Math 403 Spring 2025
Advanced Linear Aljebra

Tue / Thu 11145 - 13:00

Pk\/s{cs 205

Office Hours: Tue 13:00- I4:00
Thu 13:00- [4:00

Safity: = masks—hand—vosh/sanikize -
. dsl:ancg ?4 F;gsi

* know where +he exifs are

Polic]es . CovereJ on lue = fair game 'Por H\A/ o\ue Sat

. co“q[aor\a‘l‘ion/oxcaolemic [AoneS'('y
~ Yes on HW

- NO oh exams

Tndex cards

. Ezra Miller

2 he /hiwm

3 4p'h Smole

4. Major : Math | Music

—

5. What you MoFe to 3e+ out of this course
6. The wost impor‘Lan{' +‘nimj you’'ve learved about how yom leatrn

7, Hobbiesi ¥risEee, gardehinj) P'r\o‘{'OjraF(ny, beer
g. Somc‘annﬂ uni%ue about yourselp
"I from MA”

“I ‘w\ ‘prom HI —
but LTm a”efj{c to Pif\eaPF(e! ’




Ficlds
D_ef: A group i« a set G with an associative Lina\ry oFeraJriom .
¥:6x6G— G
S Rias ot
that hac  * an m e with exq = que = g \/3€G
*an nvere ,d" for each jeb, so 3'1356.
G is obelian £ % is commulative: g*lzzl*g v /leG
Eq. (R +) (R\{e} -) (na IR +)
C C

lun "‘>A A:a“ OLL lu.ah ou J
£ ° ($—=A,+) y abelban group

7

2 Z
wmxn matrices W x 1 gt rices
(u Ha any o(" thege | ) (u Ha ay dy o{»\ thege | - ) hoh-abelian: {46162’”
COCWIClm‘l’! CO(‘(—TIC\&V\ <

Def: A Lield i an abelian group (F,*) with

addikive identity OeF such that

P = FA {0} i o abelan grap (F¥,") and
. MU\H‘;FllCO\‘]’lOﬂ . diskeibaes over addition + o (b+c) = ab+ac.
Eg IR <”E)®, IFo={o1}, JF,=1-1,0, IE, Fff{o)!),.”;:—l} for FeZ prime
(i), ()

Math 21 works verbatina with oy Fin }7}0\& of I,

except for nokions of lenlh | ande, order (ach)

3
ClOSU\(’.SS (+oraloj\/ )

o/ewl/]\—‘l}

Deb: B wecdor space over F s ... veview feom 21,

(\/, +3 aLeL’an jrou(r w[L\\ an action 01[‘ F- l:l
F x \g* V - disheibudec over + on both sides
(0() v ) b= olv .

 asgociabive: & (pv)= ([4f)v
. 1\/ T v \7( vE \/

cD_Q&\L‘- A \/\OWIOMO(‘DL\;:W\ of V€L+orsfo\(;ej IS o [Jnear V"”"f‘

ég_' B;S"\LMIKL@F\/

= pumd—fon Bi\/\/ =2 —j] (' kbMoMoer\;'SM (P: \/"’?\’\/ th[q WI,B:‘F



M‘ A hOMOMDrFL;SM ¢:\/ =W ha
+ kerne| fer @ = {veV | wwy=o} cV/

SuLJ aces
image im @ = {400 |veVic W r
Thw (mnk*meJr?/) : olivn(fcer‘f) *dfm(fm @)= dim V.
PL: Pick B’z basis of Loy @
)SHQV WI'JFI'\ B/IC%' q(B"):ITMS'fS cvp Im(p
They B="R v R s a basis o( \/. D
g% +H
:D_e-(\: A LVOW‘OWIOFF\\I',(M L(’:\/—->\/\/ IS an isow]orﬁtw':m
]\C P i injac{'[ve owd suerhva
& ker {=0 im P= W
Ea. dimV=n = V= F".
PE: Basis viyonva of V2 v, e indyces = ¢ ker =0 becauge eiy..- e, indep,

. n
omo( w = Fv‘ \bemusg ¢y ..o .80 SPa,n F .o

” ~ DA . L N
—Q-E' ' SOISIR(‘[ «f= O> = R= Span (S””: C°5> Sinx = e-¢’ o y @Sy = ere .
Qi 2

M‘ AV) OlmiVle SML!‘pM_& s a -"mn_clah o-p Q S‘mbgrqce_
E%_. SeJr?M lfm ovie mlet -P;mo{ oan qpf‘;me live. in Eq.

card = we
= (o, b,e,d). v= (&, ¢, d") = offine lne W s

= D) [ 3B )= T mun],

W) L e x=a (.£ a'= o) ‘ ‘ ‘ /

(i) % coordinates of all points in | ae distinct (if a'ra)

Two Fo‘(.g; E; \Hﬂle;:

\-\e_mco, "r[q& rule'- ' I‘P two are rmol one isnd then i ot a sd.u
Q. Whad wakes E ¢o sFQcial?

A. Each pair o points (cards) yields a unigue thed 1 L.




L.
‘ Def: Fix SM\'DSPQCC WE V.
L A coset oC \/\/ IS &n q‘u\{me Suixfmce [v]z v+W -por Some ve\/

& The_‘gm WV\/ is the set 010 cosets a-{\ W. W r,
“Vimod W

[‘4] [] [M*V] and X(v] D\V],
(u*\/\}) v+\:\/) t (usv)+W.
"add le?.s since WelW=W

apffne Su\ﬂsfo\Cef

MvsW) = v+ AW =+ W [ X#0 ) and
O] =o(v+¢W)=folew=[0]=[0,]. O
Cor: dim\/= dim W +dim /.
Pl V=V is a howowrphiom (by P(or) with ker=W and im=V/W. O

P_}Z /W 5 Qa VechOr SFQC@ w ‘]’L\
P

Univerfal PKO}')QT'{')/ of qub(o-l'fe_wl-.{ 7

TN
A howomorphism VAR U is Oon W < ¢ lodor Uwrouj\« Vvt V=V Ay = Y,

Eﬁi ¢ induces well a{e-({mea{ Function
\//W -l each cosed of W - s{nﬁl& Fo'm‘t’ m U
(eli‘z‘r\l\/ ~ $;lmjlg POI-W" :M u

& We l(er Lp O
M‘ ATLH'rO\r\/ ‘IWOMoMorFlm'SM \/"é\'\/ has L@r"el K<V

. ;MO\jQ Tcw I:I
’ + cokernel W—= W/ T
Kc\/w» \//K-”I'Z\;\/—C;(\:\//I ‘Mﬂ n .
P_‘Fi VT \;\l o\e\C m[\ iwm, So \/—» \//K -»T l:y universal Prorer-}y J‘ coker. o

lcef(\//K »T)= “v]é\//K] VMO}Z [KJ L, Jera-f [cer)
=0eV/K > \//k &I O



Del: ASQW,\C@ VRS V,— .--i\/r s oxact i kee @ =i 4V 0,
Egq O—>V—V' =0 wxadts?
0 — \V— V' exacte> 7
V— V' — 0 oxacts ?

0 —=>K--s\V—W—->WI—=0 iwadt

0 A SBR—(—0=7
1 ]

¥
<

> \/i_,—> \/-, — V™" g a COME’ZX }-C \/,:_,4\/,-‘_7' Vm s O Vi,

V. has M;L l‘ll \/.: ker((,‘ﬁ/rﬂw; . Lemmwor im(\/{ﬂ&\/")g lce((\/d Hh

wieasures hovy 'p‘ar o comF|c>< s Prom Eeinj exact.

alselmmic '\’OPOlojy Sim »ce . —_— A @

E\

DIIM O !
Q,g, oc{'alﬂeolron A > Vector sFaceS/]E \/1 &ms"j = Verl':'ces
Ny .
DEE aF L’ ' 1 EZ Ean;: Qoljej
D \/e—E<«Fe«0 chain comp lex F basis = facec

35(\): ver o J, (e%e’) =g te e

IS o cow[;lex l

iy

B} (: O> ways to jei' from a simrlex mt dim i o a Sim[il& of Aim i-2. O
Compute: UoC. = kerd, /im O = \//B &= span (v verkices v, w)  dim B, =2
UoC. = kee 3 fimde =
H C, = ker F/O Ol'-“" H=7
T hin(rank - nulliE5): Wolim H = -1 iolim\/; . 0—=>K—V—->T—-0
—Q g . OL Hl ‘Z ! exact = dimK-dimV+diwT =0
= Euler charackeristic of \[ = diwKedinT - dimV

N -

Cor: e,xcrc\'saj : (,-[g+g= |-2+] 2 ?2=0

Pl of Thwm: HWw

[]



Duality
Deb: Fix vector space V over F.  The dual of V is
V*= {homomor phisms \/ — F}
= Hom(V, F)
Lemmar V* i a vector space/F.

PE: fev*
.

Ll e Vi Ll s vis L+ 1), so I44 VT

}=> i v <) = lav), so otQE v

Eg. L V=Fq = V*=Fp, [y g][%]=yx ++ymeF
i
L V=C (o) = [ de eV c Ao (DM is b
evy e /* o I ev\/a'F= PCA) s linear Ly el
3, V= C'U(R) = evyl",% e V¥ F=>10%) is linear

Notation: write f(v) = A Wk)’? Place V* and V on ecbual wcoo‘Hng, and :

SMFFOSC W i V. Then = f « fe \/*

oo

So 5 L Jow = (W V) = ([o4,0)
wW*— v*
= I, 4w
e((jm)*(/d_:m

E%; l\ m )\A n . . mxn n
Fcol — le [ij\‘f MH[HF[‘CU\‘LWV‘ \"7/ AGF oh Fw]
o g o e
(R m
(") eF loft " v /»\“r Y F el

Note: also used notation (uv) for inner products; compatible ?

]



G&ovwe*’fy 010 C
« € =4{a+h \ ab € |121 vector S}mce/g with basis 1,

. cow'iugrﬂ—e m[\ Z=zo+bi i« Z =a-bi ; comjujm'h'on FAand au+omofFLn'sm 01(’ C
+ 22 = |2)® = o*+b = (a+bi)(a-bi)

« 7= \(e"e, w\n&(& r=|z|= modulig O'C ?

