hom(A¢, V) since C is discrete. Thus there is an isomorphism

12
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HY(H¢,C,V) — Hom (A2, V). By taking the I'-invariants, there is an isomorphism H!(H¢, C, V)I' —
Symbp (V). The Hochschild-Serre spectral sequence then gives:
PROPOSITION 2.4. There is a natural H(S,I')-equivariant isomorphism, functorial in V':
Symby (V) 2 HY(T\H¢, T\C, V),

where V is the sheaf on IMH¢ corresponding to V.

2.5 Classical partial modular symbols
Let L be a field of characteristic 0 and k > 0 an integer. Recall that the algebra H(GL3 (Q),T)
acts naturally on the space of modular forms My o(I", L), cusp forms Sio(I', L), and Eisenstein

series ;1 o(T", L). Let Px(L) be the L-space of polynomials in one variable z of degree at most
k. Let S = GL2(Q) act on the left on Py(L) by

(- P)) = (a0 (S50, (18)

a—cz
Define Vi (L) = Px(L)" = Homp,(Py, L) with a right action of S given by
fiy(P) = f(y-P) forall PePy(L).

The space Symbp (Vi (L)) is called the space of classical modular symbols of weight k over L. We
call Symbrp (Vk(L)) the space of classical partial modular symbols.

We write h for the natural map
h : Symbp(Vi(L)) = HL (T, V(L)) — H' (T, Vi(L)).
The following proposition is a version of the classical Eichler-Shimura isomorphism:

PROPOSITION 2.5. Assume that the congruence subgroup I' satisfies I'1(N) C ' C T'o(N) for
some integer N. Then, after possibly replacing L by a finite extension, the following holds:

(i) We have an exact sequence of H(GL3 (Q),T')-modules
0 — BSymbp(Vi(L)) — Symbp(Vi(L)) % HY(T, V(L)) — Epsa(T, L) — 0.
(i) There exists an isomorphism of H(GL3 (Q),T')-modules
Imh ~ Spyo(T, L)%
(iii) There exists an isomorphism
BSymbrp (Vi (L)) ~ Eky2(T, L)
that is compatible with the Hecke operators Ty for ¢ 1 N, Uy for ¢ | N, and (a) for a €
(Z/NZ)*.

Proof — The point (ii) is the most classical. A convenient reference is Theorem 1 of [Hi93,
§6.3]. Let us recall the salient point of the proof. One defines an R-linear map compatible with
the action of H(GLJ (Q),T),

¢+ Spt2(L', C) — Symbp (Vi (R))
= o5,
by the formula

or(f} = {yh(P) =Re [ " (2)P(2)d

13
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for any two cusps x and y. One proves that h o ¢ is injective by proving that it transforms
the real or imaginary part of the Peterson inner product (in the cases k is odd or k is even,
respectively) into the Poincaré duality product. So h o ¢ defines an injective map Si1o(T",C) —
Im h which is proven to be an isomorphism by equality of dimension of the target and the source.
Complexifying, we get the desired isomorphism over C. To deduce it over some finite extension
of @, we need to choose a period for each new form.

To prove (i), we construct a map v : E4o(T, C) — HY(T',V,(C)) by sending f to the class of
the cocycle

v (P — ;ac f(z)P(z)dz> ,

where x is a fixed point in H. It is clear that this map does not depend on z, is injective, and
is compatible with the action of H(GL3 (Q),I'). The image of ¢ has trivial intersection with
Im h since Eisenstein series and cupsidal forms have different systems of Hecke eigenvalues, and
actually H'(T',V}(C)) = Imh @ Im ) by dimension-counting. The result follows.

To show (iii), note that BSymbp(Vx(L)) = ker h is in perfect duality (with respect to the
Poincaré bilinear map on Symbp(Vi(L)) induced by the natural self-duality on Vi(L)) with
coker h = &4 o(T, L). For this duality the Ty are self-adjoint, but not the U; and (a). However,
there exists a slight modification of Poincare’s pairing ([DS05, exercise 5.5.1]) that is still perfect
and for which the U, and (a) as well as the Ty are self-adjoint. This gives an isomorphism
BSymbr (Vi (L)) ~ Ekro(T, L)V. Since it is not hard to prove (cf. e.g. [Bell0]) that . o(T, L) is
self-dual as a module over the Hecke operators Ty, Uy, and (a), the result follows. O

REMARK 2.6. We warn the reader that if M, N, and t satisfy Mt | N, then the isomorphisms of
Proposition 2.5(iii) for I' = I'; (M), I'1 (N) may not in general be chosen to be compatible with the
Hecke operators V;. Actually, in §2.7, we shall provide an independent proof of the special case
of (iii) that we need in this paper. Namely, for f a Eisenstein series for I'1 (M), and I' = I';(N)
for N a multiple of M satisfying certain conditions (cf. equation (24)), we shall construct an
explicit isomorphism

BSymbr (Vi (L))[f] = Exra(T, L)[f]

and we shall also compute the actions of the operators V; on both sides. This computation will
play an essential role in section 5, and will also make clear that in some cases no isomorphism
can respect these operators.

COROLLARY 2.7. Retain the assumptions of Proposition 2.5. Let C be non-empty set of cusps
that is stable under T'. As a module over the algebra generated by the Hecke operators Ty (or
Up) for all primes ¢ such that <(1) 2) stabilizes C, and (a) for all a € (Z/NZ)* such that s,
stabilizes C, the semi-simplification of Symbrp ~(Vk(L)) is isomorphic to a submodule of two
copies of My o(T', L).

Proof — We have the commutative diagram

0 —— BSymbp(Vi(L)) —> Symbp(Vi(L)) —— HY(T, V(L)) —> E 4 (T, L) — 0

la R ]

0 ———— ker ho ——— Symby o(Vi(L)) — H* (T, Vy(L)) — coker h¢ — 0,

14
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from which we get two exact sequences (compatible with the Hecke operators listed in the
statement of the corollary):

0 — ker hg — Symbp (Vk(L)) — Imhg — 0
and

00— Imh—Imhe —> kerb — 0.

After semisimplification, we thus obtain an injective morphism
Symbr (Vi(L))™ C (Imh)* @ (ker he)™ @ (ker b)™.
By Proposition 2.5, (Im k)% C (S.2(T, L)**)2. The leftmost vertical arrow a is identified with
BSymbp(Vi(L)) = BSymbp ¢ (Vi (L)),

which is clearly surjective. Hence ker h¢ is a quotient of Eyo(I") according to the proposition,
yielding an injection (ker h¢)* C Eyo(T, L)%, Clearly kerb C E;1o(T', L). The result follows. O

The proof of Corollary 2.7 explains our interest in partial modular symbols. By restricting
to a subset C' of the cusps we remove some boundary symbols, but more importantly we gain
some “honest” modular symbols associated to Eisenstein series (namely those Eisenstein series
that are C-cuspidal); these symbols are defined by periods on the upper half plane and are hence
related to values of classical L-functions. This is explored in detail in §3.

2.6 The boundary symbol associated to an Eisenstein series

Consider the new Eisenstein series Fj2 ., - and Ey ¢ defined in the introduction. If ¢ is a positive
integer, we write

Birog,rt = (Brv2,u,7) v
(i-e. Eryoprt(2) = Erroyp-(t2)) and Ez gy = (Fay))y,. We recall the following classification of
Eisenstein series, which can be found in [Mi76] and in the precise form given below in [Ste07].

PROPOSITION 2.8. Let L be a field of charcteristic 0 containing the ¢(N)th roots of unity. For
k > 0, the series Ky -+ for ¢ a Dirichlet character of conductor ) and T a Dirichlet character
of conductor R such that Ti)(—1) = (=1)¥, and t a positive integer such that QRt|N, form a
basis of E42(I'1(N), L). For k = 0, the same is true if we remove from the above basis the series
Es 1,1+ and add instead the series Ey ¢ for (t|N.

IR ]

We now construct a basis of the space of boundary modular symbols similar to the basis of
FEisenstein series given in Proposition 2.8.

Let M be a positive integer. Let u and v be relatively prime integers. Define ¢, €

Hom(A, Vi)T*) to be supported on the I'y(M)-orbit of u/v € PY(Q) and given on that or-
bit by the formula

U _ w\\ k _fa b
dras (1(1)) P = P (7 (1)) -(cut ), 4= ( d) eTi(M).  (19)
The right side of (19) has the expected meaning when v(u/v) = oo, i.e. the value ag(au + bv)¥ if
P(z) = apz® + ap_125~ " + - . One must check that (19) is well-defined, i.e. that if v € T'y (M)
stabilizes u/v, then the value of (19) is equal to P(u/v)v*. It is easy to check that this holds
unless M | 4 and k is odd; since there are no odd characters of conductor 1 or 2, the only problem

15
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occurs when M = 4 and k is odd; in this case one furthermore sees that a problem occurs only
when v =2 (mod 4); we will not need to define ¢y, ,, in this case.

Note that
d)k,fu,fv = (_1)k¢k,u,v- (20)
Furthermore

b
¢k,au+bv,cu+dv = (z)k,u,vv (CCZ d> € PI(M) (21)

In particular, ¢y, depends only on the I';(M)-orbit of u/v when k is even, and the same is
true up to sign if k is odd.

Now let ¢ and 7 be Dirichlet characters of conductors ), R, respectively, with QR = M and
wT(_l) = (—1)k Define ¢k7¢77. = Hom(A’Vk)Fl(M) by

¢k,1l),T = Z Z w_l(x)T(y)QSk’,x,Qy- (22)

z (mod Q) y (mod R)
(z,Q)=1 (y,R)=1

Equations (20) and (21) together with 1)7(—1) = (—1)* imply that each summand ¥~ (z)7(y) Px..0y
depends only on the cusp of I'1 (M) determined by x/Qy, i.e. only on x (mod @) and y (mod R).
We omit the proof of the following proposition, which is a simple computation.
PROPOSITION 2.9. The vector ¢y, » € Hom(A, Vk)rl(M) is an eigenvector for the operators

(i) T, for £1 M (resp. Uy for £ | M) with eigenvalues v (£) + 7(£)¢F1,

(ii) (a) for a € (Z/MZ)* with eigenvalues 1)(a)7(a), and
(iii) « with eigenvalue ¥(—1).
The vectors ¢y, » € Hom(A, Vy,)'1*(M) are generators of their eigenspace for the T, (£ M) and
(a).

