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Multiresolution analysis, wavelets and fast algorithms on
an interval

Albert Couen, Ingrid Daurechirs, Bjorn JawertH and Pierre Viar

Abstract — We adapt the standard construction of multiresolution analysis and orthonormal
wavelet bases in L2 (®) to the framework of functions defined on the interval [0,1. The main
properties of wavelet bases (regularity, space localization and vanishing moments) are preserved
and a fast algorithm (with a special treatment at the borders of the interval) can be derived.

Anzalyses multirésolutions, ondelettes et algorithme rapide sur Pintervalle

Résumé — Nous adaptons la construction classigue des analyses multirésolutions et des bases ortho-
normées d'ondelettes au cadre des fonctions définies sur [0,1]. Les propriétés importantes des bases
d'ondelettes (régularité, localisation spatiale er oscillations) sont maintenues ainsi que Uexistence d'un
algorithme rapide (quec un fraitement particulier aux extrémités de Pintervalle).

Version frangaise abrégée — Les bases d’ondelettes et les analyses multirésolutions ont été
définies pour VP'analyse des fonctions de L?(R). Dans la pratique, il est clair que le signal
est restreint 4 un intervalle borné (ou & un carré lorsqu’il s’agit d’une image). Comment
s'adapter 4 une telle situation en conservant les propriétés intéressantes des ondelettes (régula-~
1ité, cancellation, localisation), tant du point de.vue des bases de fonctions que de Palgorithme
FWT?

On part d’une base d’ondeleites {V; , }; r.z 3 support compact d’Ingrid Daubechies {voir
[3]) possédant N moments nuls {on a alors Supp (¥)=[0, 2N — 1]). Rappelons que dans ce
cas, les polynémes de degré inférieur 4 N—1 peuvent éire engendrés par des combinaisons
linéaires des fonctions d’échelle @;  pour j fixé. .

On construit tour d’abord une analyse multirésoluton de [(,1], de la maniére suivante :
les espaces V; sont engendrés par des fonctions @; . dont le support est strictement inclus
dans [0,1] (on se restreint aux valeurs de 7 telles que la wille de ce support est plus petite
que 1/2 de maniére 4 pouvoir traiter les deux bords indépendamment) et par deux groupes
de IN foncrions localisées aux extrémités. Ces fonctions d’échelle particuliéres sont construites
& partir des @; ; dont les supports interceptent les bords de roaniére & ce que les polyndmes
de degré inféricur 2 N—1 soient tous contenus dans V. Les espaces ainsi comstruits sont
emboités, grice aux propriétés d’emboitement pour lanalyse de L2(R) et aux relations
d’échelle satisfaites par les polynémes. On vérific aisément que la dimension de V; est 2.1
ne reste plus qud orthonormaliser les 2N fonctions d’échelle des bords. .

- La construction des ondelettes est alors la suivante : on prend comme base de W; les
fonctions ¥; , dont le support est strictement inclus dans [0,1] auxquelles on ajoute

oL ;@)-By(0h;@0) e @) ;Q2x—1)—Pye};2x—1)) pour 0Ki<N—1

ot {@} ;, ¢} ;}imo. w1 sont les fonctions déchelie au bord construites précédemment et
ol T; est le projecteur sur V. Il ne reste plus qua orthonormaliser ce nouveau systéme. .

Ces ondelettes somnt, par construction, réguliéres et bien localisées et elles vérifient les
conditions de simplification a "ordre N—1 puisque les espaces d’approximation contiennent

- les polyndmes. L’algorithme de décomposition est identique 4 Palgorithme classique FWT

lorsqu’on se trouve loin des bords : on effectue des convolutions par les mémes filtres suivies
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de décimations d’un échantillon sur deux. Le calcul aux extrémités utilise des coefficients

particuliers qui sont liés aux fonctions spéciales qui ont été construites (on trouvera dans [2]
les tables de ces coefficients).

I. MULTIRESOLUTION ANALYSIS AND ORTHONORMAL WAVELETS IN L2 {R). — Let {VJ- } jez
be a multiresolution analysis with compactly supported scaling function ©, i.e. a sequence
of approximation spaces

(1) {0} .. .V_,cV_jcVyeV, eV, . . - LIR)

cach V; having { @, ; }e.2={2" @(2/x—~k) }, .z as an orthonormal basis. In this frame-
work (see [4], [6]), wavelets characterize the missing details between two successive levels
of approximation. More precisely, {¥;, }ez={2"¥(2'x—-k)};.7 is an orthonormal
basis of W, the orthogonal complement of V;inV,,,.