0 < agumevﬂr o{: 2
Zz

. =(r ei®) =(rr’) i(0°87 //
.« %= Cosh + ising \M\ny? ®

5

| Taylor series: e ([ itl Fplikf kb
ST P Youll vecogmie his il you
2. ODFE for eit: ﬁe&= et iz i ok Mol with e,
Z=oa+bi=> iz=-b+a
What curve has Jramjenlg 1 veckors in lRaa[onj Cuvve ©
Which circle™ = unit circle
E_{’y 2= =>a152|;lrﬁ }=> e_ﬁT = -] Em‘er's ﬁormmlo\ (al+! e“ﬁl = O)

Def: A (herm;ﬂm\ inner product on o vector space \/A—Q oc € 15 a function Vx\V— IF
| T (4, )" )

that is . linear: <ocx+€\/,z> = alx,zY + By, 2>

2. (conjugate) symmetric: (x,y) =y xS ¥ x,yeV
3. nonnegative: (X, x> € Ry, / xeV
Y. wondejeneraJre: (X,x}= O & x=0.

Egq V=C" (Zw)=z2u+ +z,0,

=w'z.

Def: For Ael_:mm, s a_ofdo;vd s N= AT (conjuﬁod'e +rmspose).

Note: F=R > A*= A

Chede: WLV > (w, A= (A0




All still works: +rfom5[e ine ual(’ry
CamcLy - Siwarz ¢ x,>/>| < Il iyl

Giram- Schimidt
leagt squares

spe chral thm
Te,a+ion§ Oumang &molamemel sul’ffa\ceﬁ ker A = ("Wl A*>i )err

) WA\/ fac*’orx oS \I\/Q;MA&iW‘A*«_\/

PL‘?F" Fix V with ¢, T dimV/ <00 then v (-,v) induces o
conJuja+c—[iWeQr isewnorphisa V = V¥ Qv Cav) = &< v),
pr. /\w\/ orthonormal bagis €iyensn Widps fo the dual basis ek, ... e 01(‘ Y
such that e}‘(eJZ{é :;g = &) O .
Moce 3@4&(«\\\/: V]ohc!tjmerocl‘& bilinear forms
< isomorphisims \/— \/*
Jordan Form
Fix « vector space \%itu F, dmV=nzo00
PN =V lnear with wodrix Az [0],6 F7 with vespect 4o basic E=e,yep of V
+ characteristic polynomial py(t) = det (P~ tT) = det (A-tT)
o X eigenvalue & A coot of Pe © Pe(A)=0 B

o
& . geomd‘ric Mul-l'il)lici{-)/ 80\) = ol;w [qr((f_)\:w
= 3 linearly indlependendert eigenvectore with efjenvq{ue \

. aljekmic mu]JriPlfchry a (N = # times (t-)) divides P‘?(t)
5 (V) < a(X) ¥ ) A [j
¢ Jimjonoxliza\:le & 3(>\):0L(>\) Y A

Thw (Tocdan form ) O //
ASSU\M& au >\ eF. V Luas « \mSiS B SMdn J;Lm+ BﬂB s ElocL ofimjoml i szmgkfock;
with each block Eefnj o Jordan block ",'\.“

d X-._)x\l
J

The mwl’fiseJ( og \a\oc‘cg— 2., the o!i( qvxo! /\'S—oéPcnols onl\/ on ‘P} wo‘{ on B.

W ol some Size d -t—or some eijenvqlue N,



D_e-ci F s alﬁequfca(ly cqueol ;]f every Fo{ynow.iql WH-L Coeuj v - hmf o V‘ool in F °
= F({:) = (t-o ) (b, )T D Ln/[:o-}lnefi: ojr\ TF thm.
Fundamental Thw of A[dqelara L C s a’je,[:m{cqﬂy closed.

Del (direct sum): V=VaV, wens V=V, +Vj and VoV, =0, WARN ING: aloeg |nE+
wean \[, = , althou

pﬂg & \/ bag basis B= B9 B, with Vi = spon By for i= 12, thd AT
E.g. F'= = span(ey,..,0) @ span (€, e,).
Db V= V@0V il V=V and Vo Z\/ O Vi

Prop: & V/ hag basis B= B, B, L Vi = span B; Vi,
Esg V has bosis v, v, < V= spaa(s)® - @cpan () .
Prop: @ block diagonal & V=V,@--@ Ve with (Vi) =V Vi

em+ru'es are

elemen"f O‘F \/

CQ\/(Q}/-‘HC\Mil%on Them: P‘P( ) =0

€ Ye, €
PE: Fix basis € ). \En -P V, so Ye,=a,e+ -+a e, =A'z, \‘WZ}' L}WZ A|W
By JQK, \M(JC) = o(eJr(A‘ tl). NEQo! ’m(t? e‘:O Y i. " "

E LA'lVO\lQV\H t) ¢ 9 )ex
i \/ \f‘! \ Hl |F {t- l LCCOMeS \l w‘r\ev\ eva’u«c\{'eo’ &+‘[ (P
0

n

olelc(A JCTI c* A 1 where C= cofactor madrix of A-t1.

But KA\ &?1)\“ = |e|] [(PEI] \l . Now Mq[‘HF(\/ \:71 CT‘tﬂP 0/\‘”’\(‘3 I@J[\‘{' O :

ﬂ

:Da[‘ A wnntwml Polvnow-:&l OP LP or 1S a wionit Folynum af m(tJ
[]
of winiwmal o{eﬁrge Sa‘l‘;sl}ymj m( )= (or vn(A)—O).
h?"— L 31 wm). ¢
2. f(¥)=0 = ult.
P-(-\ 1. Louow: Leom 20 wmlf/ and o’e‘jm“alej‘ﬁ?#—dmm:;c‘p m.
L. Assume J;( )-O. Weite ‘F'@W‘*V with ofej r<of€j m.

Then O=$(Y)‘Zf‘f’)m(‘f)=r(q’) = r=0.



Jordan block: AGFJXJ or P:\/—V WH'L dim\/=d \,\/L\ose
minimal FOly”OWl"Q| 18 (t*MJ °
d=1: (v =0 & veE()) = B={v] has [9], = [A]
d=2: (P-\\V 2V orelse (¢- NV = (=) ([‘? AV )3 (L-\)V =V, bat
(“P-)\)\/;f o) L\/ ole{’\ or w;ivn'wxa| Fo(ylmom-x'o«l
= JIW\(LP*X)\/:i = (‘P*/\)V is in the d=| case

Jo;rhﬁrar)/ (Prove L\/ eaSy iwduc+fon)i ((P*X)\/ has g’{m o{"]
(9-AV d-a

(9-3V ok = iV =k

Choose v=vje VN . Then (‘P-/\)JVAZ 0 but (‘(’-/\)J‘lvdfo, 50
CONE Yo € Vg Vg

(“P‘/\)J_kv: Y € Vi W => (0N =y, D Py Aty when k2, and
: d @v, = Av, .
M
,\lM
So B VyyVaegy vy 7 I}():IB: 0{ . ]
5
A T
A

Pl 01(‘ Tocdon focm tHhm: Need’ V= Vo @\, with \/p Y~invariont Y/
(M nf)o'y o\[\ (p[ ‘t /\! ‘porolg"'(!]m Vp

Mi A commuttat ive rs'nj so\Jr\'sL{es all ‘Pielo{ axioms exeePJr mulh'PlfcmLf\/e inverses need ot exist

nxn nxn

Ecg Field, Z, F™, 2" R™ for any commnative ring R
FLE), ZIE], REED Horany ring R and any sed ¢ of vavicbles ]

Deb: A wodule over a ring R sabishies the sume axioms as o vector spoce/f- bt with sclars R.

%ﬁ vector space \//F with $:V—=\ s a wmofude/ﬂt] with tv =),

TE thn Lollows by elassifying all Flt]-wodules of dim_ < 00:

LoDl< MF UMQJV\'E ovev p/bl/
0\” are @fwmria;& SMLMMlules <\/> h/fH's P"'{V)‘—‘O or Some irreo{mcible, [b




S.
%omac,\q SPacesi com‘a(e'fe normeo{ \/ec+or sPa(;gS OVevr H’,= [Ror C

7 °
CaucL\y sequences: conve rge B Defl: A porm on \//F is V:V =R, with

- p(x)=0 & x=o
- ylax) = o] (x) o

Marhaian . )
Euq o=t xl= Iyfershsl VIX+) € O+ VL)
: -1y
—E’MM?’ L HX”a.: (|7‘||1+"'+|7(n|“)l/4 BII% (D> f Cor PU\J( MY convex set L\erc...

I(-11y
: ®)
\\ﬂv;oo' Ixllee= “"“"?:I %] % ©) N\ J

e,
'||><||P=(|x.|[’+~-+|xn|")‘/r» Be (o)

Def: A wetric spoce is o set X with a M Ol‘ KxX— R, such that v":‘éex
y J(x,ta\=0<=>x=\ﬁ x
A, y) = dly %) B :
. O\(Y.\a\ & O{(X,'i\)"'ol('i,ka) YzeX 2 |

norm v "m“ces Aisbonce vlv(x'y)= 7/()(4/)J J(ACL) oS Euicl;oleal/\ metric ||>(—Y||Q on H—"" °
Mavhattan metric  [Ix-ylly on F"

5

tDe-F: A +°F°(°§]¥ oh & Set S IS & col\ed:’on 7/{ m(‘s«ALsek ea“&ol open sets  Note: metric induces
[ .
Norm nC ‘\om eneous

Suc[q ‘H'1a+ . O\Vly union op OFP—V) Se+,< s o}am
* oy Finrbe indersection 0\[\ open sete i open
. S omol ¢ ore OFQV\

E.g usual yopology on IF": UeU & BX)sU VxeUl and g=¢, « 1.

More jeneraH\/Z wmetric o[ on>< > {’orology on X Wt"[’L: s o /,\”:?\

\%}

uorenQBﬂi(x)S(,{ V xeU and E=E€,«1. \\\ !

-

- -

DLL BQ 2/{ :5 Qa @ ‘For +L»e +o]volos)l n( uéu = M'—“— UB’ B \[‘OV' Sope BIQ B ,-

Be r R

v ViTe- :;’):.‘:'9‘:,’ .
E%_' {Bg (X) ‘ XGV omo( [ E}R>o§ Dl \‘\\':‘;‘.::’,} l:l
pact! Nl

tD_GF: {Xk)}kel(_)x i {‘Xk} i eyen'l'mo\“)( m 4 \‘/oFan Usx, Wmomfnj INyeK wf'}Lw’Q{éM V&;Nu ¢
X<S i closed i-[ 'X€X wL)enever {XA =X nS wi“\ {?Q(} QX‘ “X contains its limit POin+sI/
&F_: X<S closed © S\X open. {sq?} IS never in S\)(J evehjruo'“), or otherwise °
EI S\X o[Jen and {X{(} SX = IEM X} (tL 3) Co«lm lie in S\X] so 14 Wmd’ I:'e in X
S\ X wot open = 3‘-&(’:5\)( such +hat VOFQW {/{3&3 3 v, € Un X, They, {Xu}éé*{j—wg %X O



h@ An)/ normm 7 on [ is continaous in the Euclidecn maetric.
Pf: (riven >0, need J 5o thod | v(x)- v(y)| <& whenever ||x-y||<& .
Subadditivity = v(x) € Vx=y) + V() and v(y) vV y=x)+ v(X)
=> vI(X) - '1/(/) < V(x- y) viy) - V(X) € V(y—x)) So

[vE-vly)| < v(x-y) =1/(i(x ) < le -yl v(e;)
\\"“‘*———‘(*) < ||X || vl where vz (Ve vl
oiek fe “V“a‘ - -l vl v= (e, ..., ven)).