By (15), the map Hom(A, V;,)"1(M) — BSymbr, (3)(Vi) is an isomorphism unless k = 0; in
this case the kernel is the line generated by ¢q.1,1. For M = £ a prime, let ¢¢, € Hom(A, Vk)rl(ﬁ)
be defined by formula (22) with @ = 1, R = ¢, 1 the trivial Dirichlet character and 7 the
non-primitive principal Dirichlet character of modulus ¢ but conductor 1. Then one checks that
¢o, is an eigenvector for Ty (¢ # ¢) with eigenvalue 1 + ¢, for (a) with eigenvalue 1 (and is

the unique such eigenvector, up to scaling, in BSymbr, 4, (Vo)), and of U, with eigenvalue 1. The
symbol ¢¢ ¢ has eigenvalue 1 for ¢.

2.7 Boundary symbols in raised level
Now let N be a multiple of M = @ R. We will be interested studying the subspace of BSymbr (n (Vi)
on which the Hecke operators Ty for ¢ 4 N and (a) for a € (Z/NZ)* act via the corresponding
Hecke eigenvalues of Ej 9 -; this subspace will be denoted
BSymbr, (ny (Vi) [Ek+2,4.7)-
The statement of the following proposition follows directly from Proposition 2.5(iii). However,

we provide a separate, more computational proof that makes explicit the isomorphism (23).

PROPOSITION 2.10. Let k > 0 be an integer, and let ¢ and T be Dirichlet characters of conductors
Q, R, respectively, such that Ey 9 ; is a normal Eisenstein series. Let M = QQR. The dimension
of the space

BSymbr, (n) (Vi) [Erkt2,9.7]
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is equal to the number of divisors of N/M. More precisely, there exists an isomorphism

BSymbr, (n) (Vi) [Er+2,0,7] = Ek2(T1(N)) [Egs2,9,7] (23)

compatible with the Hecke operators Ty for ¢ { N, U, for ¢ | N, and (a) for a € (Z/NZ)*. The
same is true for the exceptional Eisenstein series E ¢, with M replaced by £.

Proof — We make the following simplifying assumption that is sufficient for the purposes of
this paper:

N/M is square-free and relatively prime to M. (24)
With this assumption, the space

Err2(T1(N) [Ert2,.7] (25)

is semisimple as an algebra for the Hecke operators listed in the Proposition. To be precise, for
each prime ¢ dividing N/M, we define Hecke operators providing the ¢-ordinary and /¢-critical
stabilizations of Ej9 ., - as follows:

Op:=1—7(0)*V,, Cp=1—-yp()V,.
For each factorization N/M = st into positive integers, we define

S7t -—
E]H-?W,T T (Ek+27w77)|ne\s OcITy: Ce- (26)
This form is the s-ordinary, ¢-critical eigenvector, i.e. the action of the Hecke operator U, for
¢| N/M is given by

o e W - Ls
(Erop e = Biyopr- {7’(€)€k+1 C]t. (27)

The space (25) has as a basis the E,‘:er o
It remains to find a basis for BSymbr (n)(Vk)[Ek+2,4,7] consisting of eigenvectors with these

same eigenvalues. A natural idea would be to define ¢Z’i2, . from ¢p9.4 » following (26). How-
ever, as we shall see, it is possible for Oy to annihilate ¢y2, . For this reason we must employ
a more explicit approach.

To this end, define Phuw € Hom(A, Vk)rl( )MTo(s) t6 be the boundary symbol supported on
the I'y (M) NTo(s)-orbit of u /v, and defined on that orbit by equation (19), with v restricted to
lie in T'; (M) NTy(s). We then define

¢Z,1/},T = Z Z 1/} ¢k x,Qy* (28)

z (mod Q) y (mod R)
(z,Q)=1 (y,Rs)=1

Finally, define ¢Zi¢ S HOm(A’Vk)Fl(M)ﬂFo(N) by
S,t e 3
¢k,w,‘r T (qbkﬂ/),’r)u_[elt Cp

It is not difficult to verify that (JSZL - is s-ordinary and t-critical, i.e. it has eigenvalues for

the Uy, ¢ | N/M, given by (27). We must verify that the vectors gZ)k ., are nonzero. It is clear
from the definition (28) that ¢; w7 0. A simple calculation shows that for ¢ { M s and a cusp
¢ = x/y in lowest form, we have

pTHO

R 0]y, (29)

(Pk,p, v (€) = BF 7 () - {

17



JOEL BELLAICHE AND SAMIT DASGUPTA

It follows that on the I'g(¢)-orbit of 0, we have (¢, )¢, = (1 — =1 s 7 0; Therefore, the
qbzl;p , are nonzero and hence constitute a basis of eigenvectors for BSymbr (Vi) [ Ers2,0.7]-

The result now follows with the isomorphism (23) given by ¢Zi{)‘r > EZZ}T This proof is
valid for the exceptional Eisenstein series Es ¢ as well, with ¢y, 4 - replaced by ¢q . O

Equation (29) implies that for 1 Ms, we have

(B0, = (1= T 1O ") g5 -

The possible vanishing of the factor on the RHS explains why it was necessary to define ¢; T
with the explicit formula (28), rather than simply as <¢’fﬂ%7)l_[z\s 0,> and motivates the following
definition.

DEFINITION 2.11. Let f be a new Eisenstein series of level I'1 (M), and ¢ be a prime not dividing

M. We say that ¢ is bad for f if either f is exceptional, or f is the normal Eisenstein series
Ek+27¢77— with £ = 0 and T(E) = ’(/J(E)

If we assume that the primes dividing N/M are not bad for Ej2 ,, then we arrive at the
following simpler version of Proposition 2.10.

PROPOSITION 2.12. Let Ejy2. . be a normal Eisenstein series of level M = QR dividing N.
Suppose that N/M is squarefree, relatively prime to M, and such that all primes ¢ dividing
N/M are not bad for Ej2 y . Then the symbols (¢ 7)|v, for positive integers t dividing N /M
provide a basis for BSymbrp, (ny(Vk)[Ek+2,4,-], and the map (¢kp 7 )v; = (Ekt2,0.0)|v, yields an
isomorphism

BSymbr, (n) (Vi) [Ekt2,,7] = Epr2(T1(N))[Ers2,0,7]
that is compatible with the Hecke operators Ty for £t N, Uy for ¢ | N, and (a) for a € (Z/NZ)*.

We conclude this section by recording a corollary of these computations that gives a basis for
the space of ordinary boundary symbols. Fix an integer p not dividing N and write I' = I'1 (V)N
Lo(p). Write BSymbp (Vi (L)) for the subspace generated by the generalized eigenvectors for U,
with eigenvalue a root of unity (and similarly for & o(I')°*®). Note that if L is a finite extension
of Qp, then this definition is unchanged if “a root of unity” is replaced by “of p-adic order 0.”

COROLLARY 2.13. Let L be a field of characteristic 0 containing the ¢(N)th roots of unity.
Let Ejy2y., be a normal Eisenstein series of level M = QR dividing N. Suppose that N/M
is squarefree, relatively prime to M, and such that all primes ¢ dividing N/M are not bad for
Ejt2.4+. Let p be a prime not dividing N. Then the symbols qﬁzwmt = (¢£,¢,7)|Vf, for positive
integers t dividing N/M provide a basis for BSymbp(Vi(L))*4[Ey19.4.+], and the map

p ord o ord
Prprt = Eivowrt = (ER¥ 200 v

yields a Hecke-equivariant isomorphism
BSymbr (Vi) [Brra.7] = Exra(D) [Erroy -]

For future reference, it is useful to note that the vectors gbz bt appearing in Corollary 2.13
satisfy ¢ ri(c) = 0if ¢ € QN Zyp, and ¢£7w777t(c) is a multiple of the linear form P +— P(c) if
c € QNZp.
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3. Eisenstein series and their non-boundary modular symbols

3.1 Notations
We now fix notations that will stay in force for the remainder of this paper. We fix an integer N
and a prime p not dividing N. We set
[':=T1(N)NTo(p).
We define the set of cusps
C :=To(N)oo UT'o(N)0,

the subset of P'(Q) containing co and all rationals < in lowest terms with either N | m or

(N, m) = 1. Note that T'y(N), and hence its subgroup I', stabilizes C. Observe that the matrices

(é 2) also stabilize C' whenever d € Z is prime to N. Let S be the submonoid of GL2(Q)

generated by those matrices and I'g(Np), so S stabilizes C as well.

We shall consider in this paper spaces of partial modular symbols Symbr. (V') (and BSymby (V'))
for various right S-modules V. These spaces have an action of the Hecke operators Ty (for £ 1 Np),
Up, and (a) for a € (Z/NZ)*. We denote by H C H(GL5(Q),T) the subalgebra generated by
these operators. Note that there is also an action of the involution ¢« on the space Symbp (V).

We will also have to consider spaces of full modular symbols Symbp (V) and BSymbp (V).
They also have an action of % and . When V has an action of the larger monoid S’ generated

by I'g(N) and all the matrices <(1) 2) for all d in Z,), d # 0 (in practice this will always be the
case), then we also have an action of operators Uy (for £ | N) on Symbp(V'), and maps
Vi Symbp, (ar)argp) (V) — Symbp(V)

for integers M and t such that Mt | N. These operators and maps will be useful in §6.

3.2 C-cuspidal modular forms and their symbols

We now turn to the more interesting modular symbols associated to modular forms, in contrast
to the boundary symbols studied in §2.6. These symbols are defined by integration on the upper
half-plane and are related to special values of L-functions. Recall that if f is a modular form for
I', then f has a g-expansion

oo
f(Z) _ Zanqn’ q= €2i7rz'
n=0

For any Dirichlet character x, we define the L-function of f twisted by x as the Dirichlet series
oo

L(fxs) = 3 anx(mm™. (30)
n=1

This converges for Re(s) large enough and admits a meromorphic continuation to the complex
plane. Note that we do not include ag in the sum. More generally, for any positive integer d,
define
oo
L(fa X d, 3) =d'"* Z andX<n>nisv
n=1

so (30) is the case d = 1.
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Let f € Mgyo(I',C) be a modular form of weight k 4 2 for I'. We say that f is C-cuspidal if
it vanishes at all cusps in C' = I'g(N)oo UT'o(N)0. We henceforth assume that f is C-cuspidal.