Such functions have been constructed in [3] with arbitrarily high regularity. Recall
that one uses a conjugate quadrature filter pair (CQF, see [7]), that can be reduced to

the data of a trigonometric polynomial m, (@)= ’ EI h,e” " guch that m,(0)=1 and
. : n=0
(2 {mo(@)]?+|mp (@+m)|*=

The functions ¢ and  are then defined in the Fourier domain by

- + oo

(3) 9 (0)= kl:II my(27*0)  and  Y(@)=m,(0/2) 9 (®/2)

As a consequence, it satisfies the following scaling equation

2IN-1

@ - - 9 (x)=2 ZO hy@(2x—n)

and the wavelet is defined with the conjugate filter g,=(—1)" hy—;
ZN-1

% Y(x)=2 3 g,0Q2x—n)
n=0

In the discrete setting, these filters are used to decompose a sampled signal (that can be
viewed as the coordinates of an element of V) into two subsampled channels representing
the approximation of the signal and the missing details, at the coarser scale. The original
signal can be reconstructed from these channels by interpolation with the same filters.
The algorithm iterates the decomposition on the coarse approximation, but one can also
do it on the details: this corresponds to the wavelet packets bases introduced in [1].

Il. ADAPTATION TO “LIFE IN THE INTERVAL”, — In many practical situations, the signal
(continuous or discrete) to be analyzed is defined (or restricted) on an interval, say [0,11,
or a rectangle in the case of an image. Since L*[0,1] is not invariant by translations and
dilations, multiresolution analysis needs to be redefined. In particular, we only consider
the scales j=j,=0 for which the supports of the scaling functions and wavelets
are smaller than the interval, i e. a half sequence of approximation subspaces
Vio=Vip1=Vigsz. .. > L0, 1],

Here, V; will be generated by the functions ¢, in the interior of [0, 1] and by some
special functions adapted to (and localized at) the borders. The same will hold for W;
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and the functions V; ;. This means that inside the interval, the decompesition (and thus
the algorithm) will be the same as if one worked in L?(RR).

This approach was first used in a construction by Y. Meyer [5] in which the scaling
functions at the edges are obtained by orthonormalizing the restrictions in [0,1] of
the ¢; , that are supported in both the inside and the outside of the interval. Since
Supp (9)=[0, 2N--1], N being the number of vanishing moments for the wavelet ¥ (see
[3]), we have dim(V))=2/+2N—2 and dim (W }=2’. This arithmetic rule is a problem
for wavelet-packets decompositions in which one needs to bave the same format for the
approximation and the detail channels that are processed in a similar fashion. Another
problem is that the orthonormalization process of the restricted scaling functions is ill-
conditionned for N> 3, due to the very small ties of these functions that have to be
normalized. This results in some difficulties in the computation of the adapted filters to
be used at the borders in the algorithm. _ ,

The goal of our construction is to circumvent these disadvantages while keeping the
main qualitics of Meyer’s bases on the interval: regularity, vanishing moments, spatial
[ocalization and existence of a fast algorithm.

III. MULTIRESOLUTION ANALYSIS ON [0,1]. — We shall build V; for j=j,>0 such that
Supp(@;, o) =[0,277(@N—1)] is included in [0,1/2]. By this assumption the borders will
not “interact” and the special functions at the left and right edges will be defined
independently. Regularity and spatial localization will be ensured by choosing these
functions as linear combinations of the restricted @; , previously mentioned.

The vanishing moments property deserves more attention. In L? (R), it can be expressed
directly on the scaling function by the Fix-Strang rules, i e. identities of the type

2o (x—k)=1=P,(x)
k

Ske(x—k)=P,(x)
(6 k

%k""lcp(x—k)=PN-‘1(x)

where P;(x) is 2 polynomial of degree i. The function {{x} being érthogonal to all the
o {x—k), all its moments of order iIXN—1 are then equal to zero. In order to mimic
this property on the interval, we define, for 0 <i<N—1I, N functions compactly supported
on x=0 by

@ P )=C:x)— L Ko~k Ao, +acr= 2. F 0= %0, +e01

k>0 . k=0

and simitarly N functions compactly supported on x <0 by
® o () =(®@;(x)— 2. Ko(x—k) -, 1= 2 Ko(—k) Y-, 0

k<1-2N E21=2N

The subspace V;(j</,) will be generated by the interior functions {®; . }i<r<ai_on
completed by { " (27 x) }o<icn—; at the left edge and by {9, (2 (x— 1)) Jozsen—, at
the right edge.

With this definition, V; contains all the polynomials of degree N—1 restricted to [0,1]
and clearly, the projection of any square-integrable function f onto V; converges to fin
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L?(R) as j goes to + . Furmérmore, we have the following result:

TueoreM 1. — For all j2j,, Vjc:Vﬁ1 and the set offunétians
{‘PI ‘(2 x), 07 (2 (x— 1))}05.51«1 U {(PJ k}lsk<2-’ 2N
Jorm a basis of V.