M? Nerw:s 1% OWIO{ /M 6N \/=le ale (4’0100103:10«”}/) QKMI'VQIWH', writHen 7/~/4) ,’4[
3 ﬁeﬂew with «*V(x) < ul (x) ¢ (;v(x YV xeV.
V\+€Tp(e+a+l0y) VN/” et B BM x) c /( ) \/Xé\/

& a\le(Y &-ball base for the //l"-['olao’03y ic o base for the v—ioro}ojy
E.q. lIxll, < lIxlly < Jwflxl
\I_l"r\‘||><||‘,‘l < vl g N1y PL: exercise (not M!l:jneo{)
Xl € I1%Ml, < nllxll,
Lemma: ~ 1S an ezu;valwce velation. __

P_-f: Syhm‘e%ici [_(5 ,M(K)é v(x)éu_l/l(x).
trangitive : exercise.
relloxjve: o = p=1.0 -
THW!" M)"V horms on \/:[Fn = VN/M
EC: \;Y Lemwm) necJ O"I\/ CLWC]( 'U:“”:, Com agsume >(=£0. :_

() with y=0 and M nstead of 3 = /M(x)é Ix, vl for v= /A(e,), plen) N
= Yake @=IIvl,. ]
Set d=win {,M(X)| ||x||1=ﬂ, wL\ch 03 Shg lﬂy ProF because SFL\WC Sn-l s cIOSeJ and Lommo(eaﬁ

Then /m(x) =M (“x”a' ﬁ;\) - ”x”’/M (ﬁﬁ

z xll, <. O

M= norm on \/* M to v oon V is v*¥)= wax |\0(X)|

vI(x)=|



(:omlemy Fix IR-vector space V.
/7~ N\ o
Def: X cV is contex A\ vweX = line sejwneH W EX.

convex ho‘)‘— convex

.

W={dv+(l-x)w|dﬁ[0,|]}= oy + fw :;’;P(;lok

= %wﬂt V-w) |o<e [O,Iﬁ
(a,b)  a=-w or beew allowed £
)

A

o

any I'V\'Lervq{ SR [a,b]

pL: QSV,WSB%[V’W];/’TV, O
ProFeranes %
1.9 V=W linear=> ¢(convex) is convex.
2 . = L(fl(com/ex) is convex. .
3. X convex => a+X convex Y aeV.
Y, §X~}.CI all convex = ﬂ X; convex,
Cor: 5. Every oL ne suESfm«ce is Convex.

E}Q%} 6. l:very [Opeg L!ﬁu\SPQCQ Ht= {xe\/ ‘ 9 (x) § r_} for some Qe Vand celP .
\\\ ose +

E.j. stanolard (n-l)-sin(ex o= {erR"‘xi; 0 Vi and X+t =1} i$ convex,
P—C ”2” XC[EV"% OV‘& ﬁ {T()>O§ convex L/ 6+Y.
; =

XSR ‘X*‘ +%, 1} convex L:\/ 5 or 2. (\/ew o\[olﬁly"f O

o2 0 Vi and o(,+—'-+o(,,=1} Is convex.

&F: Xy, Xy € \/ = 7 P= {d\‘xl+.,,+dnxn
g X 2 {x“,..,x,‘} conveX = X? P

M‘- P= convex hull = cohv{x“,..,x,,} s a go{;ﬁoﬁ\
E[:: 7 P= (P(o’) -{or ¢ Rw%\/ Ulse 1

e,‘l—> XI:

8 Use induction on n. Triyial h[\ n=1

he2: need o)+ ot X, € X Assume w1, @

Then d«xt+"'+d"x”:o(((gix'b“_“@nqxn-n){' (1-s)x, -For a= | o, = @bty

B=% for izl n-l. O



E_.} X= {FeRIt) | {0 >0 Vae (o]
={Aene""" A=A and 250V eienialues )\ of A]
Dl ve XSV s am L vells X for some open Ucv.
veox bourclacy poist 14 (I0X and Un ( vxx both norempty ¥ open vell €V

Y‘; Xu OX s the clogure of X. //// X
&p Y?—{\im X, ‘ {XL} c X convevges}.
Ei P(OF’ P .
Q. Is / OPQ.I(\?

A. _/LV\ [R‘i yes,
Tn RY no.

=

PmF._ Xg \/ convex => Y cohvex,

BE: v -y = oV +

W W k pwk - °‘V+§W' Rud VkEX ahc{ WleeX \/J‘ di:l“‘@*’ﬁ% EX \/L: L Convex"‘ry

=> oV +pw eX LY Prop. 0
Db A hyperplane HeV sparddes v from X -f veland Xe BF F
linear function fe /¥ * " " ) e l() Ve X.

Thm: X=Y conveX and v;a(X = 3H sefarajr{mjv«rrom X
P For any choice of nner Proafuc‘i', the norm ||||= <'J'>\/'1 yfe[ofs

‘F(x = ||X V|| X_> IR Con-}}m(ows boundeo below (LJ}/ O)) and proper (‘[\/\(bo'm"{@l 52'0 s ‘)W”"[@"[j
L7/ +oP0103lcal equ valence: J; ([o, f]) g “(\/) is bounded. Since X is c|05e0{, } cHains

o0 WM mum oh X, 80\7 C«‘l‘ )lCX SeJr f <y-\/, > NOJ(e Qio Since V¢X (SO )/*V).

\/ we (0,1 and , ly=vlP< | -vll*= ly - v+ax-plI*

= [ly=vl Qo Cy-v, oy # ol oI
= 0¢ M(x-y)+ <><||X~y||'cl X

= (y)é {0 W ~ \@

Lw\/ X=X T y
But I(v) < Eecause Q(y v) ||y -vIl? >0, )

-

7T ><
so J(v)<d(x) Y xeX. O

APP[ICa‘f’xth- OP'quza‘hon (].near Pijro\mminj\, omafyfis (bounds Away Prom O)) CS (suﬂaor‘f veetor machines)

]

M




‘7. _ _ _
M‘ H IS a SulpFoH' L.ypev?[ome or X a‘l’ VeX hc \/GH ano/ XC—: H+ or H'

Jfk\ nk \/EBX
h: X convex and ve&)( = 3 SUPF°r+ H Oan‘} Y +oujb\ not

necessqr\/ by el o/ 4 alid)

PL: XS H'= X< H" so assume X=X. Fix a norm ||| on extreme point "
For kel pick v #X and f, & S"'= fue V| Wi=1] € V* sepnvating v, From X, HoveX o uX
Acssume v,V as k— o (S comrach ( closed + bounded ) so
Mk} has a ccnnve':zjeml mLsezuence‘ re[alace {M with that +o get (m -

= \/xex {k(x f \[{E,N Lo - J(v)

k___-—\,_\__,.
2o ——— o0 = H={yevH

= “v)% suffices, O

Deb: SV has convex hull conv($) = § convex combinations & points in 5}
h?" = swallest copvex set 2 S,
B D convex combination of convex combinations is o convex combination. Now use ProFeA\/ §f o
Def: For X convey, veX is an extreme lpofh“' i v conv( X {v}).
Lemwa :

& V37 whenever v#xeX and vy eX. [ |

€X+f€lm€

ex+reme? LA /// no‘I‘ e><+relme

extreme

Thm: X=X Bouno'eol*'convex = each sur[x)ﬂ‘inﬂ H contains an extreme Foin+ 010 X.
(o\ssummj dim V<o) Fix sufror-lmj H. St Y= XoH: bounded, cloged, convex. []

[ W vey extreme in Y = v extreme in X

J{m V=1 elcmevvbr)/
= quw. L>\/ indud*‘soh on olim\/ (Mioilm‘f =O(iM \/~ l) via Frevfous Thwm.
P‘p O-C Clo«im? P;CL Q._LH WH'L! f(X)? f(v)

V= oX* By w{\LL»/\/ eX and atp=l = ﬂ(v)=o«f(x)+§f(y) ‘

no lnnerfroducf = Q(X) = I(V)” K{Y) Since ﬂ(X)Z [(‘/) O\m){ I(Y) 2 f( )
is Lemj used hece

= xe¢H and yeH. O



‘h (Krcin— Mi(mm): XZX Eounoleo( + convex = X = COnV(eXJrremc Poin{g m[\X)‘

C
Pt Suﬂ;o;e X2Y with Y=Y convex.
XE Y = FveX\Y with [ separating v from Y.
X closed + bounded (i.c. compact)
= | aliains win. af some xeX;
note that 1(x)< 1Y) b?’ Sefaanfon. H
H= {wé\/| Q(W)J(x)} Suﬂmr‘fs X o x Ly construction,
Previous thw = 3 extreme fo?n‘f o(\X in
= Y cant contain ol extreme Poivn‘s of X.
Thus X S convlocdreme points of X),
2 by Prop. D

]



Qrasswmoannions
Deb. A l<-lploxwe n o veclor sPace/\f is o S(AlDSJ';O(C@ m[’ dimencion k.
The grassmanrian is G, (W) = {k-planes in W]
* Whet does G (F") “look like”?

« How close is one k—rlame to onother @

* Find "best” k- F‘ome 1[\or j‘l\/eﬂ FurFoSe < 0F4:m:zajrxon on G (F )
a,,ﬁ. lgg\ng sezmqreg < on [P( )'—‘- Gi(nzn) For CO.S'{' l\unc‘l'ton ‘F Z o( ” )

a Ve F" Specifieo{ Ey .2 ote: F= Fn, heve

= e G () codd just as easily
Py — Gu(F") do svecybhing with columns :
A — spown (vows of A) bud not =—>

SAfTSY v A[ A
h{?‘ AlAI € l:;xn yie’o{ Same \/ & rows of A ave Ifmear comLfno\Jra‘onS 01[ rows ol\/\/
S A 3A for Some. SGF

Def -
. = " g€y Fl‘ = GLk( ) -”qejfou}; a‘p
Cor: Gl:( GL F\ . the %uofew{' of I:;x" wodulo mveH' ble [k matrices ||

the action of GLk on the left Gl x F"— ¥

{I P | AeFET], where Ne[A] & .