Let m be an integer relatively prime to N and x a Dirichlet character of conductor dividing
m, say m = cond(x) - d. We have the well-known and elementary formula

[(s) _ 1 X(a ” iy + a/m)y*
Ery L0 d9) = F ag:odm)x( )/0 fliy +a/m)y*~dy, (31)

where the integral converges because f vanishes at the cusps a/m and oo. Here G(X) denotes
the Gauss sum.

DEFINITION 3.1. For f a C-cuspidal modular form as above, we define
¢ € Hom(Ag, Vi(C))
by setting

100

¢5({oo} — {a/m})(P) = f(2)P(z)dz

a/

for all P € P,(C).

The following proposition is a standard computation.

PROPOSITION 3.2. We have ¢ € Symbr. o(Vi(C)). Moreover the map f + ¢y is H-equivariant.

Recall that Symbp (Vi(C)) is endowed with an action of the involution ¢. We set

QS? _ of +2(<Z5f)|L and 7 = of —2(¢f)L’

so that
¢r=¢f +o; and (¢)), = +o;.
In view of the definition of ¢, equation (31) implies immediately that for any integer j,
0 < j < k, and all Dirichlet characters x of conductor m/d:

mL(f, Xodij+1) =Y X(a)ds({oc} — {a/m})((z — a/m)). (32)

a (mod m)

Noting that the right hand side is multiplied by x(—1)(—1)7 if each occurrence of ¢y in it is
replaced by (¢y),, we see that for every choice of sign € = £1, we have

Lo d 1) = 3 X0} fa/m)( — a/m)) (33

a (mod m)
for any integer j, 0 < j < k, and all Dirichlet characters x of conductor m/d such that
xX(=1)(=1)) =e.
From (33) and the linear independence of characters, we deduce

ProposiTION 3.3. Fix a sign € = £1.

(i) We have ¢y = o5 (ie. gzbf‘ = 0) if and only if for all integers j, 0 < j < k, and all Dirichlet
characters x of conductor prime to N such that x(—1)(—1)) = —¢ and all positive integers
d, we have L(f,x,d,j+ 1) =0.
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(ii) Let Q be the subfield of algebraic numbers in C. We have ¢ € Symbp o(Vk (Q)) if and only
if for all integers j, 0 < j < k, all Dirichlet characters x of conductor prime to N such that

x(=1)(=1) = ¢, and all positive integers d, we have L(f,x,d,j +1)/m ! € Q.

3.3 C-cuspidal Eisenstein series
We now apply the observations of the previous section to the case of C-cuspidal Eisenstein series.

LEMMA 3.4. We have the identity
L(Bgiorp: X 4 8) = x(O)t 7 (d)d" > uF pr = (w)L(7x, 8) Layu(x, s — k — 1),
uld

where Lg;,,(YX,s — k — 1) denotes the Dirichlet L-function with the Euler factors at primes
dividing d/u removed.

Proof — We prove the simpler formula

L(Egt2,7m.:X,8) = X(0)t " L(Tx, 8) L(¢x, s —k — 1)
for the case d = 1, leaving the general case to the reader.

It suffices to prove the result for Re(s) large enough. If a = (ay),>1 is a sequence of complex
numbers, the L-function of a is by definition the function L(a, s) = >, -, an/n®, which converges
on some “half-plane” Re(s) > p for some p € RU{—o00, +o0}. If (a,,) and (by,) are two sequences,
one defines a commutative and associative convolution product (a,) * (b,) as the sequence (¢y,)
given by ¢, = 31, @abpyq- It is then elementary and well-known that L(c,s) = L(a, s)L(b, s) on
the domains of convergence of those series. Note that if a,b are two sequences, and c is strictly
multiplicative (that is, ¢ym = cpep for any n,m > 1), then (ac) % (be) = (a x b)c.

The sequence of coefficients (a,) of Eji2 -4, is the convolution product (by) * (c,) * (dy)
where b, ¢, d are the sequences defined by the equalities (for n > 1) b, = ¥(n)n**!, ¢, = 7(n),

and
d, - 1 %f n=1t,
0 ifn#t.
The L-function L(Eki2 44, X,S) is by definition the L-function of the sequence ay, which is

(bx) * (ex) * (dx) since x is strictly multiplicative. But we have by definition L(bx, s) = L(1x, s —
k—1), L(ex,s) = L(1x, s) and L(dx, s) = x(t)t—*. The result follows. O

Now consider a linear combination f = ), QRHN ctEyxio7,¢ Where the ¢; are algebraic
numbers. If f is C-cuspidal then we can attach to f a partial modular symbol ¢ over C.

PROPOSITION 3.5. Let ¢ = —7(—1). Then (¢y), = epy unless 7 = 1 or ¢p = 1; in these

cases, ¢, Is a multiple of the boundary symbol ¢y, ;. defined in Section 2.6. In all cases,
¢y € Symbyp (Vi(K)) for some number field K.

Proof — According to Proposition 3.3, for the first assertion it suffices to prove that for all
integers j such that 0 < j < k, all Dirichlet characters x of conductor prime to N such that
x(=1)(=1)7 = 7(—1), and all positive integers d, we have L(f,x,d,j-+1) = 0. But by Lemma 3.4,
the value L(f, x,d,j+ 1) is a linear combination of terms of the form
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for divisors u | d. By the functional equation for Dirichlet L-functions, L(tx, j—k) vanishes if j <
k and ¢y (—1)(—1)’7% = 1, except in the case y) = x = 1,j = k. The condition x(—1)(—=1)77F =
1 is equivalent to

X(=1)(=1) = (=) (=1)* = 7(-1).
We therefore obtain our desired vanishing L(f, x,d,j+1) = 0 except in the casep = x =1,7 =k
and the case where L(7Y,Jj + 1) has a pole, namely 7 = x = 1, j = 0. We leave to the reader the
remaining verification from what we have already proved that in the cases 7 =1 or @ = 1, the
symbol ¢JT€ is a multiple of the boundary symbol ¢y, ;.;; we will not use this result in the sequel.

To prove that ¢y € Symbp c(Vix(Q)) (from which it follows easily by the type finiteness of
AY as a Z[I'-module that ¢ € Symbp ¢(Vi(K)) for some number field K), it suffices to check
that L(f,x,d,j+1)/(2mi)7*! are algebralc for 0 < 7 < k, all Dirichlet characters y of conductor
prime to N and all positive integers d. But L(7x,j + 1)/(2711)”1 and L(¢x, j — k) are algebraic
by well-known properties of Dirichlet L-functions. In fact, one can show that ¢ is defined over
the field Q(7,1) defined by the values of the characters 7, 1. O

4. Overconvergent partial modular symbols

We fix embeddings Q C @p and Q C C. We denote by ordy: @; — @ the p-adic valuation,
normalized such that ord,(p) = 1. We define weight space W as the rigid analytic space over Q,
such that W(L) = Homeont(Zy, L*) for every Q,-Banach algebra L. We see Z as a (Zariski-dense)
subset of W(Q,) by identifying k € Z with the character z s 2.

4.1 Modules of distributions

We recall definitions and notations from [Bel12, §3], which are generalizations of earlier definitions
of Stevens ([St1]).

If L is any Qp-Banach algebra, and r» > 0, we write A[r](L) for the L-Banach module of
functions f: Z, — L that are locally analytic of radius r (that is, such that for any e € Z, there
exists a formal series > 7 jan(z — €)™ with radius of convergence at least r and converging to
f on the closed ball of center e and radius r in Z,). We write D[r|(Q,) for the Banach dual of
A[r](Qp), and define a Banach L-module

DIr)(L) = D[r](Qp) &g, L-

For r > 0, we write DI[r](L) for the projective limit of D[r'|(L) as 7' — r¥, which is a (Frechet)
L-module.

Let x € W(L), i.e. x is a continuous character Z; — L*. There exists r(x) € RsoU{oo} such
that for all 0 < r < r(k), we can provide A[r](L) with an action of

SO(P)Z{’YZ <(Z Z)GMQ(Z(p)), pta, plec, ad—bc;éO},

which is said to be of weight k, by the rule

(e D) = rla-eaf (0. (34)

a — Cz

These actions are compatible for various r. By duality they induce actions on D[r](L) for 0 <
r < r(k), hence on DI[r](L) for 0 < r < r(x). We write Dx[r](L) and D}[r](L) for the modules
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D[r](L) and D'[r](L) together with the weight x action of So(p). (See [Bel12, §3] for more details.)
For k = k € Z we can take r(k) = oo.

Of these spaces, the one we shall use most is Df[0]. To lighten notation, we write DT for DT[0].

Recall ([St1]) that when k is a non-negative integer we have an exact sequence of Sp(p)-
modules

0—=Dl, ML) (k+ 1) 5= D[)(L) "> V(L) —=0 . (35)

The (k+1) after the first term means that the action of s € Sy(p) is multiplied by (det s)**1. The
map Oy, is the (k + 1)-th iteration of the derivation of distribution, i.e. (Oru)(c) = u(%).
The map py, is the dual of the obvious inclusion map Py (L) — Ag[1](L).

4.2 Spaces of overconvergent partial modular symbols

The monoid we called S in §3.1 is contained in Sy(p). Therefore, as explained loc. cit., the modules
of partial modular symbols Syme’C(DL [r](L)) (or the same without the t) have a natural action
of the Hecke algebra H and the involution .

If V' is any Q,-vector space on which an operator denoted U, acts, and v € R, we define the
slope < v part of V, denoted V<", as the sum of the indecomposable Up-submodules of V' on
which U, acts (after extending scalars) by eigenvalues of p-adic valuation less than v.

PROPOSITION 4.1. Assume that L is a finite extension of Q,, and that x is an integer k > 0.

(i) The Banach space Symbr «(Dy[r](L)) is orthonormalizable, and Uy, acts on it as a compact
operator. For any v € R, and 0 < v’ < r < p, the restriction map induces an isomorphism

Symbrp ¢(D[r'](L))~" — Symby o(D[r](L))~",
and these spaces are finite-dimensional. Moreover, for 0 < r < p, the space S}fr11b1ﬂ7cv(7)/,T€ [r](L))<

is also isomorphic (by the restriction map) to the spaces Symbr «(Dx[r'](L))<".

