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The Ceresa cycle

Throughout C will be a smooth projective curve (over C) of
genus g > 2. For each x € C the Abel-Jacobi map

ayx: C— JacC

takes y to the divisor class of y — x. Denote its image by Cx.
This is an algebraic 1-cycle in Jac C. Let ¢ be the involution
u+— —uof Jac C. Set

Cy = u.Cx.

Since ¢ acts as —1 on H'(Jac C), it acts as (—1)% on HX(Jac C).
So the algebraic 1-cycle

Cy— Cy

on Jac C is homologous to 0. This is the Ceresa cycle of (C, x).



Detecting homologically trivial cycles via Hodge theory

Suppose that Z = Z/ n;Z; is an algebraic d-cycle on a smooth
projective variety X. When [Z] = 0 in Hoyq(X), there is an
extension

0 — Hogi1(X)(—d) — Ez — Z(0) — O
Pull back the LES of (X, |Z]) along clz : Z — Hay(|Z]):

0 — H2d+1(X) — H2d+1(X,|Z\) — Hgd(’ZD — Hgd(X)

| J for 7

0 — H2d+1(X) E— Ez(d) _— Z(d) — 0

The extension E7 is generated by Hoy(X) and I', where oI = Z.



The group of 1-extensions
Suppose that V is a Hodge structure of negative weight, then
Extis(Z, V) = J(V) = Ve /(Vg + FOV).
Given an extension of MHS
0O—-V—-E—-Z—-0
have exact sequences
0O—-V—-E—-Z—0

and
0 FV s FE 5 C —o0.

Choose lifts e; € E; and er € FOE of 1. Their difference lies in
Ve and is well defined mod Vy + FOV. The class of the
extension is the image of ez — eg in J(V).



If V has weight —1, then Ve = FOV & FOV, which implies that
Ve — Ve /FOV
is an R-linear isomorphism. It induces an isomorphism
J(WR) := W/ Vg — J(V)

of tori. In particular, J(V) is compact (but typically not
algebraic).



The Griffiths invariant

A homologically trivial d-cycle on X thus determines a point’
vz € J(Hagi1(X)).
So the Ceresa cycle Cx — C; determines
vex € J(Hz(Jac C)).
It is
Jr € Hom(F2H3(Jac C), C)/H5(Jac C; Z) = J(Hs(Jac C))

where OI' = Cx — C, . This intermediate jacobian is not
algebraic.

"From now on | will suppress the Tate twist — always twist so that the odd
weight Hodge structure V in J(V) has weight —1.



Eliminating the base point
Set H= H;(C) and

g
szaj/\bjE/\zH
j=1

where aq,...,aqg,b1,..., by is a symplectic basis of H. The
inclusion

H 2% A3H =~ Hz(Jac C).
induces an inclusion
Jac C = J(H) — J(A3H).
The primitive part of Hz(Jac C) is the quotient
ASH = (N3H) /(0 - H).
Its intermediate jacobian is

J(ASH) = J(A3H)/ JacC.



Proposition (Pulte)
Ifx,y € C, then

vex — voy = the image of 2([x] — [y]) € Jac C C J(A*H)

Consequently, the image of vc x in J(/\g H) does not depend on
x € C. It vanishes when C is hyperelliptic.

Notation: Denote the image of v¢ , in J(ASH) by vc.

One can study v by letting C vary and use variational
methods.



Families of homologically trivial cycles

Suppose that f : X — S'is a smooth projective morphism and
that Z an algebraic cycle on X whose restriction to each fiber is
homologically trivial and has codimension e and dimension d:

Z z X
[ A
{§ — S ——=S

Set
V = R?e7 11,74 (e)

This has fiber Hog1(Xs)(—d) over s € S and weight —1. We
have the family
JV)— S

of intermediate jacobians.



The normal function of a family of cycles

These data give rise to an extension over S of VMHS
0—-V—-E—Zs—0 (1)
It corresponds to the section
vz:S— vz € J(Vs)

of J(V). It is holomorphic and satisfies Griffiths infinitesimal
period relation:

Vie F'v e Qf
where (V, V) is the associated flat bundle V® Og and 7 is a
local lift of v to a section of V.

It also satisfies strong conditions “at infinity” which correspond
to the existence of a limit MHS on E at points of S — S.



The relative Ceresa cycle: setup
Here S = M, 1, the moduli space of smooth pointed genus
curves (C, x), and X is the universal jacobian 7 over it. Let
X

be the universal curve over M, 1 with tautological section x.

