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We study in some detail the correspondence between a function f on phase space and the matrix
elements (Q,)(a, b) of its quantized Q, between the coherent states |@) and |b ). It is an integral
transform: Q,(a, b) = f{a, b |v} f(v) dv which resembles in many ways the integral transform of
Bargmann. We obtain the matrix elements of 9, between harmonic oscillator states as the Fourier
coefficients of f with respect to an explicit orthonormal system.

I. INTRODUCTION

Quantization is a word which should be used with cau-
tion, since it means many things to many people. We under-
stand it here in the sense first sketched by Weyl,! where it
describes a “harmonic analysis” procedure. It consists in
Fourier analyzing a (fairly arbitrary) function on phase
space, and then replacing the “elementary building blocks”
(i.e., exponentials on phase space) by appropriate operators
(which have since been known as Weyl operators, and are
exponentials of linear combinations of the operators X and
P).

A satisfactory and intrinsic description of the proce-
dure became possible when von Neumann? proved the
uniqueness theorem (Steps towards the theorem can be
found in Weyl’s book.") which states that for a given (finite)
number of degrees of freedom there exists—up to unitary
equivalence—essentially only one irreducible family of Weyl
operators in Hilbert space. This theorem is a cornerstone of
quantum mechanics for a finite number of degrees of free-
dom. It seems however to have appeared too late to be fully
incorporated in the mainstream of texbooks on the subject.

The intrinsic and symplectic formulation of quantum
mechanics, made possible by von Neumann’s theorem, was
developed by Segal®>* and Kastler,’ largely as a by-product
of work aimed at systems with infinitely many degrees of
freedom (The MIT thesis of R. Lavine® is devoted to finite
numbers of degrees of freedom). The ingredients are as
follows:

(1) A phase space E which is defined (without any “a
priori”” decomposition into position and momentum) as an
even-dimensional vector space (dim £ = 2v) with an anti-
symmetric nondegenerate bilinear form o.

(2) A Weyl system W which is a family of unitary opera-
tors, labeled by points in phase space, acting irreducibly on a
Hilbert space 7 and satisfying

W)W () = "W (v, + v,). (L1

Given E and o, von Neumann guarantees the existence and

“Scientific collaborator at the Interuniversity Institute for Nuclear sciences
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uniqueness ( up to unitary equivalence) of W, but does not
commit us to any concrete realization of W. The Weyl quan-
tization procedure is then a two-step affair: (a) Fourier anal-
ysis: f(v) is written as

f@=2- f T (12)
(b) substitution of W ( — v/2) for ¢, giving
—v —V =
) fW( T)f(v) dv (13)

as the definition of the “quantized” of f.
It wasshown in Ref. 3 that the correspondence £—~Q (f)
is inverted by

fo =2 u(w(2v) )

{5 e,

where ((,)) s is the inner product in the Hilbert space .7 ¢
of Hilbert-Schmidt operators in 7, and that the map
f—Q (f)is unitary from L (F) onto . ;s . Consequently,

(S Deow) = (Q(F).Q (D Dus- (1.5)

If e “ denotes the function e “(v) = ¢** we have
Q(e“) = W(— a/2), and so, by extension of Eq. (1.5)

((QE,Q (€ Mus = J e “()e’ W)dv =2 8(a — b),

in a sense to be made precise (see, e.g., Ref. 7). This map is
discussed in more detail by Pool.*

In Ref. 9, one of us made the remark that step (a) of the
quantization procedure (Fourier analysis) can be avoided at
the price of replacing the Weyl operators W (v) by Wigner
operators IT (v) which are simply Weyl operators multiplied
by parity, i.e., if IT (0) is the parity operator (which can be
defined intrinsically up to a sign in any Hilbert space that
carries a Weyl system), and if /7 (v) is defined by

Hw)=WQu)II(0)=WWIIW(—v),
then Q (f) can be written directly as

o(f) = 2"ff(v)n (v) dv

(1.4)

(1.6)
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and we do not have to consider the Fourier transform fof the
function /. The reason for calling /7 (v) a Wigner operator is
that the Wigner quasiprobability density p , (v) correspond-
ing to a pure state ¥ is just the expectation value of I7 (v):

pu ) = 27(LIT )Y)
(see Ref. 7).