(ii) The exact sequence (35) gives by functoriality a sequence of H-modules

0 —— Symbr, (D!, [(L))(k + 1) 2= Symby, o (D14 (L)) 2 Symbp, ¢ (Vi (L)) — 0
(36)
that is still exact, where the (k + 1) in the first term means that we multiply the action of
[[sT] by (det s)*+1.
(iii) (Stevens’ control theorem) For any r such that 0 < r < p, the map

Symby. o (DL [F](L)) <41 22> Symbp o (Vi (L)) <K+

given by the composition of py, from (ii) and the isomorphism from (i) is an isomorphism.

Proof — These results are proved exactly as their counterparts for full modular symbols are
proved in [PS13], using for (ii) the cohomological interpretation given in Proposition 2.4. a

4.3 The p-adic L-function of an overconvergent partial modular symbol

We shall denote by R the Q,-Frechet space O(W) of the rigid analytic space W. Given a dis-
tribution 1 € DT(Qy), we define its Mellin transform Mel(p) € R by Mel(u)(o) = [, odu. This
p

makes sense since a character o € W(C,) is always a locally analytic function of some radius.
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The Mellin transform realizes a bijection (even a Frechet isomorphism) between the subspace
of Df (Qp) of distributions with support in Z,, and R. But note that distributions with support
in pZ, have zero Mellin transform.

More generally, for any Q,-Banach algebra L we have a Mellin transform map Mely, : DI(L) —
R&L (cf. [Bell2]).

DEFINITION 4.2. If L is a Q,-Banach algebra, we define a map
Ly : Symbyp o(Df(L)) = ROL
by
Lp(®) = Mel (®({oo} — {0})).

4.4 The eigencurves of partial modular symbols

PROPOSITION 4.3. Let X = Sp A be an open affinoid subset of W, and let K € W(A) be the
canonical character, i.e. the A-point of W corresponding to the inclusion X = SpA C W. We
write r(X) for r(K).

(i) For 0 < r < 7(X), the modules Symbr (Dk|r](A)) are orthonormalizable Banach R-
modules and U, acts compactly on them. These modules for different r are linked in the
sense of [Bu07, §5]. The formation of these modules commutes with restriction to an open
affinoid subdomain: if Sp A’ = X’ < X is an open affinoid subdomain, then

Symbr. o(Dk [r](A))@aA" = Symbr o(Dk [r](4"))

(ii)) If v € R and X is small enough (with respect to v, but independently of r), then one
can naturally define a sub-module Symbr «(Dx[r](A))<" of Symbyp «(Dx[r](A)), which is
a finite projective module over A. The restriction maps between these modules for vari-
ous r are isomorphisms, and we can therefore identify these modules with a submodule
Symbr (D [r](A)) < of Symbr. (Dl (A)) for 0 < 7 < r(X).

(iii) Let k € X be a point with field of definition L(k), a finite extension of Q. So k € X(L(r)) C
W(L(k)). The natural specialization morphism of H-modules

Symbry, (Dl (A))<” @ L(k) — Symbp (DL (L(k))) < (37)

is injective, has corank at most one, and is surjective except possibly if k is the trivial
character.

Proof — The results of (i) and (iii) are proved exactly as those for full modular symbols: see
[Bell2, §3] or [Bell0]. The results of (ii) follow from those of (i) and Coleman-Buzzard’s Riesz
theory ([Bu07, §5], [Bell2, §3] and [Bell0]). O

We can use the modules Symbr (Dx[r](A)) to construct two eigencurves of partial modular
symbols. To be precise, we split Symby (Dk[r](A)) into two eigenspaces Symbr. (D [r](L))F,
with eigenvalue +1 for the involution ¢. We fix a choice of sign 4+ and apply Buzzard’s eigenvariety
machine [Bu07, Construction 5.7]. For any admissible affinoid subset X = Sp A C W, we write
My for the module Symby (Dk|[r](A))* where we have chosen an 7 < r(X). For Buzzard’s
commutative Hecke algebra T, we take our algebra H C H(GL3 (Q),T), and for Buzzard’s
operator ¢ € T, we take the operator U,. By Prop. 4.3(i), Mx satisfies Buzzard property (Pr)

(see [Bu07, §2])and the operator ¢ = U, acts compactly on it. Moreover, Mx®4A’ is linked (in
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the sense of [Bu07, section 5]) to My if X’ = Sp A" is a subdomain of A, as can be proved exactly
as the analog statement for full modular symbols in [Bell0]. Therefore we can apply Buzzard’s
eigenvariety machine to define the eigencurve CIZ*L ¢ of partial modular symbols for C and I of sign
+. It is independent of the choices we have made (of an r < r(X) for every X).

The eigencurve CijC enjoys the following usual properties of an eigencurve. It is a reduced
rigid analytic space of 7equidimension 1 over Q,, endowed with the following additional structure:

(a) a locally finite flat weight map w: C;C — W;

(b) a morphism of rings H — (’)(Cﬁc) that sends U, to an invertible (i.e. non-vanishing)
function.

We do not give a name to the morphism (b): an element ¢t € H defines an analytic function on Cri‘ c

that we denote by the same symbol ¢. If a point x € C?FC defined over a finite extension L of Q,

maps to a weight k € W(L), then z corresponds to a non-zero H-eigenspace in Syman(DL(L))i,
the eigenvalue of an element ¢t € ‘H being the value t(x) of the function ¢ on the eigencurve at
x. Conversely, any eigenspace Syme’C(DL(L))i on which the Up-eigenvalue is nonzero (except
perhaps one in the case k = 0) corresponds to a point x in the eigencurve defined over L and
lying over k; this is the content of Prop 4.3(iii) (completed with Prop. 4.1(i)).

By Prop. 4.1(iii), if a point x as above lies over a weight k that is a non-negative integer k,
and satisfies ord,(Up(z)) < k + 1, then x corresponds in fact to an eigenspace in the space of
classical partial modular symbols Symbr o(V(L))*. Such classical points are Zariski-dense in
Cre-

One can use Chenevier’s comparison theorem [Ch05, Prop. 3.2] to establish precise rela-
tions between the Cﬁc for various choices of sets of cusps C' and sign +, and also between those
curves and the standard Buzzard—Coleman—Magzur eigencurve. We will content ourselves with the
following result, where Cr gcm denotes the traditional Buzzard-Coleman-Mazur eigencurve con-
structed from overconvergent modular forms, and CIE?E%M denotes the cuspidal Buzzard-Coleman-
Mazur eigencurve (i.e. the part of the eigencurve parameterizing cuspidal overconvergent modular
forms), defined using the same Hecke algebra H.

PROPOSITION 4.4. There are unique closed immersions (compatible with the maps over W, and
the map from H)

cus +
CF,B%M — Cpr o = CrpoM-

Moreover, if x is a point of Cf. yen (L) for some finite extension L/Qp, with w(z) = k € Z and
vp(Up(x)) > 0, we have

dim 8], (T, L) () = dim Symb (D} (L)) ().

Proof — The first statement is an application of Chenevier’s theorem on comparison of eigen-
varieties, given the comparison of their classical structure that we proved in Corollary 2.7. We
do not give the details of the proof as they are similar to the proof of the special case of full
modular symbols given in [Bell2, Theorem 3.27].

For the second, we observe from the same theorem that

dim SJ, (T, L) () < dim Symbif (DJ(L)) (o) < dim M (T, L) .
Since z is non-ordinary, it does not lie on the Eisenstein components of Cr pcwm, so we have
S};H(F, L)@ = M,IH(F, L)y and the result follows. O
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cusp

COROLLARY 4.5. Let x € Cp ey (L), with w(xz) = k € Z and v,(Up(x)) > 0. Assume further
that x is a smooth point of Cr gcm. Then for any y € C;ug%M(L) sufficiently close to x and such
that w(y) = k' € N and v,(Up(y)) < k' + 1 (that is, y satisfies the hypothesis of Coleman’s

control theorem [Co96, Theorem 6.1] and is therefore classical), we have

dim Symbz ,(D}(L))[z] = dim S42(T, L)[y)-

Proof — Again, all the arguments needed for this proof are already in [Bell2]. That is, we
prove exactly as in [Bell2, Prop. 4.3 and Cor. 4.4] that the module Symbe,C(D;L(L))(:D) is free
of some rank r over the algebra 7, ;. of the connected component of x in the fiber of the weight
map w at k. The same argument shows that Sk+2(P,L)(x) is free of some rank r’ over T,
and Proposition 4.4 warrants that » = 7’. The arguments of [Bell2, Prop. 4.5] then show that
r = dim Sk42(T, L)[y] for any y satisfying our hypotheses (in loc. cit, we argue further that this
dimension is 1 under a newness hypothesis that we are not assuming here). Finally, we note that
dim SymbﬁC(D,i(L))[:z:] has dimension r by the arguments of [Bell12, Theorem 4.7 and Cor. 4.8].
Od

In order to apply the above corollary, we will need to know that Cr pcwm is smooth at certain
points. This is guaranteed by the following result.

THEOREM 4.6. Let x be a point of Cr som corresponding to the critical-slope refinenement of a
decent new Eisenstein series f of level M. We assume that N/M is relatively prime to M and
that none of its prime divisors are bad for f (cf. Def. 2.11). Then Cr pcm is smooth at x.

Proof — The case N = M =1 is the main theorem of [BC06]. The cohomological method used
there extends to the general case under the hypothesis of the theorem. Let us comment briefly
on the important assumption that no prime divisors of N/M are bad for f.

Suppose that f = Ej9., . Consider the subspace H C HY(Gg, ¢~ 7wk *!) parameterizing
extensions of 1 by ¥~ '7w**! that are unramified outside Np and crystalline at p. The duality
formula for Selmer groups implies that the dimension of H is 1 plus the number of bad primes
dividing N/M. When H has dimension 1, the proof of the smoothness of the eigencurve goes
exactly as in [BCO06]. Full details are given in [Bell0]. O

5. Overconvergent boundary modular symbols

In this section, we denote by Cj the set of cusps that are I'g(p)-equivalent to 0. Thus, Cy = QNZy,
the set of rational numbers that are p-integral. For a cusp ¢, we denote by I'. the stabilizer of ¢
in I'. Other notations used above (especially those of §3.1) remain in force.