%n.l k=1 r / \\
[« g [« &]] f%ﬁi\ .

OMPGY‘C \//\/\/ [v] < \/‘ Vv € \/ l, w‘nere v €[v] E vz vt {ov Some we\/\/

No_+ F:roww Fca] = G COI V% N ?AGLk‘ AQFL\Xk}




SV\FIOOS"— eft k cols of AeF*™ are i”“’{eFeM{emL‘ l /]@H
Lot "(\: E\lﬂ € GLk -
o A__; %“IA: "-_',‘ ostufL. = (e,,{uceo' QCL]elom -(\OrWI ODA ’
Then A —\/
SR
Lewmat A/I—> \/ = IB\/ = A\ ﬂ‘: Sowme row span, in echelon ‘0""“") which is ““"K“c‘ H

Lema’s { Ae P | Ly kds=T,} <> G(F7)

n-k J

rank A=k = some set o of k cols is independent .
Weite Fo™"= {Ae F" | A hes T, in cols fromo]. .
Eg F[‘;;” with (k= {1,..k}.

Lo’ £ 5 G(F) Y e () (7).

Gk((:n) [OCO\H')I

F IAY" .Se+ G:’ = m ('ﬂ'o—) o Fkx (»- IOOI<S ’{' Le Fkx (n-k)
M: Gk(F“) Cover@o{ |:> ( ) au\me Spaces ]—'U*"C’TE) Gk(l:—") = ((Jm) G:’ )
o ¢ k

:D_e'p: /—\ Wlomh[\ou fs (v ‘['ora[o‘ﬁica[ SPOLCC X WHL\ on C«‘HA: [ 564 ol\ W]O\FS {/{o(&x
such that « X = de . where X.,(Z im (’ZTO() is open in X
and Vot - Uy is open in an alfing space 01[\ dim d

* Wa IS a U, X, __
and Vo(,[B Wy T Uag = Ug, s ey, Uge = XIT@ < U, open |
i, - continuous = topological wanifold X []
onels) is - diffecentiable = diffecentiable manifold u,
G F")? - smooth (C®) = swooth manifold .
= analytic = qna|\l/+{c manidold

- votio o-f ?olynomn}z}S = ational o.'jebra.'c Vo‘u—ie{-}/
Thm: Gk(lfn) is o vational o\ljekraic var:‘elry of dim kn-k) with atlas
fr: Fem — G(F™) | oe(')]




9.
1
‘ Eg X=5 G
’IT(s a L} U(Ao( Y
Ll /
U Tntersed: @
T“d % L a

Thm: G G, (F F™) is a ro&lona! c\fjebrasc variety of dim k(n-k) with atlas
{ m k(F (fEJ)}
Pf: °Pro]>=>><=y>< G(F") “UG”
and G = FEa F Loy e knek)
* Declare UCGF") to be open & MOGk s open Ve ([£3>‘
o Sot Frt = {AeFS"| A = Leols of A inded byl is nvectible |
= (G50 6T).  vecall [els inded by 0] s T, for AcFo
Then 0 o 70,0 Fow — Fa
A o ? Find wmatrix A" with [A"]= [A]
sy W= LA and Az= T
entries are rational funchions of enfries of A. O

Def: A (complete) flog in \/ is o chain
o=\V,c Ve cV,c V.=V
of subspaces of \/ with dim Vi =i Vi, Set
FL(F) = { complete Flags in F "},
Ex. Ex]oreg H, as a @Mo*"[&n"’.

. op wlﬂa‘\‘?
\/ - <V > Thisa very jenem( Principle n ma'['L\.
b
V= o) A= [l € GL(F)
\/i : <V,,...,vi> (Jos we're using columns now.)




. \m/ what ?
(v‘> = <o‘V‘> -For om}/ Q(SF*

<V“ VQ> = <dv‘>+(€\v‘+ €3V1> ~For om}/ oLGFx) F%lé- F, omol ﬁle F*
<Vu Va, V3> = + <w+ —,{‘or V3>

€ SPW‘(VUVQJV?,\\ SP“MV\:V:‘,

so YV, + YV + vy with ¥, #0

F*FF - F
OF'F -
A= AR for B=|. oF =
St F 0
00 OF] |

Dt 81 - { [ F £ 6Ly s she Borel subgrop
Prop: F{, = GL. /pF. O
Ts i+ a wmanfold ® Avar{&fy? Find
+ “big" subset that is an open subset of o vector spoce
. enouﬂL\ coFl'es to cover.

Assuume A "ﬁeneric".

<

GL, (F)

& Jiajona| entriec cll #0,

(jiven uIJFer- ‘l’n’omju[ar

Use - bu to Wlal<€ Gy = [ afll 'd.;:al:l “"a_x:am_
R 0o
then = by, ..., b, to cancel Giyy ey Bon R Loy
0 il
then - bn to wml<e new a,, = l Lo ol
then - bns,..., Ea,, to cancel Gq3y ) Gan AR = XX
' % % - K]
Prop: Uy Fl, = GLo /25, oo
rop: U GL. / P R
PE: HW. . X
Thm: wa IS a rn‘,'iomal aljebrafc VQrie‘xl\/ wr”\ aJr[aS _ :
|
{wl/l; — GL, /B: WIS o FWufa‘lfon mwfh’x}. ABIB,,, _ l O e u; uniioo'l'en“l' S“L’j’ra“,P
PE: H. o)




OrJrLogonal groups
Q. What s {symmehie; of STSR*
Mr An iSoMe+r¥ o‘T\ a metric space X £ a Lid'ech’om ¢: X— X with
d(4%, %) = d(x) ¥ wyeX.
Note: ov\ly ned ¢ X — X, Since X#‘a = J(%‘, %3“’{(7‘;‘3)* O = Yx# (P‘a.
E—‘:,‘r“ ):;'na[ (X,ol) omo{ ‘-( Sa-{:‘s{-\yinj evef‘y-nu'nj exaﬁ -,

Q. Is every n'.sow\e+ry of Sa rotation obout some axic?

A. NO, but ;’L assume it preserves og’cmla-Hon %l‘l&ln

Y icom o-y[\ S = preserves D('+L\On0rmm;;+y m[\ any bosis ar R

3

. (Vl)V”V?) rsgh-\--kano{eof ht VXV, =V,
. M: P ?reserves orientation i? Y preseries handeclnesg
ég; - Y= —13 = v\O‘I“

+ Y=velleckion = not
- Y=yotation =

Lemma: @1 S" ' — g isometry = {a“?‘o{él&} is an {sm&ry of fRn=uL>}ooz s*
P xye R = ¥ presecves + Il ondl llyl by construction
L) 2 LEDT) by isometry of G
= e E\/ v o+ Cosives. 5 nﬁﬂlﬁfnif}ﬁﬁni‘nﬁyf?}fp

Thon: Every isometry of R has the Jorm A+ Ty for some o oo

+ AeOn(R) = {QeR™[ Q"= Q") ochhesoral group

* Ty = teanslation by velR"
PE: Assume @e isom(R") with 9(0)=v. Replace ¥ with ¢=T, to assume v=0.

Need We Ol (IR): proot essentially as in Lewma + (preserves inver products /l=> linear ), O

(Ax); =< Ax e

Note: $™'= {xeR"|Ixl =1} Fixed by isometey @ f R & 4(0)=0.
Cor: Tsom(S™") <= On(R).




Answer o Q
A0, > A has o real eijemva/ue
= of least one eiqenvalue A= £, cince [Ml=1]
= eigenline = axis fixed pointwise by A or -A.  One of these preserves. arientation

But * A € Og = A 'I"O\Les orthonormal basis 0‘['\ pP= ax(sl
'i'o " n " "

= A|,, is votation of P, possibly Followed by cellection
but ot if 4 preservec orientation.
P (el,ea,&ﬁ (v, va,ve) = olet A= v (uxvy) = v (2V),
But roty,i, () has eigenvaluec 1,30, % for some Ne€ with [AI"=\\=1,

odt(] )= 1aT =1 v (ty) =13+ O
Aside: Other s)/w\wnejrry groups | * rototion (IR or € or H) o
. scmls'hj (IR,(_)awl;}errY F)
y ‘fmn.ﬁ[orl’fon A e

. a—MIM or FroJec*i\/e, “fmnsporymhons

~——
Preser\/e: anﬂle) olx's-{'anc&, co“{ne&ri{'}lj ‘\J\

AFFI"cc&ionS‘- computer vision, rawoler(nj ), 3D image reconstruction, wzorPLomquics

% face “’QCOj"iJ“'D" (V!:Q) |l A \M ¢ ]le A~A" same date JooIer 4

. ‘\\lmndmarksz/ A /354 % € _
X= G\Hihx aljel:raic var(ewty, wetric Space: J([AJ)[B]) = Sovne”nfnj rmm linecy Q’jeLra “[\A and B

Prop: Let =R or € and () standard hermition form on . TFAE.
L (e, gAY = G pd Y vows xy e F" - Debi Ae O (F)
2. cight multiplication py preserves orthonormal bases: ..., v, orthenormal
3 vout of A are orthonorwal basis of F" WA orthononal
1 AA*-
5 cols of A are orthonormal basic of F"
P Exercise (not assigned).

{ U ( ) umhg %r‘ouP




an

umfar'y matrices (fn R via (a,+l>‘i ) e a,,+la,,i)
r\l/,IHG Ivl\llan (QHL; )'I")an\l:’n )
inoluces Oln: @nxn_) IR:MXJ“

a+bi._>{°‘}+|:'b} or 1 (1]
a b |1

I

=

M.C  Ma.R l |
Def: Ae My, R is comrlex—[inew if Aéimnje(of,,), )
Prop: A€ Uy & da(A)e 0,,(R)n dl, (M, €).
&f. do (A%) = d, ()
Clﬂecl('- Jn (Ag> =
< view A,B as €-linear on C" T he +wo siJes are ¢ ua‘ as
+ compose Fanclions €"— €" regard less
- view €C" as V.f./ng Or w(na“’)er C"is VieWerJ GS$
Thus da(A)d (A = da(A)da(A%) = d(ARY), L o Vg o werdy as « b

O
Dl For v V/E with €0, O(V) = {9V V| (B 8p>= o) VitV
Prop: O(V) = {ee GLIV) | I9xll = lIxll VxeV]. = O(F") = OulFF)
PE: llx-yl* = <x—na, x—@)k = Nl +lly I - %, y0p |
= (v = 5 (121 lylt = lx-yl)
so { preserves norm & preserves inner product o,
For F=C, 9:€" > € preserves norms = d,(¥) preserves norwms
= d,(9) e O(R™)
= 9e0(C"), O
Peop: A O4(F) = [detAl = 1
PF: det (AA¥) = (oot A)(def A ae+A) = |det AI*=1 i AA*=T. O
Deb: S0, (R) = {AcO.(R) | det A=1]}
={ Aeu, |detA=1].

