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M= Q‘moo‘ule M (s tame |-F olim|kM%<oo VZGQ a.na(
M admits a Finite constant subdivision : Pmr+f+ion of Q into
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Problewm: constont regions need not be P“H"—‘”y ovdered QJ_ a-=[R

Def: Q-module M has finite encoding : Q— P if M= ke kIR
* T i & poset movphiswm: q%q = 'rr(z) = (q’)
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* P is finite and dimp N < o0
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Thm: tame & -Fin(-l-ely encodable,
Exercise: Does +his Pose-l- morP\nism encode ”<°® "([[Ri] ?



‘Q- II[. Presentation and resolution

Q=R o Z": What is a Q-jmofeo( free module?

e free wver what? k[0, \\
* & has Q~3roJeJ basis B \\

* beB = (b) = submodule 3enera+ea' by b= (et — )
flat? /i

NN

Ma‘Hns dual |+v
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injective?/ :E\‘ = cogenerato
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F free & F2 O "<[Frmc|Pal qud']
M. O\—R orZ": free cover is F-» M wrﬂ\ F-Fre.e..
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free Presen’\'a*l-uon
Def; Q.arbu‘mary ,2 eserffation of M is a morpkusvn F, &L F, with

- M «F and ker «— F e,%ulvakn‘l"y. M = coker Y = Fo/im?

°a||Fiare * 0= Me R R oexact
now go to Lree [)resen+a+|on
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e 5 . SE Y, M = ker?®®

Observe: * free, flat ~» upsets more generally, over arbitrary Q: projective
* injective ~» downsets
* lcolgenerators along curves = very infinite data structures
useless predictable syzygies
Suggestion: gather generators into finitely many upsets!
Def: Fix any Q. - -
* An upset module is ?IHM*] with U, € Q uPse"‘ Vo
¢ A downset module is ?IHZDF] with Dg € Q downset v g
* An infervol module is @ k[Tl with Iy < Q interval V y:
+ T = UnD for upset U and downset D
+ T is comected: abel = aXi =i =} Lin=jm=b

EJ’J‘ Lntervals n R \or\ or but not \

E%; uPse+, Jownse'{', inferval  * covers
e presentations
* resolutions

M: A 'Fringe Preseh+a+|'on o-F Qa O.—moo‘ule M 1S a homomorphiSM
® lk(u] - Fi% - §lk(n,]
« a
upset module downset module  with

« YF)=M
© Yo’ kU] _>|k['bg,] is connected

Eq Y
=3 ._‘t ...... _J’o ‘\! P 1 has coLernel E

¢

coker: e—o image: e—o ! \_J _ :E
uPse'i' \% — | has mmae

'Fm'njc

S)(Z)(g)( thm: +ome & ‘Fin('l'ely encodable & finite -Frinﬂe Fresenh‘l‘ion & Finite resolutions



IV. Finite dota structures
Fix upset U and downset D in FDSe+ Q

l. Hom(lk{ul, Kk[D]) = ? L—
Eg Q=IN* u=N\fo¥=1 . " 1>=L

o (UnD)

| antichain
L . ofsized

Geneml: Hom = "(

Eg Hom(lk[\ ]u{%]) K sice UnD = g - %

E.g. Hom (k[XJ kIND) = 2 i \=\
Def: Fix intervals T and T in Q.  W:KI] — k[T] is commected if
¢ KLl — kT, i kD k
for some fixed Aelk.

%. Howm (Jk [%J,Ik[l'f)'])= "<{SE'N.U|SEU'} for upsets U, U’

downsets D,]_)'

n n |k l“: UEU',
Cor: Q=R"or 2" = Hom(lk[gJ,Ik[%'])= D D

0 # not
BE: n |- 1. @ ’
D Dy < death downset
Dota structure: monomial matrix W ! . e
birth upse+sf U
N represent kU] @ e [kl > kD) @ e |k[Dd
E%‘ S rePresen‘I's the 'Frinsa Fresen+a+ion of E from |as+ time

towe
M’ Q=RorZ = M has 'Frinje. Fr€S€n+a+ion

(® M = & intervals)

‘;_r tu °¢
ay where for R, eq. T
o +: closed and -: open ) b;

Note: monomial matrix works as well for u|>se+—> u|>se+
or o’ownse+ —> downset

= finite data structures for uPse+ and downset Fresen+a+u'ons and resolutions



Lemma: Pu"La\cL is Functorial: if
e T:Q—P poset morphism and
* N—=N morphiswi of P-modules
+hen ﬂe+ morP|nism 'n'*N —> 'rr*N'
which is, in deg g: Nm,p—> N;r(,p.
Prop: ‘Tr*(monovnia| mo:i-rix) = monomial matrix of same 'I'yfze
T 7" (%)

wmp ‘ '—>'n‘"(1.3 wu.p ‘

L upse+ = ’rr_‘(I) MPSQ"' by def of Fosd' mothiS\m. o

down down

Syzyg)t thm: tame < Finte ly encodable
< finite -Frinje Presen‘i‘a‘l‘ion

S finite indicator resolutions

T

PE: (gl T or T <> qem'(T or J).

PE: 1 Explicitly construct poset encooh'nj from constant subdivision
3. Finite P has finite order dimension:
P > Z' for d=),
P-module N is H|, for fame Z° module H
H has finite free and injective resolutions by Hilbert syzygy thw.