The monoid we called S’ in §3.1 is contained in Sy(p). Therefore, as explained loc. cit., the
modules of full modular symbols Syme(D,T{ [r](L)) (or the same without the }, or the same with
boundary modular symbols) have a natural action of the Hecke algebra #, the involution ¢, and
in addition actions of Uy for £ | N. We also have maps

Vi Symel(M)ﬂFo(p) (Dl [r](L)) — Syme(DfZ [r](L))
for integers M, t such that Mt | N.
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5.1 Properties of overconvergent boundary modular symbols
We fix a finite extension L of ), and for simplicity of notation, we shall write Dy, for Dy (L), D;L
for D,Tc(L)7 ete.

LEMMA 5.1. Let k € Z. If ® € BSyme(D;L[l]) and c is a cusp not in Cy, then ®(c) = 0.

Proof — We need to show that (Dg[1]7)'e = 0 whenever ¢ is a cusp in the T'g(p) class of co. To
see this, let ¢ = yoo with v € T'g(p), and p € (D;L[l])rc, Then py,-1 is invariant by ATyt DT

o ) 1
for some positive n and we are reduced to the case ¢ = oo. In this case, (O ?) e I', so

w(f(z+mn)) = p(f) for all functions f. Such a distribution is 0 by [PS13, Prop 3.1]. O

ProprosITION 5.2. Let 5 > 0 be an integer. Let ® € BSyme(DL) be a generalized eigenvector
for U, corresponding to an eigenvalue A # 0. We assume that if \ is of the form ep' where € is
a root of unity and i > 0 is an integer, then i = j. Then for ¢ € Cy, ®(c) is a multiple of the
distribution d.; : f — %(c)

Proof — Since A # 0, we have ® € BSymbr(DL[l]) by Prop. 4.1(i). In particular, the preceding
lemma applies and we have ®(¢) = 0 for any ¢ ¢ Cj.

Now let ¢ € Cp. By hypothesis, we have @7, _x)» = 0 for some integer r. The case r = 0
is trivial, and we argue by induction over r, assuming the claim true for r — 1. For any integer
n > 1, the operator (U} — A")(U, — A)"~! sends ® to 0. Hence by the induction hypothesis, we
have

(Dliy — A"®@)(c) = 20 (38)
for some scalar z € L.
Let us write ¢ = > o0 a;p’, with 0 < a; < p — 1. Since c is rational, the sequence (a;) is

eventually periodic: there exist two integers m > 0 and n > 0 such that for all i > m, a4+, = ;.
Let us assume for now that m = 0. From (38) and the definition of U}, one gets

p"—1
> (e—a)/p") ;y N\ = 20ei+AR(c).
="

In the sum on the LHS, only one term is not 0, namely the term where a = Z?;()l a;p', because

otherwise (¢ — a)/p™ is not p-integral. For this a, we have ¢ = (¢ — a)/p", so we get
P (c) 1 —a\ = xoc; + A" ®(c).
This implies that for f € Af[1],
af

("= +a) = N'f(2)) = 2.3 (o)

Looking at the Taylor expansion at ¢ and using the assumption that A" is not of the form p™®
for ¢ > 0 an integer, except perhaps for i = j, one easily sees that the map

ker 5073' — ker 5c,j;
[ f"z+a) = A" f(2)
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is surjective. Therefore, ®(c) is 0 on kerd. ; and hence is a multiple of J. ;. It remains to treat
the case m > 0, but this can be reduced to the case m = 0 using (38) for m + n instead of n.
Hence we have completed the induction step and the proof of the proposition. a

REMARK 5.3. Expressing the fact that ®(c) € (D};)FC for ¢ € Cj easily leads to the conclusion
that if in the proposition above, j is not 0 or k+ 1, then ®(c) is actually 0. We shall not use this
result.

DEFINITION 5.4. For k € Z we call BSyme(D;L)OTd (resp. BSy]nrle(D/,i)”it in the case £ > 0)

the linear span of vectors in BSyme(D;L) that are killed by P(Up,) for some non-zero polynomial
P € L[X] all of whose all roots in L have p-adic valuation 0 (resp. k + 1).

THEOREM 5.5. For k > 0, the map
O : BSymbp (D! ,_, )"k + 1) — BSymbyp (D] )it

is a Hecke-equivariant isomorphism.

Proof — The injectivity of ©y: BSyme(Di%k)(k +1) — BSymbp (D;L) follows from (35) since
BSymbr is a left-exact functor. It is clear that O maps BSymbr (DT_Q_ )™ into BSymbp (D,i)crit
since Up-eigenvalues are multiplied by pFT1. These spaces are finite-dimensional by Prop. 4.1(i),
hence after extending L if necessary we can assume that they are generated by generalized
eigenvectors for U, with eigenvalue X of p-adic order 0 and k+1, respectively. Hence by Lemma 5.1
and Proposition 5.2, any vector ® in the target has the form

if
Be)= 1" Lo
7(c)ock+1  if ¢ € Cp,
for some 7(c) € L. Define ® € Hom(A,D_5_) by
'(c) = 0 ?fc§ZCo
7(c)oco if ¢ € Cp.

Then clearly ©,®" = ®. Since O}, is I-equivariant and injective, ® is I'-invariant, i.e. is an
element of BSymbp (Di% )4, This proves the surjectivity of . O

REMARK 5.6. We observe from the proof of the theorem that any critical boundary modular
symbol of trivial nebentypus and square free level has sign —1. Indeed, such a modular symbol
® has ®(c) a multiple of 6. k41 with k even, and ¢ and —c are in the same class modulo I'g(M)
for any square free M.

The following is a version of Stevens’ control theorem for boundary symbols.
PROPOSITION 5.7. Assume k > 0. The map py: BSyme(D,i)ord — BSymbp (V) is an isomor-
phism.

Proof — The map py: BSyme(D;L)Ord — BSymbp (V)" is injective since it is the restriction

of pg: Syme(D};)ord — Symbrp(V;,)"4, which is injective by Stevens’ control theorem (Propo-
sition 4.1(iii)). For the surjectivity, we just have to check that if ¢ € BSymbp(V})°', then for
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each cusp ¢, ¢(c) € (Vi)' can be lifted to a distribution in (D};)FC. From Corollary 2.13 and the
succeeding comments, we see that ¢(c) € Vy, is 0 when ¢ € Cy, and ¢(c) is a multiple of the linear
form P — P(c) when ¢ € Cy C Z,. Such a linear form can be lifted to the invariant distribution

= flo). O

5.2 A basis of the space of ordinary overconvergent boundary modular symbols
In this subsection, L is a finite extension of @, that contains the ¢(V)th roots of unity.

For k € 7, M a positive integer that divides N, u, v two relatively prime integers such that p {
v, define @, , € BSymbr, (yr)r (p) (D,TC(L)) as follows. @y, ,, ,, is supported on the I'y (M) NTo(p)-
orbit of u/v, and is defined on that orbit by the same formula as (19), with P(z) € P} replaced

by f(z) € L, ie.
o (v(5)) N =1 (7(3)) - (cut av), (39)

where
¥ = el (M)NTy(p)
C ! 1 0 M

For any decomposition M = QR and any two Dirichlet characters ¥, 7 with conductors @, R,
respectively, such that ¥7(—1) = (=1)*, define @ , by the same formula (28) as QSZwT with
®k,z,0y replaced by @y, 0y, i.e.

Prpr= Y, D, V@) Phagy (40)

z (mod Q) y (mod R)
(%Q)Zl (y,Rp)=1

Then @y » € BSymbr, (anynry(p) (DIJQ(L)), and we clearly have py(®yy.,) = ¢Z’w’7 for k>0
The symbol @, - is a Hecke eigenvector with the same eigenvalues as gbi o namely:
(i) for Ty (¢4 Np) (resp. U, for £ | N) with eigenvalues 1 (£) 4 7(£)¢*+1,
(i) for (d) (d € (Z/nZ)*) with eigenvalues 1(d)7(d),
(iii) for U, with eigenvalue 9 (p),
(iv) and for ¢ with eigenvalue ¥(—1).
») (DL(L)).

As usual we set @ 7t = (P .7 )|y, For t such that QRt | N, we have @ y ., € BSymby (D,TC (L))°rd,
Moreover,

In particular, ® ., € BSymeI(M)mFO(

Pr(Phprt) = Dp oy 1t (41)
for k > 0.

THEOREM 5.8. Let k € Z, k # —1. Let ¥, T be Dirichlet characters of conductors @, R, respec-
tively, such that T¢)(—1) = (=1)* and M = QR divides N. Suppose that N/M is squarefree, rela-
tively prime to M, and such that no primes dividing N/M are bad for Ey9 ., ». Then the symbols

Py, ++ for positive integers t dividing N/M form a basis of the space BSymbrp (DZ (L) Egy..1)-

Proof — For k > 0, this follows from Proposition 5.7, Corollary 2.13, and (41). We will conclude
the result for negative integers by interpolation. To this end, fix £ < 0, and let X = Sp A be a
closed ball with radius in p@ in the connected component of W containing k. Then A is a principal
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affinoid domain. The module BSymbp (D}( (A))°*d is free of finite rank by Prop. 4.3(ii). It follows
that the fibers at all points k € X(Q,) of that module (namely BSyme(D}((A))Ord ®ax Qp
where the implicit map A — Q, is the one defined by ) have the same dimension.

We claim that when « is an integer k¥’ € Z, the natural map
BSymbr(D}(4))” @44 @, — BSymbr (DL, (@)

is a Hecke-equivariant isomorphism. The injectivity of this map follows formally form the left ex-
actness of the functor BSymbr. For the surjectivity, we need to know that if ® € BSymbr. (D;L, (Qp))ord,
then for all cusps ¢, the distribution ®(¢) may be extended to a I'.-invariant distribution in
D}((A). But ®(c) is 0 if ¢ € Cy by Lemma 5.1, and ®(c) is a multiple of the “evaluation at ¢”
distribution dg . if ¢ € Cy C Z, by Prop. 5.2. In both cases, the distributions can obviously be
lifted. This proves the claim.