[]



Runninﬁ assuw'lmLion: Vowith <)), dimeVan, $:V=V C-linear
Thm \/ has O(“\Omorma[ [DO\SlS Wl'['L\ I:(P] uFﬁer -A . °
AC M,.C = M*Au uﬂaer -\ For some {/{€u

PEn=1/ X
N ‘?lc(< uer enﬁen\/ecjror Y, (‘U\a{ J_norma[ L)aSIS Vg yeenyVin ‘por l/(, wa((n O\*AQ -1 A/

L [ [ [
W\(\Q(Q Q |l ‘ Vn] B\/ wnduchi 1on, CL\OOSQ \,\/" Vl/ Vl"v\]E u'l‘l o W A W UFFer‘A-
i

Set U= [Tw]a. Then whu= | iAQ*aQ|Tw] = [ [T7] (W] = [ ©
Note: Thim + of wark /IR Ll eigenvalues assumed ¢ R.
Cor (SEechl Jr\nm) Q=¥ = \/ Las orthonormal basis of ejenvec+or5 and [[exjehva|ues eR .
e A¥ = A= UDU* for some unitary U and real dliagonal D. o
P Thm = A- UBU* with B rpee- A. But
A* UBU* = B=B" = B diaqond and real. O
Def: 9 is normal | PO* = ¢*¢
Cord: ¢ normal = V has orthonormal basis of eiqenvectors,
) normal = A = UDU* for some e U, ond diagonal D,
P Suffices by Thm: normal upper-A is diagonal.

Assume N normal uf’f’er'A' Check
- (N*N)y= 3,0, = layl

- O‘ X
> N=1. oJ

(NNDy = faaPe foal + - 4o, P 5

= =0 L
= oy, []
= N*N and NN* computed block by bleck .
= s normal

= " " diagonl by induction. O

&g; ¢ pormal & [[¥xll = [|9%] VY xe V.
Phss i [l9ull= (PP = <Pu,xd = (PP x) = (P P%S = 9%’
& Comf)a\re <(P*LPX,la> = <%<,%a> to <LP(?*X,ld>= <L{)a;<,“ﬁd> ‘:\/ exFreSSivmﬁ <,> m terms 0~£\ -1l O



Positive (semi)definite malrices and singm(of volues
Det: V with ¢,) and dimeV=n, C-linear 9:\/ =V is self-adjoint L 9= 0% andl ig further
e,g. Afajonal oma{ =0

PoSH’iVe Semio(ewnmi'l'e fl\ <‘Px,x> 20 Ve \/ “¢>0”
. PoSH’i\/e o{e-pitha > > 0" e,g, A >0
Thmi Le+ (ﬂ_—_((l* Then QP 2 0 & m” eijenvalues O‘C LP are > O
> >
O

E{:: Pid( 0(‘”"onor‘mal B \e I:(P:I'B olfajonal. Now [(P:I»B 2 0O &
>
Cor: A:A* 20%3!%;0 with BQ’;A. ]D_QJ:'.B:MI
PE 3: A= UDU* = [A = UD U,

[+ exercise. O

hp As>o = 20)={x*Ax is a norm.
PE w(x) = | A%k, ; apply HWQ #3: v= o for = I, and ¥=A%. O

:D_CL\: Aéd:"hm ‘l\o\s M& |A|=J7\Y,Z\ZO, |A|€d:nxn

Neede: (A*AY*= A*A /
(N A xS = <A A = IAIP 20 Y xeC™ V

ProF: HAIxl = |Ax]l V e F"
PL: AL = CIAlx, 141 = <IAF 1AL x )
since. Al L\ermijrfan

= (AP, x )
= (AR xyxy by ded oF 1Al
=(Ax, Axy = [A]® O
L

I
|

Cor: kee A = kee IAl = iwn(JA) "
|:| =0 & |:| e

E: 1 ”Ax” =0 < |||A|><|| = 0.
= ke T =G T¥), and A*=1Al O

Cor = - |A| = orJr[nogona( FrOJcCJr"on Po”oweo{ 137/ . SOme = 01[\ fw |A|
* fm LAL “(&r A)J_
fD_eC: que SfV\jular VGL’ULCS o-(»\ A ave +,ne @.l‘jeVWaIMeS 01[\ |A|

ﬁm)--.;m , where AA has eigenvalues My ko

=

o+€:

]



Kuvmfnj‘ ﬂSSMMP+i°n§

. sfhquqv- \/qlues L/
#0

0?'7

O

of A

r+n>"')°;~

=0

\/ A X L\omomor[)lqism or (nerwu'Jrc'a/! V-S-/F

- 2

=/

..V, orthonorma| basis of X so thed 1Al scales Vv, lgy o

3]

= Vf-rl) V

GGDMC“'V')/ O‘C |A| kill keV‘A re!cale_ Viy ooy Ve L)/ FOSI‘(”NQ Oly. e
A = (/{ |A| 1tor some (/{E O,,({F)

M (loolar JQCOMPOSJ‘I"OH)
PF: Follows from SUD. O

A

AE H:nxn

2

ker A,

(S @ é 2= eielf.‘l

el [ ol sl

paeatt)= (S-£)(2-¢)-4 i

oy .

ge R POIQr cOoro{fnmLes
5 )
2 L{—\IEW b+ o) ]
=l 6 -2-U6 - o+(+Us 3G+
2206 _9 o 23 l¢ s,w«;é ;{ 1oy

| 5
o~ A T =17-T6+6 & = 2 ;J
‘ ) = (£-G)E-1) s
{(-4e) P-4 RV
R - e -
= fawl = 1

I
Lemma: Wy = Be Avk = Wiy Wy or‘JrLsonorma' n \/

BE Loy, ) = <Ay, A\/> R ) = (v = oy = {0 it o
Thm: A has Sc(rwmA+ Jecome051+(on. A —; O'kaVk v, *1y ‘—><X, Vk)) so coetd. on W in AX
PE R H.S. aplied to v; is oqwy =Av if i<e and O F P> O

18 Q—k<X,Vk>

.
} ¥
Lemma: A :LZ-| O'kaV:‘ for Or‘JfoOhorma' Viy Ve dho( Wiy oy We = Vi, o) Ve e!genvecforj o'f A'A.

X & * :
&F‘ A = Z G’k\lkwlj‘, 0 A A all ferms vonish exce[:+ o;-avi Wi*wi Vi*

Since w*w} 8 Rut A*A=§:o'-av-v’~" & A*Ay, =ofv; Vi,

~ ~ ~

Thm: A hos o reduced singulr VQlMe O{CCOmp°$1+aon A= WSV¥ ith

O

¥
. V rx0 orthonormal Y‘OWS‘; row i = (QljeﬂV€C+Or orA w(f‘L) efﬁngalme o?

+ S exr Jiqﬂona[, entries o,,..., o, [ ][ Ve
~ ! A8 | M
*W mxr or+lnonormal Cols | ] | }
Op| [v*
P Schmidt JeCompoerton ; rows at Ly Lewmmo, O




Thm: AeF"™ has SWb A=W V* with

V¥, (F) Dy =2 for ovthonormal bases

+ S e [F“" all O except 61,..., 0 on main diagonal [ € V= v, v, of F" and

- W e Oun(F). W= wy,.oyim o I

PL: Compleke bases in Schmidt decennposition 4o orthonormal bases of [T o] T e

kee A (For V*) and ker A" (for W), O W -

Cor: AcF™ = A= UIAl for some Ue O,(IF). KA ’

PF: A=W V¥ = WV VSV WA

= U Al o

Note: SVD elficient numerically: fast +accurate
Q. How biq can A e, given that Ixll= 1 ? ¢a

B= {xEIFn| x|l < l} has image = ?

AT 3= o{io\ﬂ(c',z"'zo;,) with &, = 20, =0 then CT e,

y=Zx %\'or xeB & 4, =% % and xeB

& Y=ot and [t <

€ =0 for i>r ond |%|a+~-+|—'fr—;|s 1

e “i[%oif/(

+ [F=RR: principal oxes of length 2, ..., 3e; along e, .., e,

c F=C: # veal and imaginary principal axes of length 1o;.

A acbitracy = [N]y,, =2 .

A =wsv* i

Thm: Alunit ball) = ellipsoid in im(A) with principal half-ases along wi,..:,up oF engths 73> 3. D []
Cort A has operator norm “A”:";}‘;f IAI=0,. & Al € CIxll Vx, and C=IAll is swallest such.

Lemma: A= [Al is a norm on ™. .

Covnpare Frobenius norm “A”g =+ (A¥))
(or Hilbert- Sc'r\lmio{ﬂ

Props 1A < IAl,
PL: [All= o, < Jo2++02 = ||A||& since te(A¥A) =Zeigenvo\lues(ﬁ\*m. O




Ecqu+‘YOunngvwm: Given A€ H:Mm, the A\ of cank ¢k miimizing ||A‘/A||a is .
k

W /Z\ V* w\nere W k g v* }"
P_'F: omi ffed T W >
\/*

(4]
Principal Component Analysis (PCA) - L
) { 7 A - : “— FOWT*S n ]F

m

“unit vector

—Ax

: . a A
PC1-= o{(re&fon v, € IE:( maxim{zinﬁ Sample. Variance |A,v|| +ooot |Am\l,|
AN

,l\l = Froded' rows of A or-Hanom”k/ fo V(L

O{. . . A | A
PCJ= irection vye vV, & (Fco_[ maximizing A,—Saw'rfe variance. ' : °

Al: 2\\1//;\

D_e(:-. The PC o{ecom‘posi-l'tbn opA is [z A\/, wheve \/ has columns Vi, ooy Vi

Toterpretation: cols(V) <> alfernative features  + linear combinations of original features
. @(qu:n variance in uncorrelated (1) way
Thu: A=WSV* = Wi, U are Hhe lumns of V and
T=W> s Fo\ar JecowxPoseJ [
P¥: (sawle variance in diceckion v) = IAI® for velFo-
v waximizes IAI® & v & longest principal acis! (by Cor: IAl = o)
= \/is SVD: cols(V) Lnormal basis of eigenvectors of A*A (by induction) )
= T=AV=WXV¥/ =WwX. O
PCA ~5 low-rank projection of data: use only PC1,..., PCk .
F' 5
Note: PCL,PCa, ., PCn = [lag of best aFmeimahnj sMésPaces.




Pecturbation theory
Given AeC™ how do A(A)= spectrum of A = {rooks of p,]
wnd A(K) celate if A= A+E with |Ell<e ?