Sketch of proof. — The inclusion can be proved by showing that the generators of V;
are linear combinations of those of V,,,. By the scaling equation (4), this is clear for
the interior functions {@; , }; <i<2/—2n For the functions at the edges, one remarks that
the polynomials also satisfy trivial scaling relations of the type x*=2""(x/2)" and the
result follows immediately from the definitions (7) and (8).

It is clear that the three groups of generators are orthogonal and that the
scaling functions in the interior form an orthonormal family. To proove that the
{¢""(x) }oct<n-, and linearly independent, one remarks that they are obtained by
applying a transformation of rank N on the restricted functions {@(x+&)}ocpr<on-2
which are linearly independent because of their embedded supports. The same holds at
the right edge.

It follows from this results that dim(V,)=2/. Remark that we can apply an invertible
triangular transformation on the functions at the edges to preserve the property that
their support are embedded. This property will also be preserved by a Gram-Schmidt
orthonormalization process if it follows the order of the supports. This leads to N

orthonormal functions { o™ (x) }o<;<n—1 With Supp{(e"’)=][0,N+i] and similarly at the
right edge.

IV. WavELETs OX [0,1]. — We have now an orthonormal basis for each V,. We define
W; as the subspace generated by the interior wavelets '{\b_, « }1 <k <2/-2n completed by N
functlons at the left edge {¥"'(2'x)}ogi<n-1 and N functions at the right edge
{I (2 (x— 1)) }osi<n—, that are defined by

©) T2 = 0" (2 %)= Projy, (o (21 x)
and .
(10} T 2 (x— 1)=q™ (2 (x— 1)~ Projy, (" (27 (x— 1))

With this definition, it is clear that W; is orthogonal to V; and contained in Vs
To proove that W; is exactly the orthogonal complement, it suffices to show that
dim (W;)=2/. This is ensured by the following result:

Taeorem 2. — {2 x), {2 (x— D }osisn-1U{V¥ix}igusaioon B a basis of
W.

P

Skectch of proof. — Here again, it is sufficient to check that the wavelets at the edges
are boearly independent. Suppose that there exists a non-trivial family aq, ...,
“an_; such that Y a4y f'(2x}=0 for all x. This would imply that the function

Li
g=2,a;¢"*(2’** x) is a non-trivial clement of V,. But Supp (g)=[0,27/~1 (2N~ 1)] which
is strictly included into the support of the smallest function ¢" ©(2/x). By the embedded
structure of the supports for the basis of V,, it follows that g(x)=0 everywhere on [0,1]
which contradicts the assumption. The same holds for the right edge wavelets.

By a Gram-Schmidt process, we obtain N orthonormal wavelcts at each edge
{127 %), V(27 (x— 1)) }osi<n—1 and we thus have an orthonormal basis for W,
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These wavelets have the same regularity as the standard wavelet in the interior, but
they also have the same vanishing moments since they are orthogonal to the polynomials
of degree N—1 that are contained by the approximation subspaces V;. As a consequence
they constitute an unconditional basis for the Holder and Sobolev spaces on the interval
(of exponent inferior to the reguiarity index of the wavelet).

V. Fast arcorrtams. ~ The fast decomposition and reconstruction algorithms corres-
ponding to these wavelets have the same pyramidal structure as the standard algorithms.
At each scale, a sequence of 2/ samples in divided into 2/°! approximation coefficients
and 277! detail coefficients and it can be recovered from these subsampled channels.

The coefficients that are situated at a distance of more than N points from the edges
are still obtained by standard convolution. For the N first and last coefficients, one uses
special filters that correspond to the scaling relations satisfied by the scaling functions
and the wavelets that we have constructed at the edges.

Remark that contrarily to the standard algorithm, thé constant sequence

{1,1, ..., 1, 1} does not have only zeros in the detail coefficients at each scale because
it does pot correspond to a constant function. Indeed we have

N-1 N-1 2i-2N
an 1= ¥ 527 ¢h (2 x)+ ¥ .27 Peni@i—1)+ ¥ 27,

i=0 i=0 k=1

and the coefficients b; and c; are not all equal to 1. The same problem holds for higher
order moments. _

To circumvent this disadvantage, one can use a preconditioning linear transformation
that acts on the N first and last samples in the discrete signal, before applying
the algorithm. This preconditioning transforms the sequence {1,1, ...,1,1} into
{bo, ceesbyon L, oL L Legogy oy co} (that has all its wavelets coefficients equal
to zero) and similarly for higher order moments up to N — 1. The inverse transformation
is applied on the reconstructed signal.

Tables for the filter coefficients at the edges and the entries of the preconditioning
matrices can be found in [2).

Note remise le 11 mai 1992, acceptée le 16 décembre 1992,
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