Choosing a k' > 0 in X, we get that
dim BSymby(D}, (Q,))” Bkt 2..7) = dim BSymbr (DL (Qp) " [ Er2..]-

This dimension is the cardinality of the family of elements ® . ,; in the statement of the
theorem, namely, the number of divisors ¢t of N/M. With ¢, 7, and k # —1 fixed, the symbols
Oy -t for t | N/M are linearly independent; this is easily seen as in Corollary 2.13, since the
vectors (@ 7)o, and (@ r)c, for primes £ | N/M have distinct Up-eigenvalues. Therefore,

the symbols ®y, 4 - form a basis of BSyme(D,t(L))Ord as desired. O

5.3 Proof of the —¢(f)-part of Theorem 1.1

PROPOSITION 5.9. Let f be any new FEisenstein series, fg its critical refinement, and u;;(f)

(f)

defined as in the introduction. Then M;; = 0 unless f is a normal Eisenstein series Ej9 . »

with 7 = 1 or f is an exceptional Eisenstein series E . In the latter cases, the distribution u;;(f )

has support {0}. In all cases, we have

Ly(fss0) =0 ifo(~1) = —(f).
Proof — The assertion about the p-adic L-function follows from the assertions about ,u;;(f ),
since the Mellin transform of a distribution with support contained in pZ, is 0.
We only treat the normal case, leaving the simple modifications for the exceptional case

to the reader. Let f = Ej2, -, with ¢ and 7 primitive of conductor @ and R, respectively.
Then f is a newform of level N := QR, and f3 is a form of level I' = I'; (V) N T'y(p). We have

e(f) = ¢¥(—1) (cf. Prop. 2.9). By definition, @;Be(f Vs a generator of the one-dimensional space
Symblfe(f) (D;L)[fg]. We observe that the modular symbol ©,®_5_j - (note the inversion in the

order of ¢ and 7) has the same eigenvalues for the Hecke operators Ty, U, and (d) as fgz, and
has sign 7(—1)(—1)**1 = —¢)(—1) = —¢(f). Therefore, up to a non-zero scalar,

‘P;;(f) =O0rP 2 kry

and u;;(f) is the (k +1)-derivative of the measure ®_5_j, - ({oo} —{0}). This measure is readily

seen by its definition (40) to be 0 unless 7 = 1, in which case it is a multiple of the “evaluation
at 0” measure. This completes the proof. O
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REMARK 5.10. It follows from the proof above that @;ﬁe(f Vis a boundary modular symbol. It is

easy to see (cf. Remark 5.6 above for certain cases or Lemma 6.9 below in general) that on the

contrary @;;f ) is not a boundary modular symbol.

6. Families of p-adic L-functions of Eisenstein series: proof of the main theorem in
the normal case

In this section we prove the main theorem in the normal case. As in the introduction, we fix 7 a
Dirichlet character of conductor R, ¥ a Dirichlet character of conductor @), and a prime number
p not dividing Q R. We will also choose a multiple NV of QR not divisible by p; we will have either
N =QR, N =QR{l, or N =QR{ 0y for primes £, {1, > not dividing @ Rp. We use the notations
defined in §3.1 for our given choice of N.

6.1 The p-adic L-functions of an ordinary Eisenstein series

Consider the Eisenstein series Ej o ¢ of level I'1(IN) where ¢ is a positive integer such that
QRt | N. (As noted earlier, the order of 7 and 1 has been switched from the introduction for our

intended application; namely, the operator ©; sends ES‘",S 7 O El‘;‘ing) Like any eigenform of

that level, Ej2 -+ has two p-refinements, which are eigenforms for 7 of level T' = 'y (V) NIy (p).
They are:

ord _ k+1
ESsrpt = Ertorpt —00IP Eky2rppts
crit

EiYo e = Brvorwt — 7(0) Brtor pr-
Both forms have the same eigenvalues as Ej 2 ;¢ for the Hecke operators Ty (¢ { Np) and the
Diamond operators, but they have the following eigenvalues for Up:
d d
UpEgiQ,T,”L/),t = T(P)EgiQ,r,w,t
i K] rcrt
UPEI(;Ell-tQ,T,w,t =(p)p * E;;:l-g,r,w,t‘
Since the U)-eigenvalue of ng&nw,t is a p-adic unit, this form is ordinary.
We consider a linear combination
d
F= D0 aBh (42)
t,QRtN

where the ¢; are algebraic numbers. The form f is an eigenform of level I'. Let us assume that f
is C-cuspidal, so we can consider the partial modular symbol ¢ € Symbp (Vi (K)) defined in
63.3. Here K C Q is the number field of Proposition 3.5. We consider the part of ¢ with sign
—7(—1), and using the embedding Q C Q,, we view the coefficients as living in Vy(L), where L
is the finite extension of Q, generated by K:

;7 € Symbp o (Vi(L)).

By Prop 4.1(iii), there is a unique ®¢ € Symb;g_l)(Dk(L)) such that

pr(®g) = 6,7V,

PROPOSITION 6.1. Let f be as in (42) such that f is C-cuspidal. If o € W(C,)) and o(—1) =
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—7(—1), then

Ly(®y,0) = G(r)

Z cit Yo (Rt) 1Ly (v, 027 )L, (1,02). (43)

t, QRt|N

Proof — We first recall the interpolation properties of the Kubota—Leopoldt p-adic L-functions
Ly(v, o) for v a Dirichlet character of conductor prime to p. If x is a finite order character of Z,
of conductor p™, and m is an integer, we have:
Ly(v, xz™) = L{vx ™', m) (44)
if vx(—1) = (—=1)™*! and m < 0. Also,
2T (m)(cond (v)p")"vx " (=1)
. L
@2mi)mG(vx)
=Lv'x,1—m) (46)
if vx(—=1) = (=1)™ and m > 1. In (45), G(vx~!) denotes a Gauss sum. Note that if y = 1, these
three equations must be altered by removing the Euler factors at p in (44) and (46); in other

words, the right side of (44) should be multiplied by (1 — v(p)p~™), and the right sides of (45)
and (46) should be multiplied by (1 — v~1(p)p™~1).

Let us assume that o is a special character of the form z + x(2)z’ where  is a finite order
character of Zj, of conductor p™ and 0 < j < &, and that o(—1) = —7(—1). A simple and standard

computation using the fact that pi(®s) = (;Sf , Up®s = 7(p)®y, and that ¢ satisfies (33)
allows one to compute L,(®y, x#7). If x is non- tr1v1al, one arrives at the interpolation formula

(1) for f:

Ly(v, x2") = ;) (45)

i pn(j+1)j! .
LP(‘I)faxz ) = T(p)n(—QW’L)J+1G(X_1)L(f’X s J + 1)7

where G(x~!) is the Gauss sum. Using Lemma 3.4, we obtain

n(+1) j1=i=1y=1(¢)
J X 1
L,(® L 1 - 4
e %;N oGl X I F DRI =k (D)

To express each term of this sum in terms of p-adic L-functions, we apply (44) to v = v and
m = j — k. This is possible since m < 0 and

OX (=)= = o (-1)(-1) T = —gr(-1)(-1) T =1,

and we obtain

L(yx~" 5 — k) = Ly(y, x2" 7). (48)
Next we apply (45) to v = 7 and m = j + 1. This is possible since m > 1 and

vx(=1)(=1)" = rx(=1) (=1 = (=7(-1))* = 1,
and we obtain
(2mi) 1 G(rx " rx(=1)
2j!(Rp")I

Plugging in (48) and (49) and using G(7x 1) = 7(p")x H(R)G(7)G(x 1), we find

Lp(q)f; ij) - C;g—) Z ctX(Rt)_l (Rt) _j_lLP(w7 ij_k)LP(T7 ij+1)7
t

Lirx Lj+1) = Ly(r, x27 ™). (49)
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which is (43) for the characters o = yz’ satisfying 0 < j < k and o(—1) = —7(—1). There are
infinitely many such characters on each component of W of sign —7(—1), and both sides of (43)
are bounded functions. The result follows since a non-zero bounded analytic function on an open
ball has at most finitely many zeros. O

Let us now choose specific constants ¢; such that the resulting form f is C-cuspidal. The form
f is cuspidal at oo automatically if 7 # 1, and if ), ¢, = 0 when 7 = 1. Similarly, the form f is
cuspidal at 0 automatically if ©» # 1, and if 3" ¢;t7%72 = 0 when ¢ = 1. It will be convenient to
choose N minimal necessary to achieve C-cuspidality. We therefore propose:

DEFINITION 6.2. Define N and a modular form Fjyo of level I' as follows.
—Ifr#1,¢#1,let N=QRand Fryo = E%

If 7 =1 but ¢ # 1, choose a prime ¢; { QRp such that 1(¢1) # 1, let N = QR{y, and let

Fry2 = El?fzr,w - El?fzr,wl-

— If ¢» = 1 but 7 # 1, choose a prime /5 { QRp such that 7(¢3) # 1, let N = QR/l2, and let
Frio = El?f?,nw - £§+2Elgf2,7,¢,€2'

— If 7 =4 =1 in the normal case (so k > 0), choose primes ¢; and /5 not dividing QRp, let
N = QRl14s, and let

_ prord ord k+2 rrord k+2 rrord
Frro =B - — Exorpe, — 05 "Elorpe, T4 "B rpii,

Note that by construction, in the normal case the assumptions of Corollary 2.13 and Theo-
rem 5.8 hold for our choice of N, i.e. no primes dividing N/(QR) are bad for Ejy2y .

From Proposition 6.1 and the succeeding comments, we obtain:

PROPOSITION 6.3. The Eisenstein series Fj,o is C-cuspidal, and for o € W(C,) with o(—1) =
—7(—1) we have

Ly(Fy+2,0) = m(k,0)Ly(v), 02~ ") Ly(,02),
where
_ G(1)
"~ 2Ro(R)
with the understanding that the factor associated to {1 or fs does not occur in (50) if the
corresponding prime does not occur in the relevant case of Definition 6.2.

m(k,0) (1 —o(t) (1 —o(t) M 5T, (50)

6.2 A family of partial modular symbols

In joint work with H. Darmon, the second-named author proved that ®p,_, belongs to a family
of partial modular symbols over the weight space [DD06]. If X = Sp A is an open affinoid subset
of W, K € W(A) is the canonical character, ® € Symbp (Dk(4)), and k € Z, then we write
@y, for the image of ® ® 1 in Symbp (D,)(Q,) by the specialization map (37).