Esq A=0 = IN<IE] for e A(A)= A(E)

Works for operator noem I+l What about sther choices ?
D_@c: \/: d:m,‘fc Ckxn men

ome g v p are consistent it p(ARY< p(A)(B) W A,B

po= v = Pon@m: V s consistent

Eg. |-l = [+ (A*R) is consisteat (HWH)

ol A) = vl o, bt A L] = as 1 (A ot onsishnt
h‘z: Il consistent on €™ = 3 norm v on € consistent with ||+ v(Ax) < | Allv(x)
PE: Fix ve€"\{o}, Set #(x) =[xV,
+ v s o vorm by HW2.3: €% €™ L C via xxVT o V7]
v consistent with -1 2 (Ax) = TAxVTI < TAT 1™l = [Al2(x). O
Deb: A€C™ has spectral vadius p(A) = wax {IN | A e A(A)].
Tho [l consishent on € = p(A) < 1Al V AeC™
PE: Pick v consistent with I by Rop. T he A(A) and Ax=Ax then
M) = 2 = w(Ax) € 1Ally(x) so [x <Al o
Eo A=0 = Al <|El for NeA(D)
< ~IO

O O+E =E, so ”E” j07% my (
7] - A
0
£

(
i o] g -2

Thm: Locodions ot eigen\/qlues are corrtindous under Per‘l'urbod""m’)t
i AGA(A) has Qljel)rafr. MuHIFIir_IJr\/ “0‘):‘”‘; |||| any norm, an( gk, hen

155>0 such thot [Ef < = B£(>\) 2 F-XGCHY " Ql'ﬁem/alueg oL K: = a(N)=6

[]

O-0GC

o
|
0

0

QO -~



Rouché’s thw: Suffose Hec open ond 91,¥= O — C. Assume

\}h ° 4: QWO\‘Y'['iC on E (Tq\/\or Series a‘)’z — “z) \/265_)_) as 1S yf
:7”;7 * 2{) s a simrle closed carve (from Math 2220 = &%)

- 19R) < HE) V2630,
Then f and £+¢ have the some dtroots in (), counrted with mquP‘{de)/.

Eq fE)==" o O = B,(0)
;zf(z)=£zl? for ony ien\}

= 2"+ g2¢ ‘noS n roajrs n Q whene\/er £<i,

General: 2"+ Eézi*“'fﬂ,z +g, has eXacH_y n voote in Q) if > |€k| <1,

Lemma: A'_) PA is continuous FW\C‘*'O" Cﬂm - p {FOIYWOM'0!5 cf(: olej‘reﬁ 4“}
Pt: coa-u\s o(: PA are ?Olynowua ‘Func+:0'!j orﬂse entries aii' O
PE of Coh-l';nui“'y Thm: Choose ¢ o _T)_:gg()\) has no e{jenvalwe; op A other +haw ).

~

Lemma = PR— P o5 A—A
= PA—FA—>O for 26 0290 as E— 0.

() comchd- - PA(

no"(' O on 9L

2o{) comFod @ 3 §>0 with | | < o whenever IEll < 4.
ROuc‘ué's thm = 1“’555 = Py hos same FHrooks in O as 4: oloes. O

Detail: compach & every open cover has $inide subcover [Heine—Borel]

1@ bounded away from O achieves min & £0 at 2,690 .

]

o Lor eacL z€)() P(cL (Yg wHL |)?fg(2)| <o wL\eme_ver ||E|| < é; (su'nce ﬁ,;(Z) - O)
- g continuous = ny(w’)<o< Y we open nbd U opg wheneer [E || < d,

() comPQc"“ = -FihH*e_\y many U cover take § = wain opcorrestpomdl‘nj ({;



Def: 4(X, A) = distance from N\eC to clased (here, Finite) A : win 13-\
Fie AeC™ and A= A+E

L sged—ml variation S\/A(N> :KT_Z)((K)U{(X) A(A»

not a wmetric: n=a, XEXI:‘X&: 0 and N\,=1 = SVA(K):O but A # Aj
Seowld-ric in*erPre‘mel'on'- A(Z\,) < H :Di where D,‘ = {ze(f ‘ |2-N\| < SVA(’A)}

L. Housdorff distance hd (A, A= mo\x{SVA A SVA'(A)§,
3, wwa‘{'c[mnq distance VV\ol(A A =min {W\ax |>\T” N |i Mmin lenjf%(longes{*ao{je m Fer—ﬁea[ wm%c%[mj)

permu a+|oﬂs e

Lewma (Hao!amarol’s inaguonll‘b/): |J£‘|’A|S—|:|:|| co‘i op A“a_
E{:: Tme ‘For A uPPer—A, omol [ooHn Sio'e& unc\r\omgeol E(/ A = UA \Dor um’Jro\ry (/{

Use Schur decOMposH{on 0

Elsners Thn: bd(A,K) < (1AL 1AD) " IEI*® =2 for oporutor norm 1.
E: symme*{*r{c in A ond A; SO neeO! om{y st(A) < F> @
SMFPOSC S\/A(;&) = OI(X,A)

Pick Lnormal basis Xiyer oy Xn with AX‘ = ’Xx,. Then

WK H|’X-x| AL A) € 15N W AeA
= |ole’r(A~/XI)| o!e+ =Wefgem/a[ues and XG,/\_(M ot A)Ick EA(A ‘XI)

< U”(A-XI) %l 57 Lemma
=TGR, TTHA-X T,

< 1Ex, TT (1 Axil, = 1R, ]
<IENIAN+IAN™. Toke ¥ voct O fonax AGR) :

16" .
(z = 2* -2z +d-[0°8 = A c [9m,l.oal] v [1.979, 2.0a1]

Il
Ptgflediot = 22441077000 {i-¢, are] for £ = 1078+ O(107)
M(Og-lwrawjlci, Elsner): W\ol(A)A) < nﬁ

[l ] [ ] \ W = hd(AR)< (2 + ar08)*(074 < @+107) 10 oal
Px
x



Bover—Fike Thm: ||| consistent on C™" ana rxe K\A = [(A-XT)" ”l < |El.

-—
[ ]

P A-ST = ABT+E = (A-RD(T- (A-3T'E) s
=>Sin§u‘ar

= 1 < [(A-3TVE|
< [(A-STVIEN. ©
E.g. A=ding(\,.hn) = (AKT)" hos “maxentey” (\-X)", 5o thn = A=K catt be o big.
Gerschaorin's Thm: For Ae €™, nleJr o = ; oyl and %A) =B (ay) - {z“[‘ 2-agl <4},
Then /A< U Gi(A)
PE: Fix e A, =y =>>\e%i, so assume N # o Vi, o O
T Bouer—Fike thn view A os pertucbation of D = O J) so A=D+E (E=A-D):

'nn

i _ n
= | < ||(D~>I) lE ||m = W\?X |Qﬁ—>\| l;h;ﬂ, where IC | = W\?x ;|Ci5|,

471

Def: %t(A) = i“‘ Gersc‘njorm disk
Note: More is frue: %;‘U'“U%iw‘ olfsjoiv% from 4he other nom
= # A0 (Gu0g; ) =m HWY
E.o. -y ~4 o
=¥ 'l lol = 'l J + | ﬁqu] = Ac [.‘1'1‘1‘1,(.000[]&; [12999,2.000(] i
fo) B

R

beffer, but shill 4 orders of W‘ﬂjnH"‘o[Q OD;-

~ -1 -4 -
Trick: K ~ [X ] A |\K ] = |l,( o ﬂ 7
l l 0y 2 u

has same [\ but different %1(;5\)' ]
Choose ¥ swall but with oY« oMy < so %’1 o ;fl:z = 4.
SulTPices Yﬂ: [O'HJ- o" = ]’X c [l—&“ﬂ v [.1‘5,:“5]

for £ =10%4 1078

Check: 10™(1+157Y" = 1691~ 107+ 16™ )

(1ot 416®)+ (110410 )

= [0y« oy

< -1 210t



Lie q[SeLras
Del': For X € vector space V/[R’ the Jromjeﬂ-l— space ot [aé)( is
ToX = {Y00)| Yi (2,8 > X differentinble with ¥(0) = p}.

Eg X=S""cR" ftyc "' & vy =1

I ,

R E V() e Xt 2 QY[+ + A Gt = O

a & Yt)- YR =0
V & X’(t)EX(’c)L. L

T\nug"[_?S“"gpL. But LJ_F = L=T§( ) for W= SPQV‘(L’P)'
So _T_\.osn*l: PJ_

pu—

Def: S“bjfoup G S GL.F +hat is a manifold has Lie olgebm g = I{G.
it

o~ i N d _
E_ﬁ_ G = ui = Oa(ﬂ{) g = g = s[mn“e(l) = iR = W, (E teo !
1 e~ srm([ﬂ) = 0y

G = GLAF) = g=gl.(F) = M.(F)
EIGLHZMV\\{JQ‘{':O} = GL, open = TPGL”:T}M”’

~__H

] A3 Al‘
Def: Ae ML (F) hac matein exlponen+«‘a] exP(A) = eA = I”A*a_! +3_!+'”+l<_!+m

Prop: Y1 R = M,(F) via Y0 = € is diffeentiable with /()= V) = YR)A.
PE: Teqmuise and enfrywise i [Terentiote
A = Tath + Jg&A!i,..,, tké“+,,. to get
(tAY= 0 +f + A f4§+,.,'+ tké‘{’,,, S AdtA - AL O
Prop: AB =BA = eAcB = A*B .
BE: Binomal Hhm > 8- = A8

“These are the o{zj k derms in E.A&B and 6A+B. O

Cor: exp: gLnUF) - QLn(H:).
ﬂ: C’.Aﬂ.A - CA‘A — ﬁo - I 0

]



=
|4—, 3

ool 4 \ (det v8) = +e(y'0) # ¥00) =T

: suﬂmse (©) s o peth ia MoF vih dishined eisenvalues

M), AAE) in € for t#0.