We have the diagram

%L}jDL

<[l |

Mg == My

where .y is the relative Abel-Jacobi map.



The relative Ceresa cycle and its normal function

Set
H = (R'£.Z)" and V = ASH(-1).

The restriction of the algebraic cycle
Z = (1x)+C — te(px )€ C T

to the fiber Jac C of J over [C, x] is Cx — Cx . It gives rise to the
admissible normal function
—
J(INH) —— Mg 1
which descends to the Ceresa normal function

v

sy
J(/\OH) — My

It vanishes on the hyperelliptic locus and thus in genus 2.



The rank of a normal function

Suppose that v is a normal function section of J(V) — S. The
inclusion Vg — V¢ induces a canonical isomorphism

VR/VZ =: J(VR) — J(V)

So v corresponds to a section v of J(Vg) over S.

The bundle J(VR) is a flat family of compact real tori. So locally
vr IS a map

vr:U— Vg, where U cC Sis contractible.
The rank of vy at s is defined to be the rank of ViR at s. Set
rky = % maxgeg rks VR.

This is an integer. The rank of a torsion section is zero.



The main theorem

Theorem
The rank of the normal function of the Ceresa cycle has
maximal rank 3g — 3 for all g > 3.

The theorem is false in genus 2 as, in that case, the Ceresa
normal function is identically zero.

The proof is by induction. The base case is g = 3. | will discuss
the proof there and sketch the inductive setup.

| understand that Ziyang Gao has also given a proof using
Ax—Schanuel.



Zhang’s application

The Gross—Schoen cycle GS¢ ¢ of a curve C and a point

¢ € Pic' C is a homologically trivial algebraic 1-cycle in C. lts
normal function is an integer multiple (6, | believe) of the Ceresa
normal function of (C, ¢). Below ¢ is a (2g — 2)nd root of K.

Theorem (S.-W. Zhang)
For each g > 3, there is a non-empty Zariski open subset U of
Mg/Q such that:

» Northcott property of Bloch—Beilinson height of the
Gross—Schoen cycle: for H,D € R

#{[C] € U(Q) : deg[C] < D and (GS¢ ¢, GSc¢)ps < H} < o0;

» forall [C] € U(C) — U(Q), GS¢ ¢ has infinite order in
CH?(C®).



Technical tools

This is a summary of work of Griffiths, Green, Nori, with a few
additions. Suppose that V. — Sis a PVHS of weight —1. Let

V=V®0sandV:V =V ® QL

be the associated flat bundle and its connection. It satisfies
Griffiths transversality

V:FPY - FPV QL) = FF'V e QL.

A basic tool for studying a normal function v : S — J(V) is the
complex V @ Qg and its Hodge graded quotients

GR(V© Q%) :0 =GRV -6 Vel -6l ?ve g »

Its differential V is Og-linear. So this is a complex of
holomorphic vector bundles.



The Green—Griffiths infinitesimal invariant

» Locally a normal function v : S — J(V) can be lifted to a
holomorphic section & of V. It is well defined up to a
section of FOV.

» The Giriffiths infinitesimal invariant 6(v) of v is the image of
Viin
HO(S, 1 (F°(v ® QF))).
» Green’s variant — the Green—Griffiths invariant — is its
image 5(v) in HO(S, #'(Gr2(V ® Q%))).



A canonical cocycle representative of 5(v)

» The (1,0) component of the derivative Vuy of a real lift of v
is an element V'vy of

H°(S,Grz' Ve Qf)

that provides a canonical 1-cocycle that represents 6(v).
» For each s € S, it can be regarded as a C linear map

V'vg : TsS — Grg' Vs

This has rank equal to the rank of v at s.



Genus 3: introduction

Every non-hyperelliptic curve C of genus 3 is a plane quartic
via its canonical embedding

C — P(H°(Q}))Y.
Collino and Pirola showed that away from the hyperelliptic locus
HI(GL(V @ Q*))

is a vector bundle with fiber S*H(QL) ® det H°(Q,)" over [C].

Theorem (Collino—Pirola, 1995)
If C is a non-hyperelliptic curve of genus 3, the Green—Giriffiths

invariant Vv at C is a defining equation of the canonical image
of C.