Pull back!
1. F>H<—E,
free injective

= 'Fringe Presen+a+ion

F:rinse, Pre:en‘|'a+r'on ~ constant subdivision by

comwon refinement of Uery Uy Dy, ). B

Opgn gy;oblem: upper bound on indicator dim: min |en3+k of upsd- or downset resolution
Bonus +hwm [Geis+-M. '13} jl.dim ||<[|R:] = n+1.



Y. Measures of size and distance between modules |crucial for stats

Recal: Q=R or Z = +ame M = @ intervals

a, b
E%L — a, by bar code: multiset of intervals
Another woy fo record: . Ir:~e’,rsi5'|‘¢zwce oliagram e
Size: based on |enj+|ns of bars . {(a,b)| [a,b) € bar code} .
Distance: *How far apartare +wo bars? |* “hotelace array in CCA Yy
“Then deal with multisets of bars. (|i+erall7: it's Deb 176)

Surely d(MN)=0 ¥ M =N d(MN)s¢ if.?

Combinatorics * match bars of M to bars of N f 'H\EYW'C “close”:

— — L
Ic< of T 10 5 and vice versa: U

. '|3nore. remainfnﬂ bars of leng‘Hn =€
Def: bottleneck distance dg = mfle | 3 ¢&- ma+c|ninj }

Alge_bm
M: M(E) is M shifted down ('C-F'i') {:y €.
E.a M—Me) o are QG¥E
Eg snce M, — M" c
M(e)a ) —
vS.ata VS ot a+e
Def: An 8—in+er[eav{ng between M and N is Mi> N(€) and Simi|ar|y with

Mand N sWaFPeol: N i>M(£)

Des: in‘l'erleqv{ng distance ol1-= in'H € | 3 ¢- in‘l’erleaV{nj}.

Lemma: Agrees with dg on bars
Thwm: " """ wodules — that is, on @ bars
Acbitracy Q2 How about just R'or Z"2
Eails: * fame M < @ intervals
* indecomposables <= intervals
can be arbitrarily complicated
e discrete invariant <= = class

continuous moduli



What does still work?
* tame M = @indecomposables over any Q
o de
*Ror Z": shift by € =(c,...,6)
* more semral Q: define shif+ ()
= 4y
dr (indecomposables) + &-matching
But: indecomposable decomp s
* rarely informative : indecomposables are dense and essentially open
* unstable : all modules neacby M can have radically different indecowmps from M
crucially bad for data analysis
*to use invariant of M as statistical summary
*need: wiggle input = wiggle summary
So what kinds of invariants /summaries/distances do we use?

* Hilbert functions H Q—>7Z
q F> dimy M q

* rank Functions y: AxQ— Z
(% %) —> romlc(M - M%)

. aPProxima+ion by @ intervals
* E%_ F>M compares M +o @Frincipql upse'l' moo(u|es!
* resolve by indicator modules

K-theoretic invariants \'Jeriveo' categorical constructions

a\H'erna-I'fns sums of irtervals constructible sheavesJ...
* veduce to R orZ l)y S||'C|'n3 alovg rays

Chollenges for us
* compute -Fr-inje presentations, indicator resolutions
4 (say) constant regions are  semiolgebraic or polyhedral

* devise e-ﬁ"ec-hve summaries for statistial purposes

USE'Pul S+a+rs-l-|ca||y alsnrl%mca”y ComFu+a|)|e



5 M. Primary Jecomrosihon
Def: hull of M: injec+ion M E

A

usuauy: weans winimal in some way
~ et o VA deaths
o™, oy [ o
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E deaths of various '|'7|:>es
Def: Fix e {t,..,nl,
Q=R"or Z" and
Q- module E. An element ec E is coprimary if

* e lives when Pushed up alon3 any combination of —-axes;

Tee dies when PuslneJ suﬂicienﬂy up along any other axis.

Where are +he COFrimary elements?
T=4g

T = X-axi$
T= %-axis

T = x4 |>|ome (none!)

Def: € is ‘c—coFrimary o every nonzero element in E%MS a T~ coprimary element Y %eQ
Eg Is E CoFrn'mary‘_\?_/‘C—CoPr{mary for some T

T=4

but not T = x-axis €

or T = %—axis €
Interesting exercises: 1LE coprimary = E i T-coprimary for unique T

2, When Q= Z", E COprimary => every element i coprimary



Thm: Q=R"or Z" and M tame

= M has primary decomposition M s @ My with T-coprimary My

cit,..,a}

JPLC° ce: usual P\rimary JeCOmPosi'l'ion 'For modules over rinj.(’-

M c_>:é|=31 Mi  where Mj h«s on‘y one associated prime

—_—

coprivmr)(
Why IS P\rimary JeCOmPos{-l'ion userul?

. PammeJrers dowt all mean the same Hninj
* not weasured on sawe scale
= con wreak havoc on distances between modules

= iW\Por'l'an'l‘ +o tease aFar+ persistence behaviors

d(MN)= T u d (Mg, Ne)

=7
Challewggg
i COMFu"'e
. re.Fresevﬂ‘ data structures
. aﬂnly invent / prove statistical methods

° in“'erl:re'l' meaninj{:ul summary for Jomain scientists

Connections +o other areas of wath

Qg:
see Lec L slide: 'l'o‘:oology sheaves)
ca+ejor|'es exit Pa‘“ls
varresevd'aﬁon ~|—\neory quivers
combinatorics Posds
homo\ojical aljebm relative
aljcbmic jeome‘l'ry qunw‘uwu noncommutative toric varieties

Fro\aabi\‘d—y random wodules