Equation (1.6) expresses Q ( f) as a superposition of
Wigner operators, which are in some ways simpler than
Weyl operators, namely, (i) Every Wigner operator /7 (v), in
addition to being unitary [/7 *(v) = (II (v))'] is also selfad-
joint [/ *(v) = I (v)]. Consequently, 17 (v) is involutive
[(/T (v))*> = 1] and its spectrum consists of the numbers -+1
and —1. (ii) The relationship (1.1) for Weyl operators is
replaced by

I (M () (v3) = &9 T (v, — v, —v3) - (L.7)
(see Huguenin'®), where @(v,v,,03) = 4[o(v,,0;) + o(v3,0,)

+ o(v,,0,)] is the oriented area of the triangle spanned by v,,
U,, U3; thus, Eq. (1.7) is affine (i.e., independent of the choice
of origin in phase space) while Eq. (1.1) is vectorial (i.e.,
dependent on the choice of origin).

We can again invert formula (1.6) to obtain an expres-
sion analogous to Eq. (1.4), but giving now a direct corre-
spondence between fand Q,:

f) =2t (@A ). (1.8)

Wigner operators (without the name) were already pre-
sent in Ref. 11. They can also be found in Ref. 12, where a
decomposition of operators with respect to Wigner opera-
tors is given, analogous to Eq. (1.6), and relation (1.8) is
derived for the function used in this decomposition. The
Wigner operators were however not discussed in Ref. 12 asa
means to do Weyl quantization without having to pass
through the Fourier analysis step. That the /7 (v) formulas
(1.6) and (1.8) may be more convenierit then the W (v) formu-
las (1.3) and (1.4) was also implicitly recognized in Ref. 13,
where indeed some nondiagonal matrix elements involving a
parity operation were used rather than the diagonal ones to
compute classical function, which amounts exactly to pre-
ferring Eq. (1.8) as a direct formula to the indirect version
(1.4) containing still a Fourier transform.

In this paper we will exploit Eq. (1.6) to study directly
the relationship between the function f and matrix elements
of the corresponding operator Q,. We are particularly inter-
ested in the matrix elements of O, between coherent states.
So the coherent state formalism will be the second main in-
put in this paper. ' '

The coherent state formalism has‘‘a long and proud his-
tory in quantum theory.”'* Coherent states can be consid-
ered as eigenstates of a displaced harmonic oscillator (it is in
this form they historically made their first appearance; see
Ref. 15), as wave packets satisfying the minimum-uncertain-
ty conditions, or as the eigenfunctions of the annihilation
operator associated to the harmonic oscillator. For more de-
tails concerning these different points of view, see Ref. 14
and the references quoted there. We will consider the coher-
ent states as displacements of the harmonic oscillator vacu-
um (2:

2081 J. Math. Phys., Vol. 21, No. B, August 1980

@) =02°=W(@@) 2, (1.9)

where the operator representing a shift in phase space by the
vector a is the Weyl operator W (a).

The coherent states have many interesting properties
and have therefore been widely used in quantum physics.
One property which has been frequently made use of is the
resolution of the identity operator'®:

1 :fdv 292"

One can use this property to represent every vector ¢ in &%~
by the wavefunction ¢,, defined as

¢, () = (2"9). (1.11)
The set of wavefunctions constructed in this way forms a
Hilbert space when equipped with the L > norm, and one has

Y o Ve (@) = @, 8,) = f dv 6.0, )
’ (1.12)

(1.10)

[this is again Eq. (1.10)] and
$,(@) = (8,..9,). (1.13)

In fact, the mapping ¥—4¢,, is, up to a Gaussian factor, the
unitary map from our abstract Hilbert space /% to the Barg-
mann-Segal Hilbert space of analytic functions # g "% in-
tertwining the operators W (@) of the irreducible representa-
tion of the Weyl commutation relations on 5% with the usual
Weyl operators on % . For the special choice 5%

= L *(R ) with the Schrédinger realization of the commuta-
tion relations this unitary map was constructed explicitly in
Ref. 17.

With the help of the unitary map ¢, one can easily
transport the Weyl operators W (a) on 57 to the Hilbert
space {4, ; Y€7}. The irreducible representation of the
Weyl commutation relations obtained in this way is the co-
herent state representation of the canonical commutation
relations. Note that to define the coherent state representa-
tion we have used the harmonic oscillator vacuum £2. To
define this (2 in an unambiguous way some additional struc-
ture on E, o is needed. Therefore, one introduces a complex
structure J on E, compatible with o (see Sec. 2). This is anal-
ogous to but weaker than the usual decomposition of £ into a
direct sum of x space and p space.