Q. How can consiskent choices of numbering X, ..., N, be wack for varying ¢ 2

How cJo we Lmow \A/L]lz[q eijnvalue O'p YG) i$ SUFPQSQCI to CoWesFomJ +o (So\y) )\l('t)?
A ConJrinui‘fY thm! Aft)

Then det Y(t) = ), ()
= (det y00) = N °‘“‘ *‘* o N ) 5L
= (det'y)0) = X,0)- 1 s h0) 1 LY0)=T .
Even if |A(Y®)| <, some argumert works by rq:\acmj Yit) with
Gt = YO <eD for D= [ | ond taking fi . Uses
« JAB)] =n = [ABE)] =n V [Ell«1
holls L)/ continuity thm
 (det )10) = (det ¥Y(0)
holdls because  MJFxR— I

A,E —> 0’&+ (A*ED) s oll“n:&fen'l'l‘ctue (r‘” i< Fo\)/mom:‘a‘)

- Y/ ) = Y'lt)
holds because Y&/H:) = (Y(f) +8:D)/ = Y/(’C) *’(SZD), Vé‘,‘t. O

]



Eg. G = SLF)= {AcGL,(F)| det A = 1]
= g = sl (F) .-{Aew F)| +eA=0].
BE: et () = L i YesL, = g sl.(F) L)/ tr=det”.
For 2 lek Aesl(F). The deteth=e = 0= = fhcg
Thus et? realizes A as @A)
Lemma: (YY) = Y

(W

h@ BYt (-£,6) = My, differentioble = (3‘( BY+pY”
Pt En‘[’r\/ by en'l‘ry, Sum \o\/ sum, this is the usual rroo’ud— rule,
By (t]l) - [ choh]<[eerest s Hartd ]
alt) ¥(t) [a'aﬁg(_a } [1, chraay- J
Eq G=0fF) = g=0,F)={AcM.(F)| A'=-A}.
Pt < Ft’cmlu& cule + Lemma: Y(t) € O {F) =
Y uw* = T = o = YWY+ yeye* = Yol + Tve*
2: o Jrlbe O( wiJ('n Y/(O> = A whenever Af=-A,
Agam MSEY = e ) wLuch ‘nas

Y(O) A by ProF
tA(tA) = HALK = tAtA - 0 - T O

_[2" olim X = o{{mTX -por ouny p in (manifold)X,
P-{ { -& 8) —>X } {Y (’5,5) - Ud } Use ‘[’l\&'{' (o{f'[‘[:eOMOrFL\fSM to imaje)/ is Mjﬂ&i\/@. O
Cor: J.w, 0,(F) =

F=R: AT=-A = A = n*=)d+n
> d=gld-n) =(3).

— . X_ _ :JR'.‘M o - 2
F—G:'A—A = y = dim = Xd+n = n?.




Thm: Fix closed Sulojroup G <GL,(F ) with Lie aljeLra g. Then
A€§ = e e G
={AeM,

||A||a<8} = expe i gnBy,— G { et

* G is o Wlomhco[ol with aflas {%-exps ‘ rgeG}.
PY:

Eg G=U=S* e, Y ocm s e (e St obd o
1 t - gt

e 2| = 1;‘*26@5(66)‘%5 nbd of 2
£ oo gt

Q. \!\/ln/ closed ?
AL Qs R.

Ok, But (R¥) |:0 J c GL,R closed mlajrouP.

ﬂ CIOSCJ SMEﬁFouP HCG = G/H o\no( H\G are mo\mnpolol.s

T! 'FOY‘ G GL,,, C«V\O{ H = 8 = uP‘)er-A
Gk(Fn) ‘FOr G GLh ano{ H = HOCk uf)‘)er A wH‘L\ Elocl( sizes l< Omcl V\-l<
. c['\ains {VJC_:VQ} for G = GL, and H = Hock uPFeT—A with block sizes Ol; C"Js h-e

& B

[]



Pecron-Frobeniug Jeheor—y

b_e'{'\: A 2 B ‘StO\(‘ (QO\\ A)B or Sawe Size hﬁ OiJ‘?l);_é VL,j

> A?BQHJ &ij>l3ij'For5bW\€i,é.

Egq P20 @ enteywise nonneﬁdr{ve
> positive
Percon's Thm: Pe R™ and P>o0 = P has dominant eijenvalue A(P):
L MPY>0 and Pv=AP)v for some v>o;
2 a(aPy) =1, and
for ve APINIA(PI}:
3. 1%l < X(P) and

4. Py=7<y and y 20 = y;!o.

Pt Set L(PY = {120 | Px 2 hx for some x>0 3
Led £=[1-1] s0 4x = [Ixlly = %+ +x,. Q
P« 2 \x = same for ”jg—”1 = agsume N
Lemma: L(P) compact and has some %> 0. ‘
Pl xeR” and 0#x20 = Px>o0.
A—=0, = A =0 = Ax<ell eventually /,x
= ! ==
= Xel® " Px>0
bounded: b =bix> 1Pc>1\x b=[4P]_ = b-bte

closed: hp = A with ) ¢ L(P) VkelN
= Ix, with Px, > N Vk; oy 45 well assume 1x, =1,
D an has convergerit s««bseiuence since oy, covaach
= can replace e and I3, with subsefzuences to assume

M= A and X, — X
= lim (Pe, 2 M) is (Px2dx) = Ae L) O
1, Set AMP) = max L(P). Lemma = A(P) > 0.
Claim: N(P)e A(P). Tn fact, Pvz MP)v for vio = Py = AP

]



&F‘. SMPPOS&’_ )\EL(P), K{e} Pv 2 >\v ‘For some v 20,

Wont: +hissPy # >\\/ =0 # PV">\V = w

= N\ #ZAP) vaiiL). Pvs>o

= ¢Pw>0 Ve>0, since P>0 —~
= Ply+ew) = Pu+ePw> Py = Av+w

> W+edw = Av+ew) for Eél—x.
So x = vtew = Px > Ax

= PxsXx for ary XN with M-\ <1
= A # NP) by maximality. ©
AP)Ye A(P) = Py=AP)v for nomero vz 0 = APlv>0 = vso.
2. q(MP)) = IweE(N P)) indep. of v =5 line S exits [RY = E(P)naRI Mo} #8 >
For a(MP))= | need: no yeR" with Py = A(Ply+av .

B)’ s -y assume o >0 v .yt By eventually in IRV;
y ™y A i /
y b y+E’>v assume y>0. y

and v>o = Py> X(P)y = Py> Xy for any X>AP) with V-MP) <1 ==
3. ke AP) with Py = xy, both /T

= ]9”43 +- +F1” = aai = J’il|"31|+"'+f>i”|'6"| P lri‘% +"'+Pi"'3"| = |7<||r‘ai|
| = [kleL(P) = Ixl< MP). Bu
K

x| = MP) = [ WEEU\ P)) l:y Clagm = =a«v and =" in
| |1 =21~

4
= G2 Yn lie mlohj o n C ¢ T/—/\J = || —~

Yy = wlnaiI Vi for some we(/fi
= puv € E(}\(P)) = K= A(P) L

4 P>0 = P50 = 9750 m E(NPT)  want this for Py=xy []
= yio i Py =0,
Py=y and P =097 = 0P=AY = Koy - 9Py - 9ry) -kt '
= ¢y =0 it h#x IL Py
Take A= \P") \PT )¢y = H = 9liy)

Levnm\' = >\( ) = k‘?y
PE. (P-XI)T = PT-)I. O O



General: Ae F™" <« labeled divected 3raPL

n
8; HEIO.;' e, quels a,j,,.,,ahj on Q.Jjeg Q)(H'inj \/er‘"exj

Vi 3 ' T
Eﬁ; o & ‘/éo
7
o Y% O 0 O
Y
..v)3
% 0 0 O
g

Def: P20 s+ocL\aS'l;}.c"i¥ all col sums =1 (4P =j]_) (P'i+m+P“§ =1 \7’3)
e,o\je, I«Le]s — FroEabi[H’nes or fractions:
e How much of the shif¥ ot § moves fo i 7

o What chance does the +Ln'hj a‘j'j have of moving o 1?2  finte Markov chain

in5{'60\ol o£ J"‘A one H‘em) think of L’luje it o-F +rial5: quce token and P‘ay

):Cx «—  where the fokens 30-[- F[aceol n Your -l»rn‘als
\Ie,C‘{‘or \X.] - o u-m-\

Q. THerote x = PX = PPX =

X = eyt where does foken sit offer k iterations ©  P(token of i ‘ started a+3')

X

arloH-mry 20 ¢ how wmuch sl is of i offer k iterations ?
E%r. PaﬂeRank N webpajes ,
Pij = -{:ro\d'iom o«C lian 3 — 1] = where are you Iikely +o [:e

ofter k iterations? Rank by P.

Thm: P >0 shochastic = o X(P) =1 and
* Y 0#x20, ka—>o<v Lor some « >0, where Pv = v>o0
PFE-P>0 =P >0 = same efﬂenva]uq Ly Lemma.  But

tP=1=1 i (un?%%!) dominant efﬂenvecJ(or of pT (97 Perron's Thm.
= MPT) =1 = £P).




For Pk, FIrS‘{' a s sume P ol,‘cxjono.lizal;le, S0
n
X =2 o for Pv; = Ay, :

1=

= Pk)( = %o{ﬁ\kivi. AP) o{ommarr} => ol other |)\,| < |

1=l

= ol summands — O excep+ AMP) term

= ka S av for some o,

\A/\m/ «>0 7
P=1= 1P=1
= 1y = 1PX — fov = olv

For P ot oliajon'a[:'zakle: H\I\/g O

Cor: Markov chain +ransition Frokabili-{—ies oll>0

= convergence fo unique s#&fowy distribution.
fFrom any x>0 |
Frobenius Thm: Me R and M20 = I A\(M)e A(M) satistying
LAM) > 0, and 3 0#v>0 with My =A(M)v;
2. %eA(M) and Il =AM) = =k A(M) For some kmé N with m<n;
3. ke A(M) = ll< A(M).
PE summary: ExFre&s M as lim of P>0. O

]



Multilinear olecbra
Detf: Fix vector spoces V.o Ve wd W oer F.
£rVxo s\ > W mulbilinear i
Floyv o+ vy, = f v v Vi) FF (v V) Gy
Vi Vv, eV, VaeF with V; Fixed for j# *Fxxp —F
iﬁr" Aé FW" = (v,w) = vAw ‘Por VE rY:w Cmol WGFcZI M s

* \/; =F" Vi =l...,n andl (v,,...,\/,\) = ole‘H:V‘ Vn:l
Lemma: Vix--x\. = —|_|_Vl WIMQ;W In+erPr‘eJra+ioﬂ: {Vec{'or spoces W with vnu“?‘ineqr—rr\/i - W}

\Iyimr ForMS a CQ‘I’&gOry‘. Obj'*'MOF
Del: The tensor {.‘)r‘Oalud‘ of V.,V is o universal such thing:
wulkilinear £ Vx5V = T such fhat with §=Fot

Thm: T exisks.  Notation: T = (;%)Vi = ooV,
v, = vie-8y,
Q. Does every element of Vi®-®V. have the form v,@-ov,?