THEOREM 6.4 Dasgupta-Darmon. There exists a unique symbol
® € Symbr. (Dk (4))

oY,

such that for every integer k > 0, we have &) = Floss

Proof —  Let M(Z, x Z,') denote the I'-module of Z-valued measures on Z;, x Z,'. In [DDOG,
Theorem 4.2}, it is proved that there exists a unique partial modular symbol p € Symbp (M (Z), x
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7)) such that for each homogenous polynomial h(z,y) € Q[z,y] of degree k, we have

/sz h(z,y)du({r} —{s})(z,y) = ¢Fk+2 "({r} = {s))(h(z,1)).
It is then clear that
o({r} —{s})(9(2)) :—/ . 9(@/y) K (y)dp({r} — {s})(z,y)

Zp XL

has the desired property. O

PROPOSITION 6.5. Let ® be as in Theorem 6.4. Assume that Z7° N X is Zariski-dense in X.
Then

), = —7(—=1)®
P, = (7(6) + K(O)p(£))®, £fNp
=7(p)®
B0 = 7(a)(a)®, a€ (Z/NZ)".

oy
<
|

Proof — These results hold after applying the specialization map at any positive integer k.
Since Z#° N X is Zariski-dense, the proposition follows. O

THEOREM 6.6. There exists ¥ € Symbrp (D_2_x(L)) such that

W), = —7(~1)¥
Vg, = (7(0) + 077 ()Y, ¢4 Np
‘I’|U,, =T7(p)¥

(@ =7(@)y(a)¥, a€(Z/NZ)*
and such that for o € W(C,) with o(—1) =
Lp(¥,0) =m(—2—k,0)Ly(¢), 02" ) Ly(1,02).

—7(—1), we have

Proof — Choose for X a closed ball around —2 — k in W. Then Z*° N X is Zariski-dense in
X. Let ® be as in Theorem 6.4. Applying Proposition 6.5 to X, it follows that the specialization
U :=®&_, i of ¢ has the desired eigenvalues.

Moreover, L,(®) is an element of R®A, i.e. a two variable p-adic L-function L,(®)(k,o)
where k € X(Cp) and 0 € W(C,), such that L,(®)(k,0) = Ly(Px,0) when kK = k € Z. In
particular, if £ > 0, we have by Proposition 6.3

Ly(®)(k,0) = m(k,0)Ly(1, 02 %) Ly(T,02)
whenever o(—1) = —7(—1). By interpolation, we have for all x:
Ly(®)(k,0) = m(k,0) Ly, 06 ) Ly(T, 02),

where m(k, o) has the obvious meaning (namely (50) with k& replaced by ). The result follows
by specialization to xk = —2 — k. O
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COROLLARY 6.7. There exists a modular symbol
2 € Symbyl Y (DL(L)) (B2,
such that for o(—1) = ¢(—1) we have
Ly(®, 0) = log"+ Y (o), o) Ly(1), 02) Ly(, 027"),
where
n(k,o) = m(=2 — k,oz %71),

Proof —  Set <I>2rit = 0,V where V is as in Theorem 6.6, i.e.

| k(5
({1} — {s1)(g(2)) = T({r} — {s}) <dd;i(1)) .
k1

The map Oy, multiplies the eigenvalues of the operators ¢, Ty, Uy, and (a) by (—1)F+1 g+l ph+l
and 1. Therefore, @ is in the desired eigenspace of Syman(D}; (L)):

(I)zrit‘b — 1/)(—1)‘I>]C§rit
Oy, = (V(0) + (T (0) @, L4 Np
(I)Zrit U

| k+1 (I)(];rit
crit
oY |

, =T()p
@ = T(@)(@)®F",  a€ (Z/NL)".
One easily calculates from the definition that in general one has
L,(©4¥,0) = log[Hl](a)Lp(\I/, oz k1)
(see [Belll, Lemma 2.9]). Note also that
o(=1) = (~1) = (o2~ 1)(=1) = —r(~1).

The desired result now follows from the calculation of L,(¥, o) in Theorem 6.6. O

6.3 End of the proof in the normal case
Recall that I' = T'1 (V) N To(p). Set

I"=T1(QR)NTo(p) OT.

Let f = Epi2.4., and 8= 7(p)p*T!, and write f3 for the critical refinement of £, also known
as the “evil” Eisenstein series. The form fz is a modular form for I''. We view it as an old form
for I'.

Let @, be a generator of the space Symbw,(fl) (D;L) [f3] (which is one-dimensional by the main
result of [Bell2]).

The following proposition is the analogue for modular symbols of the linear independence of
the modular forms fg(tz) for distinct integers ¢, which is easily seen on g-expansions using the
theory of newforms.

PROPOSITION 6.8. The vectors (®y, )y, fort | N/(QR) are linearly independent in Symbllf(fl) (D;L(L))[fg].

Proof —  We distinguish two cases, according to whether the image of ® ¢, by the map py, of (36)
is 0 or not. In the latter case, the image pj(®y,) is (up to a nonzero scalar) the boundary classical
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modular symbol gbg’w’ - € BSymbp/ (Vi (L)) by Corollary 2.13 (with NV replaced by QR). Applying
the corollary again (with IV playing its own role), we see that the vectors pr((®y;) ;) = o bt
are linearly independent, and hence the vectors (®y,)y, are as well.

Let us now turn to the more difficult case pk(@fﬁ) = 0. As before, define the operators
Co=1-9(OVy and Op = 1 — 7(0)(FH1V,
Cy, Og: Symbr/ (Di(L))[f5) = Symbrp(Dx(L))|[f5]-

A standard computation using (10) and (11) shows that for each factorization into positive
integers N/QR = st, the corresponding symbol

S’t Pyp—
(I)fg = (P, [1ejs Oc Iy Ce

is a Uy-eigenvector for each £ | N/(QR), with eigenvalue 7(¢) for £ | s and eigenvalue v(£)¢k+!
for ¢ | t. Since these systems of eigenvalues are distinct for distinct factorizations N/QR = st, it
follows that the vectors <I>§L’[: are linearly independent as long as they are non-zero. Furthermore,
the vectors in {@j}ﬁt : st = N/QR} are clearly linear combinations of the vectors in {(®y, )y, : t |
N/(QR)} by definition. These two sets of have the same size, so the linear independence of the
it .
(I)jfg implies that of the (®y, )|y,
It therefore remains to prove that @jc’; # 0. We will prove the following statement:

If ® is a nonzero symbol in Symbl\{},(_l)(D};(L))[fg] such that pp(®) = 0, £ is a prime

dividing N/QR, and A € L is not of the form ¢” for an integer v > k + 2, then
O — APy, # 0.

The proposition follows by inductively applying this claim for all ¢ | N/(QR). To prove the
claim, we first show that if ® — A®y, = 0, then ®({oo} — {c}) = 0 for any cusp c in the I'-
equivalence class of 0. Such a cusp may be written ¢ = § where a, b are relatively prime integers,
with b coprime to Np (and in particular £ 1 b). There exists a positive integer n such that ¢ = 1
(mod b). We have ® = \"®,y,,,. Applying this equation to the divisor {co} — {a/b}, we get

©({oo} — {a/b})(f(2) = NH VP ({oo} — {€a/b}) (€  f (/)
(using the def. of V; and (18))
= (A0 @({oc} = {a/b})(f(z/€" +m)),
where m = %(E" —1) € Z, using ® 1 om\ = P.
o)
Therefore, if we set p := ®({oo} — {a/b}), then for all f € DI(L),

p(f(2)) = MO u(f(2/" +m)).

We claim that such a distribution u is 0. A change of variable z — 2z 4 {"m allows us to assume
m = 0. Hence p vanishes against all functions g(z) of the form f(z) — (A/€)"f(z/€"™). One sees
easily that all functions g € DT(L) are of this form, unless A = ¢“, with v an integer > 1, in
which case we obtain all functions g whose (v — 1)-th derivative at 0 is equal to 0. On the other
hand, since pi(®) = 0, p also vanishes against any polynomial in z of degree less than or equal
to k.

By our assumption on A, if A = ¥ with v an integer > 1, then v < k 4 1, and hence any
element DT(L) can be written as a sum of a polynomial of degree at most k with a function
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whose (v — 1)-th derivative at 0 is equal to 0. It therefore follows that = 0.

We have thus proven that ®({oo} — {c}) =0 for all ¢ € I" - 0. We deduce that the restriction
of ® to SymeI,O(D;L(L)) is 0. By Lemma 2.3, ® is thus a boundary modular symbol. Lemma 6.9
below then shows that ® = 0, which gives a contradiction. This proves the italicized claim above,
and hence the proposition. O

LEMMA 6.9. One has BSymb’(™ (Dl (L))[f5] = 0.

Proof — By Theorem 5.5, it suffices to show that there is no Hecke eigenvector in BSyme(Di% w(L))
with the same eigenvalues as in Theorem 6.6 (in particular with c-eigenvalue —7(—1)). By The-
orem 5.8, we know that a basis of this eigenspace without the condition on the (-eigenvalue is
given by the ®_o_j ;4 for QRt|N. All these vectors have sign 7(—1), hence the lemma. a

PROPOSITION 6.10. Let S denote the set of divisors of N/(QR). The space of partial modular

symbols Symb?(c_v 1)(D};(L))[ fs] has dimension |S| and is generated by the restriction of (®y,)y,

to that space fort € S.

Proof — Let x be the point of Cr gcm corresponding to fg. By Theorem 4.6, x is a smooth
point, and in a neighborhood of  in Cr o, all classical points are old, but come from newforms
of level I" =T1(QR) NTy(p).

By Corollary 4.5, the dimension of Symb}f(c_ U(DL(L))[%‘] is the same as the dimension of
Skr42(, L)[y] for y a classical point close to 'z. By the above, this is the dimension of the
eigenspace in Sg/2(T, L) of the system of eigenvalues of a form of level I". Atkin-Lehner’s theory
of newforms gives that the dimension of this space is |S|. (To be precise, if g(z) is a newform on
' (QR) NTy(p), then the corresponding eigenspace for forms on I' has a basis {g(tz) : t € S}.)
This proves the first assertion.