In what follows we will define an integral transform
which relates /'to the matrix elements of Q, between coher-
ent states:

(a|Qy|b) =(ﬂa»Q/ﬂb)=de {a,b|}f@). (1.14)

Such a direct relationship between fand the matrix elements
of @, enables us to study some aspects of the quantization
procedure by means of a correspondence between function
or distribution spaces instead of as a map from functions on
phase space to operators on a Hilbert space. Of course, we
could achieve this by using directly the classical functions,
equipped with the twisted product rather than the usual
product—this is the point of view of deformation theory; see
for instance Ref. 19— or the functions occurring in the so-
called diagonal or P respresentation.'®?°-* In both these ap-
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proaches, however, functions corresponding to very nice op-
erators may have quite singular features: the classical func-
tion corresponding to the parity operator is a delta function,
and it is a well-known fact that the P-representation function
of a trace class operator may have such big growth at infinity
that it is not even a tempered distribution. Working with the
correspondence f—(a|Q,|b ) we gain in smoothness with re-
spect to these two approaches; the price we pay for this is an
increase of the numbers of variables used (4v variables in-
stead of 2v).

Coherent states can be defined in any Hilbert space car-
rying an irreducible Weyl system, which means that the ma-
trix elements (1.14) can be computed in any representation,
and are representation independent. We will use this to
choose one specific representation, namely, the coherent
state representation (written in an intrinsic, i.e., coordinate-
less way), which is particularly well suited for calculations
with coherent states; the matrix elements we compute will
however be independent of this particular choice of repre-
sentation. The kernel {a, b v} (Which was briefly discussed
in Ref. 24) is studied in Sec. 3; the notations are explained in
Sec. 2. We consider in particular a bilinear expansion for the
kernel with respect to a basis formed by the matrix elements
A, () of the Wigner operators /T (v) between harmonic os-
cillator states. These functions 4,,, are given explicitly by
Eq. (3.28). The Fourier coefficients of an arbitrary function f/
with respect to the basis 4, are the matrix elements of Q,
between harmonic oscillator states.

The integral transform (1.4) which is discussed in Sec. 4
is analogous in many ways to the transform of Bargmann.'’
This analogy and the differences are discussed in Sec. 6.

The discussion of the integral transform given here is
not at all exhaustive: a deeper study will be carried out in a
forthcoming paper; we will study in particular the corre-
spondence between some classes of distributions and the cor-
responding operators. A first application of Eq. (1.14) can be
found in the computation of the classical functions corre-
sponding to linear canonical transformations in Ref. 25.

2. THE GEOMETRICAL SETTING

We find it convenient to work in phase space without
coordinates whenever possible. We shall however also re-
write some of the main formulas in a notation with coordi-
nates which may be more familiar to most readers.

A. Affine phase space (symplectic geometry)

We denote by E a set which has the structure of an affine
space (i.e., which can be identified to a real vector space after
the choice of an origin). Assume that E is even dimensional
and that we have associated an “‘oriented area” ¢(a, b, ) to
every triangle with vertices a, b, ¢ (taken in a given order).
We assume the following:

(i) @ does not change if all its arguments are shifted by
the same vector.

(ii) If a point o is chosen as the origin, then o(a, b)
defined by

O(G,b) = }1¢’ (a,o,b)

2082 J. Math. Phys., Vol. 21, No. 8, August 1980

is symplectic (i.e., bilinear, antisymmetric, and
nondegenerate).
The function @ can now be expressed in terms of o:

@ (a, b, ¢) = 4(o(b, a) + o(a, ¢) + o(c, b)).

We see that it is totally antisymmetric: it changes sign if any
two arguments are interchanged.

B. Phase space with a symplectic and a Euclidean
geometry

Consider in E a reference frame, i.e., a family of vectors
a, b,...,a,, b, that span E and such that o(a;,a;) = o(b;,b;)
=0, and o(a;,b;) = 6. For our purposes (the building of a
representation space for the Heisenberg commutation rela-
tions) all the relevant information is contained in the map J
defined by

Ja,=b,, Ja,=b,, Jb,= —a, (I=1,.)

Notice that J has the following properties:

(which is expressed by saying that J is a complex structure),

o(Ja,Jb) = o(a, b), 2.2
and

o(a, Ja) >0, if a #0. 2.3)
It follows that the bilinear form

s(a, b) = o(a, Jb) 2.4)

defines a Euclidean geometry on E. A Triangle a, b, ¢ has
now not only an oriented area ¢(a, b, c) but also side lengths
(s(@ — b,a — b))'7,---, which however depend on the choice
of J.

We shall also use the complex combination

h(a,b)=s(a,b)+ioa,b), 2.5
which makes E into a v-dimensional Hilbert space.