Linear algebra
» Suppose that C is a genus 3 curve. Set
A= F°H;(C) and B = Grg' Hi(C) = H(Q}).
The intersection pairing induces an isomorphism A = BY.
» If C is non-hyperelliptic, there are natural isomorphisms
TigMs = HY(QE?) = SPHY(QZ) = Tjj, o As = $?B.
> The fiber over [C] of the complex Gr¥(V & Q%) is
A® N°B . NA® B
B A
It is a complex of GL(B) modules.

> The differential V is induced by B — A ® S?B adjoint to
B®? _ S?B.

® S?B — NA® N2S2B.




> A little representation theory shows that the group of
1-cocycles is

$°S°B@ det A= S*B®det A+ SPA® det B.

and the group of 1-coboundaries is S?A ® det B.

» This gives the Collino—Pirola computation
H'(GrA(V ® Q*)) = S*B @ det A.

» The computation implies that, away from the hyperelliptic
locus, V'vg is a symmetric bilinear form

SPA® SPA — det A.

Its rank is the rank of v at C.



» The part coming from S*B @ det A is
SPARSPA—C, uve— fluv), uve SA

where f € S*B is a quartic defining equation of C. This
and its rank are easily computed from f.

Proposition
If C is the Klein quartic, then the coboundary component of
V'vr vanishes and the other part has rank 6.

Corollary
The genus 3 Ceresa normal function has maximal rank on a
dense open subset of Ms.



Conjecture

If C is not hyperelliptic, then the component of V'vg in
S?A ® det B vanishes.

» | believe | have a proof. It uses recent work of Cléry, Faber
and van der Geer. If this component were not zero, it would
have to be a Teichmullar modular form of type (0,2, —1), of
which it appears there are none.

» The component of V'vg with values in S*B® det Ais a
non-zero multiple of the Teichmdiller modular form x40 4
that plays a significant role in their paper. This should also
yield a new proof of the Collino—Pirola theorem.

> If the conjecture is true, one can explicitly compute the
rank of v at all non-hyperelliptic curves.



Higher genus

The proof in the higher genus is not nearly as explicit. Here is a
very brief sketch of the main ideas.

» The proof is by induction on g. The base case is g = 3.

» Suppose that g > 3. Denote by Aj the boundary divisor of
M whose generic point is an irreducible nodal curve of
genus g with one node.

» Denote the smooth locus of Ag by A’. It is the quotient of
Mgy_1 2 (the moduli space of smooth curves of genus g — 1
and an ordered pair of distinct points) by the involution that
swaps the two marked points.



» The idea is to regard v as an admissible variation of MHS
over Mg and and study its asymptotic properties along Ay
and normal to it.

» To do this, we approximate it by its family of limit MHS
along the punctured (normalized) normal bundle L of A" in
Myg. This is the quotient of the C* x C* bundle
Mg—1,§ — Mg_1 by the C* action

A1 [C, Vp, Vg] = [C; AVp, A 1Vg]

and the involution p <+ q. Denote its orbit by [C; Vp, @ V).

» The point [C; V), ® V4] corresponds to a first order
smoothing of C/(p ~ q) and thus a point of L.



The variation Eg associated to the genus g Ceresa cycle
“restricts” to a family E™! of nilpotent orbits of limit MHS
over L.

It comes equipped with a second weight filtration M,, the
relative weight filtration.

Using it one constructs a residual normal function vy over
A’ and one shows that

rk v = rk vy + the “normal rank” of v

One computes the monodromy of the variation E"! using
the homomorphism

r index 2

g—27§ 7T1(L,) _— Fg = T (./\/lg)

It forces the normal rank to be 1.



» Up to isogeny, which does not change the rank,
vo = the genus (g — 1) Ceresa normal function + x
where « is the section
[Cip,ql = (9—1)(P+9q)—Kc

of the universal jacobian over My_12/Co.

» By induction, the genus g — 1 Ceresa normal function has
rank 3(g — 1) — 3 = 3g — 6. The normal function ~ has
rank 2. So

rkvg = (8g —6) +2 =3g — 4.

» Finally
rkv =1+4rkyy =3g — 3.



Ceresa volume

» One can associate a (1, 1) form ¢ to a normal function
v:S— J(V). If Vis polarized, it is semi-positive. The rank
of v is the maximum r such that ¢" is non-zero.

» Since the genus g Ceresa normal function has maximal
rank, ¢392 is a non-negative form which defines a positive
measure on My.

> At least in codimension 1, this form is locally Ly on ﬂg. So

it appears that the Ceresa cycle determines a positive
measure on M.
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