The restriction map
Symb V(D) [f5] — Symbl " (Dy)[fs]

is injective since by Lemma 2.3 the kernel of this map is contained in BSymb?(_l) (Dy)[fs]), which
is 0 by the Lemma 6.9. Hence the restrictions of the independent vectors (by Prop. 6.8) (®y,) v,

are still independent, hence a basis of Symb}p’(g 1)(D;L(L))[ fal- O

To conclude the proof of Theorem 1.1 in the normal case, we write the symbol q)iﬁt of
Corollary 6.7 in the basis above: there exist constants a; € L such that

O =D an( @y
tesS

Taking the Mellin transform, we get for all o € W(C,,) with o(—1) = ¢(—1):
L(@?it,a) = T(O’)L(q)fﬁ,0'>,

where

r(o) = Z at ro ()7L

tesS
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From Corollary 6.7 we obtain
Ly(®y,,0) _ n(k,0)
log[k+1](0')Lp(1/J,0'Z)Lp(T, oz7%)o~1(R) r(o)
The left side of (51) is independent of the primes dividing N/(QR), and hence the right side
must be unchanged if these primes are replaced by other primes. However, the right side of (51)
is a rational function in functions of the form ¢ — o (¢). Since any collection of functions of this
form for distinct primes ¢ are an algebraically independent set of functions on W¥(=1 | the right

side of (51) can be independent of the primes dividing N/(QR) only if it is a constant. From the
defintion of n(k, o) and r(o), this constant is clearly non-zero, and hence we obtain

Lp(q)fgv U) - log[k+l] (U)U_l (R)Lp(d}? UZ)LP(Tv Uz_k)

(51)

up to a nonzero constant.

7. Proof of the main theorem in the exceptional case

In this section we consider the exceptional Eisenstein series f = Ej,. Our proof of the main
theorem for the normal case in Section 6 does not apply here because Theorem 4.6 does not hold
in the exceptional case (since the primes dividing N/QR are necessarily bad), and Prop. 6.10
relies on Theorem 4.6. We therefore employ a more explicit method.

Let p be a prime # ¢, and let fg = F3¢(2) — E2,¢(pz) be the critical refinement of f. Let ®, €

Symbifo (p0) (DS(QI,)) the non-zero overconvergent modular symbol with the same eigenvalues as
f3, i.e. such that

(i) To®s, = (1 + )Py, for £ prime, ¢ { Ip,
(ii) qu)fﬁ = pq)fﬁ.

The uniqueness of @7, up to multiplication by a non-zero scalar is guaranteed by the main result
of [Bell2]. We even have po(®y,) = ¢, up to a non-zero scalar, where ¢, € Symbr s, (Qp)
is the classical boundary modular symbol attached to fg, since the eigencurve is étale over the
weight space at fz (cf. [Bell0]).

In this section, we denote by Cy the set of cusps I'g(¢) - 0 and C the set of cusps I'g(¥) - co
(this supersedes the notation used in section 5). Let us choose two integers x and y such that
oy
—py=1 1 =
lx — py and let wy <€p .
that this matrix normalizes I'g(¢p), interchanges Cy and Cs, and satisfies w? € ¢SLy(Z). For an
So(p)-module W, wy induces maps

> € GL2(Q). One has detwy = £. An easy computation shows

we: Symbr ) (W) — Symbr () (W),
we: Symbp ) 0o (W) — Symbp ) oo (W)

that are easily seen to be compatible with the Hecke operators Ty for ¢ prime to ¢p, with U),, and
when —Id acts trivially on W, with the action of ¢. In particular, one sees that wy®y, is a scalar
times ® ;. To determine that scalar we use [AT70, Lemma 5], which states that we(dy,) +Us(¢y,)
has level I'g(p), hence is 0 since there is no classical modular symbol (or form) on level I'g(p)
with the system of eigenvalues of ES™®. Since Uy(¢ fs) = Pfsr We get:

wgq)fﬁ = _q)fﬁ' (52)
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Let us choose an auxiliary prime ¢ not dividing ¢p. We define I' = I'g(¢fp) and let Cyo =
To(gl) - 0, Cqoo = T'o(gl) - 00 and Cy = Cy 0[] Cy00- These sets of cusps fit into the following
diagram, where arrows represent inclusions:

PY(Q)
/ \
Co Coo
| |
Coo C, Cooo

For any sets of cusps C' C C” we denote by rescr ¢ the obvious restriction map on partial modular
symbols, and just resc when C” is the full set of cusps P'(Q). We also have operators

Va: Symbrgp).co = SYmbregp),co

Vg: Symbrs),ce = SYMbregp),cae-

Using the construction of Darmon—Dasgupta [DD06], one proves the following result:

PROPOSITION 7.1. There exist non-zero partial overconvergent modular symbols

D € Symb;ro(gp)poo (Dg)(@p))

P € Symbiro(gp),co (D(Jg(@p))
®, € Symbf ., (D}H(Qy))
such that
(i) Tg/(I)OO == (1 + gl)q)oo and Tgl(I)O = (1 + f’)q)o for ¢ J[ fp.
(ii) Up®Poo = pPso and U,Py = pPy.
(iii) wePp = —Poo.
(iv) One has resc, c,,®q = rescy,c, (1 — qVy)®o and similarly with 0 replaced by oo.
(v) The p-adic Mellin transform of the distribution ®,({co} — {0}) is

Ly(®)(0) = log N (0)(1 — 0~ (@) (1 — o' (£)Gp(02)Gp(o)  ifo(~1) = 1.

Proof — Consider the usual classical modular form

EQ'S(2) = Epya(2) — p" ' Ejya(2)

of level I'y(p) for k > 0 an even integer, with Ejo(z) the usual Eisenstein series of level 1 and
weight & + 2 (which is not a modular form for k + 2 = 2, even though E$™ is). To this form we
add three others

Fla = (1= Vo) EPSy € Myy2(To(£p))

Foy = (1= M2V R, € Myya(To(2p))

Flg+2 =(1- qurQVq)(l - VE)EISTQ € My42(T)
As is well known, ngQ is part of a family indexed by the weight space, and thus in particular
makes sense for any k € Z, as do F0,, FIS 1o and F,g 4o+ The crucial point for the proof is the
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following “numerical coincidence” that occurs at k = —2:
F° = Fp.
Therefore,
Fi=(1=Vy)Fg = (1 - Vo) F5°. (53)

It is easy to see (see the comments above Definition 6.2) that F0 ro 18 Coo-cuspidal, F, ,S 4o I8
Cy-cuspidal, and F; ,g 4o 1s Cg-cuspidal. We can therefore attach classical partial modular symbols
to those three modular forms (cf. Definition 3.1), and lift them (since they are ordinary at p) to
partial overconvergent modular symbols

%o € Symbp g 0. (D H@Qp),
O}, 5 € Symbr, (4 ¢, (D 1(Qp)),
‘I)/H_Q € Syme,Cq( k(@p))-

As k varies, each of these three symbols is part of a family of ordinary overconvergent modular
symbols (cf. [DD06]) over the weight space and thus makes sense for any k in Z. In particular
for k = —2 we get

®g” € Symbr )0 (DY,(Q,)),

®f € Symbry(g)c, (D 5(Qy)),

®f € Symbr, ¢, (D! 5(Qy)).
Finally we define ®,, ®g and ®, appearing in the statement of the proposition as the image by
O (cf. (35)) of these modular symbols.

It is easy to compute by interpolation the Hecke eigenvalues of ®F° and @8, and thus those
of &, and ®¢ which proves (i) and (ii).

A direct computation using the convergent series defining Fj. o shows that wyF) l? o = —4" 2 g2
for £ > 0. By interpolation, a similar relation holds for the attached modular symbols, including
for k = —2: w,®) = —¢~1®°. Applying O and taking into account w©g = (Ogwy, we get (iii).

The point (iv) is a translation of the numerical coincidence (53): one gets from (53) that

q __ 0
resc,,C, 0 Po = 16800, (1 — Vg) P

and similarly with 0 replaced by oco. After applying ©¢ we get (iv), noting that ©V, = ¢V, 0.
The point (v) follows by computing the p-adic L-function attached to the form F} 4oy @S in

Prop. 6.3, interpolating this to £ = —2 as in Theorem 6.6 and applying ©q as in Corollary 6.7.
O

PROPOSITION 7.2. Up to multiplying ®¢, by a non-zero scalar, we have
TeSCo‘I)fg = ‘1)() (54)
resc,, P, = Poo (55)

N.B. the multiplication by a single non-zero scalar is enough to imply (54) and (55) simultane-
ously.

Proof — Since the eigencurve of full modular symbols and tame level ¢ is smooth (even étale
over the weight space) at the point ngl}t = fg, as is the eigencurve of partial Cp-modular symbols,

40



THE p-ADIC L-FUNCTIONS OF EVIL EISENSTEIN SERIES

the eigenspaces

Symbf, ) (DH(Qp))[f5] and Symbf .\ o (DH(Qp))[/3]

have dimension 1. Therefore resCO<I>fﬂ = ap®Pg for some ag € Q. If ap = 0, then <I>fﬁ is a
boundary modular symbol by Lemma 2.3, which contradicts Remark 5.6 since @, has sign +1.
So (671} 75 0.

Similarly, one proves that resc @ fs = Qoo Poo With ane # 0. Finally, we recall that w,® fs =
—®, while by (iv) of Proposition 7.1, wy®y = —®. The compatibility between w, and the
restriction maps resc, and resc_ implies that ap = ae. O

By Proposition 7.2 and Proposition 7.1(iv) one has
resc,,c,.0(resc, (1 — q\/(1)<I>f5) = 1e5¢,,0,0Pq (56)
TeSC, Cqo0 (1050, (1 — V) ®y,) = resc, ¢, .. Py (57)
We are thus in situation to apply the following general lemma:
LEMMA 7.3. Let W be a I'-module such that W' = 0. Then the map
T€SC,,Cpo X T€5C,,Cy o0+ Symbp o, (W) — Symbr ¢, (W) x Symbp’cqyoo(W)

is injective.

Proof — Let ¢ be in the kernel of the given map. We need to show that ¢({a} —{b}) = 0 when
a € Cyo and b € Cy . Since ¢ is in the kernel, ¢({a} — {0}) = 0 and ¢({oo} — {b}) = 0, and
#({0} — {oc}) € WT = 0 by hypothesis. The result follows. O

The hypothesis (D(];)F = 0 of the lemma is satisfied by [PS13, Prop. 3.1]. Therefore by (56)
and (57), we obtain:
resc, (1 — qVy) @, = .
Evaluating these modular symbols at the divisor {0} — {oo}, which is in Cy, we get using
Prop. 7.1(v):

(1 =0 (@) Ly(f5,0) = logy (0)(1 = 07 () (L = 07 (£)Gp(02) ()

for o such that o(—1) = 1. Hence, canceling the factor 1 —o~!(g), we obtain Theorem 1.1 in the
exceptional case.
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