A. No, Key QXO\mPIef we W= F::l

]@I:o-~-oio-~-o:| _ ' : ] ___

= wo¥=w¥ has rank 1 i'

0---00---0

veV'= Fr
min W ¢ u
[))(.d' \/\/®\/* = HOm(\/,W) = F , and lots of matrices < |:Z]) __
X — ¥X.e. =1 ;é.
(w®) —» we? — (x — ¥x)w) have rank > 1, o é‘ i
[]
w
PE: Construct T by “‘Free\y” muIJriP\yinj elements of Vi,V becouse .
! N ! ' s vnu[minear.
...@(Vi+vi’)®... = (...®Vi®,..) + (...@V{®...)
\I\/an+: Do with €, V) instead of (v,,...,v)
...®(°(Vi)®... = o((...®vi®...)

Compare: R M Nieqay ey
v; € Vl Vi) (a,b)— ety

Se'(' T = M/{\l ‘Fof‘ M:.S‘Pan((V,,.--,Vr\)

N = SPan((...,o(v,- +]y) =l ) - (...,v{,...))



1TV, = M map of sets — not linear, but
1TV, > M — M/ N multilinear by construction.
.Su]OFo.se —|_|_Vi — M T hen because —|_|_\/i s a basis of M (1)
F\\ But £ multilinear = N < ker()).
W

Universa[ ProPerer op %qojrfenjrs = M }nJuces M{{\I =T.0O

W uni%ue W

Lemma: BCSV/ ino‘cPenolen‘\' 3 lineor {le: V — F}beb with lpb(g) = ‘S‘B,B'-
Pt 5%5 #4,b=0 = 0= “Pb‘(g-s dbb) = Ay V beR O

T hm: Bi basis for Vl = le...xBr ~5 bosis B for T, .
(b, b) = ba-b,

E.q Rie R® has basic e,®e,, e,0e,, e,@e, , e,0e,, e,0¢, , e08,

PE: Mukilinear mop Oh —H_Vi determined l)y valyes on —|_|_Bii
v, = % % b’{ = Ly, . stuff) = %dﬁ(bﬁ, st ) and similarly for is].
Thus B = {b,®-~-®br b; € B; \/i’] spons .

SMFPOSE £V F Vi, Set £=+f0-0f.: ‘|‘|’\/i SN
CRBRAT= S (AR YA .

T moltilinear = induces = T— F
Take £; = bt € B} dual basis, so
br(b) =1 but BF(B) =0 when b e B\{b}.
Then be B ww -'F‘L:Tﬁ F sahs{fyirg N
b1 []
-0 for BeB\{bl. Use Lemma. O
Cor: dimVi®-®V, = (dim Vi)~ (dim V). O
Eg veRY weR' (gef from class) = vew=
Universal property reduc: {wbilinesr TTY = W} = {linear @V, = W}
E%_- 3 |'somorPLu'gm \VeW — WeV/ Pt HWS, use VxW — WeV

VOW > WeV. (v,w) — wev.




Exterior odgehm

Def: An u!‘i’emcﬂ—mg Olpero&or G Vo xV =\ = W ois o mbilinear wap such that

ViyVe  linearly JePenolenJr = 9v,,..,v) = 0.
E.q volume of Pam[]e(eF;Peo( on V,..,Vn € R": vol=0 if ViyeyVin l'meo\rly Jepenclerd'

° V-‘w Av; = vo[MavOl Vo(

aal \s

= vol=Je+ ¢V e ViHY -For } 1 = vol umc.hanjul i same lqeiﬂhf => Ssame vo
. vol(e, onean) = 1. k
) 0 bose #1

Def: ¢t exterior power of V is o universa aH—emaHnﬁ oPerad'or'-

alferna+fn3 map NV = U cuch thet with ¥ = Go [\,

Th N exisls.  Ve-aV Y
I
Pf: Set U=NV = \/®75 an(v,®-~-®v,.| two of ’r[nm r-forms
\/Xf’ — /\(‘\/

ViyenVe) =V AacAY, multilinear because factors -["lnroujL\ \/®"

alternating because v, :pzl o ; = VAAy, ZPZI 4, Alvya-ay)

=0, and same for i>l.

@\ > W mubtilinear = 9 factors Jrlarouﬂl'\ \V/er.
aHernq'f'Inj = Loond kille YV = factors +|nr‘ou3|n \/®"/Y, O |

E.q. vwe [Rgol => VAWS= Hq
= ® k /\r‘{?
Pr_og'- V5 W linear induces canonical linear map NV = NV

(TSN (AVNRVN (VA l:l

Pt HWS_, inc[uolin_cj entries of matrix hf A s giVQn. O
Quintessential Elf\)- \/ =W omo! r=n = o!im \: deferminant 0{: ‘{’3\/_>\/ is det¢ = /\n‘P.
Note: det @ = NF¢ since NV =0 for rzn+l.

n n "
‘-?(ea) = \/5 = ;Z_[a;ici = /\n(‘P(E,/\"'/\en) = ViAcAY, = (‘a auei\ Ao (gl a;nci) = I_,e.""'/\en

= . N /\n-. . .
. Z . at|1et| A alnnetn'

LUyeeyln

Terwms are O unless ‘i.,..-,in olig-l'inc‘l') <O ia- = ’n‘(j‘) For Some Permw{'mLion e Sn_ Thus



ViAAY, = §aw(mewm’\”"\aw(mnﬁw(m
TE O,

= z Q)L Criyn €4 A" N €
TeSn } .

Je‘l' A e—[n]
Notation: For o = {6‘,<'“ <O‘r} - l:ﬂ] and E = e,...,en € \/ set

€y = €q A,
wd NE = fog| o (@)
Prop: E is o basis for V = NE spans A'V.
P N'E = {Sceuare'pree elements of basis E®7 of \/®"}
and nowS%uore\Cree elements = 0 in A\ O

Q. COC‘H:- oh ec— ln \/1/\"'/\\/’. = ?

.
A. ole+ Aal wtnerc A = |"x‘\4 anol AU takes rows fmleer (37 o.

PE: Thn vrows From G, je-{' one e; from each column J with coeff 0

‘ } \/1,\.../\\/', z z QO' 1 o -/\QO_

e
oe(®) s, Cmpt Om ey i)

= 2 z - a e A-Ae

ce(®) mes, Omipl el Oy Orir)

=3 2a - Q e,. u

oe®) 'rre$,- O} e

ole‘[' Ao‘
M: E s a basis for V = /\rE is o basis for /\r\/

EZ quns Ey prOP.

ino!epeno(enJr: existence of determinants = CARVARC ole-}([v, e\

f‘:lo—) s aHerM‘[’fng, S0

induces ef.'- NV = F with ey (Ct\ = Jcm‘i Lemmo => inJePenJem+.

Cor: dimV=n = olim/\r\/:(ﬁ) i\Crén and NV =0 ¢>n.

%g: velV = wvn: /\r\/_> /\Hl\/ linear
w e/\i\/;‘w WA ! /\r\/ /\Ni\/ lineae

a

(w[/\) o (wah) = (w /\wa /\ \/ /\Nﬁk\/ -F we/\ \/ aﬂo' waE/\ \/ (assocm{'xvr{‘y)

Remoack: => /\ \/ = @/\V IS a ving (Lec. ().

a




Def: The cross product of two vectors v,wePR® is u=vxw whose entries are

1k
the coeffs on 1 ] k in det {, v -
W -

&E' Uv=uw=0 rmo{ ||u|| = area owo Faralle|03ram sFavmeof Ly v and w. O

1
M: VO|{V()...,V(~) :|V0|(V,,...,Vr,ur.,.;,...,lln”'Porqny J_normal LO\S{S uvf‘+l)--')“n 0‘p {V,)...)Vr} .

'.Def" Cross proclqd- u 010 v&,...,\/,,,eﬂgh Sa+isﬁ'es Vj -u=0 Vi =a,.,N onJ ||U\|| = vo|(va,...,\/,,§‘

Thm o = Z uie; = -Van AV, has coeff. (~l)iui on €7, where T = [ﬂ]\{i}.

1=l n

PE: vy nvny, e span (e,...ex) = it is —Z(—l)iuie; for some u. For any we ”Qq)

n 1=|

WAV A AV, = (%”1 1) ( é H)iuie’f)

‘Ms

- _
—wil 1) e e

1=|

= WU @ ATAL, .

W=V D Viuen T ARATAR 0 = veu =0 Yiza,
L
Let we {vyy Vo] and lwll =1 . Then
vo| (va,...,v,,) = |Vo|(w,va,...,vh)| = |CO€F‘F on €y n W’\Va’\""\Vn|
_ Xy (7] A
= lweul = TR lul, ©

Recall Larlace expansion of det along o row: det A = j% (—Hwaq det Aq for Ai'a =

By 1ol ™ det
*et?
Along (tap) r rous: Aler] = tap ¢ rows Alr]%= rxr submabeix with cols from e ()
ABr] = bottom n-v rows APBr]” 7=\
Thm det A :U%)(ﬂn“amn Aler]® det ABrT”

DE det A = coelf on ey in wAAYy, where A[_” .
Factor vir=Av,: (coeff. on en in wn-ny) = det Aler]®
ex  Venonvy = det AT
= Wy = A lannv) = S det A det ABTT egnes

c
("” e[h]. O




Thmt cank A < r & all minors of size r vanish.

Pf: Ae F™ represents {: F'>F" vk P<r & dim(im¥P)<r & N9=0 O
Twtuition: r—dim vol in dim n needs o sPecn'fy * an r—dim Subs,moz \V
* o full-dim (ie. dim r) volume in \/
Thm: ya-ny. identifies \V = span{viy.,Ve) up to o scalar if v, Ve inole[)emofen+:

WA AW = QYATAY, For some 70 & SFom(w“...,w,.) = \/

Geomelvic in{*er‘preerLion: F=R and Uty Lnormal in V

= \/1/\-.-/\\/'. = AUN AU wH’L\ |ol| = VO|(V,,...,\/r).
— M i

Pf of Thm: W=\ = { } = Affr} for some Ae GL,

,Wr¥,

= WA AW = ole'l'A N A because coeff on ey N WNATAW. IS

o
} ) = detA eX(yn-ny),

V-

ek (W) = det (A{

Now Suﬂpose WA AW, = AN AV #0 'For some «€F,

— Vp —

Then winya-ay = o winwgaaw =00 W
Lemma : WA VA=A = 0 & we SFGV'I(V;,...)Vr),
R{:: & o’e{'\. o‘P a”er‘na&inﬁ.

n
= W?’SFQV\(V,,...,W) = can comPle‘]'e W, Viy..yVe tTo a basis 0‘\[\ F
wlnase_ A s nonzero, U

Def: {e’g(\/l,\.../\vr\‘o'e([?)} = Pliicker coordinades of V.
Q: G\r(l:n) —> {o{ecomPOSaue Forms in /\an } [