Examples: (1) Take E = C” with

o(a, b) =Im(@.b), 2.6)

Ja =ia. 2.7
Then

s(a,b) =Re(a.b), (2.8)

h(a,b)=a.b, 2.9)

and all the conditions above are satisfied. (2) Take
E=R" o R". Any aq in E is written as (x,, p, ). Define

o(a,b) =i p,-x, —Py-Xa)s (2.10

J (X4 P0) = (Par — X,)- 2.11)
Then

s(@,b) =4(x,. Xy + Pa-Ps)s 2.12)

and all our conditions are fulfilled again. We can now use
this structure to build a representation of the cannonical
commutation relations.

|. Daubechies and A. Grossmann 2082



C. A representation space for canonical commutation
relations

On E, we consider the space of holomorphic functions
F(E)=|{@:E-C | V" =iV foranyain E }, (2.13)

where

(Vo)) = lim — @ &+ Aa).

On the other hand, we define the Gaussian {2 by
2 (v) = expl — Is(v,v)]. (2.14)
We shall say that a function ¢ on E is modified holomor-
phic if it is the product of a e Z and of the Gaussian:
) =8 W2 Q).
This combination of both .2 and £2 gives us Z, the space of
modified holomorphic functions:

Z(E)= [ | peF}. (2.15)
An alternative way of defining Z is
Z(E)=|¢: E~C|D"$=iD}, (2.15")

with (D¢ )(v) = (V °8 )(®) + 5(a, v)¢ (v).

The Hilbert space we will use in the sequel whenever we
want to consider a concrete representation space is now giv-
en by

o= Z(E) L¥E:dv), (2.16)

where dv is the Lebesgue measure, translationally invariant,
normalized by the requirement

f 2%*@wydv=1.
On this Hilbert space, we define a set of unitary operators
W (a) by .
(W (a)¢ )(v) = explio(a, v)]¢ (v — a), foranya in E. (2.18)
These W (a) are called Weyl operators. It is easy to check that
W (@)W (b) = explio(a, b)]W (a + b), 2.19)

which implies we have a representation of the canonical
commutation relations. One can easily see this in the exam-
ple given above: :

E=R"o R",
W((xa :0)) W(O,Pb ))

Q.17

- exp( - %, .p,,)W((xa 25)
= exp( — ix,.p,) W ((0.p,)) W ((x,,0)).

This is exactly what one would have expected from

W ((x,.p,)) = expli(x,-X + p,.P)),
with

[X;,P ] =ib.
The representation given by Eq. (2.18) in the space (2.16) is
irreducible.

Owing to von Neumann’s uniqueness theorem for re-

presentations of the canonical commutation relations for a
finite number of degrees of freedom, any result we will obtain

2083 J. Math. Phys,, Vol. 21, No. 8, August 1980

in our particular representation on .#’ can be transcribed to
any irreducible representation.

Some particular functions in .#”, will play a special role
in the sequel: They are called the coherent states and are
defined as

12°0) = (W (a)2 )(v) = explio(a,n)2 (v —a). (2.20)

These coherent states have the following ‘“‘reproduc-
ing” property'®'’:

R2)=| 2°0) ¢ (@) dv=¢a)forany dc.”, (2.21)
Writing this otherwise, we have

@) =] ¢ Hv)av

- f 6.29@ " H)dv;

hence

J [2°)(2"|dv=1. (2.22)

It is now easy to see that the 2 ° are normalized ele-
ments of .%:

N4029=N@a)=20)=1. (2.23)
As we already mentioned in the Introduction it is often use-

ful to introduce Wigner operators, i.e., products of Weyl
operators with the parity operator. We define

7 Y, (2.24)

with ;Z(v) = y( — v). This operator conserves the modified
holomorphy properties of and is thus an involutive unitary
operator from .Z, to itself. Moreover, one easily sees that

IIW () = W (— o)l
or
TIW ()T = W ( — v).

Hence, /T represents the parity v— — v on phase space. The
Wigner operators /7 (a) are now defined as

11@) = WQa)ll (2.25)

ie.,

(T (@) (v) = €°**p(2a — v), for any ¢ in L, (2.26)
It is easy to check that

IT (a@)IT (b)) (c) = explip (a,b,0))T (a — b + ¢).(2.27)

3. THE FUNCTIONS {a, b|v} = /§/v/

Definition: Let 57 be a Hilbert space carrying an irredu-
cible representation of the Weyl commutation relations for v
degrees of freedom. Denote by £2 “ the coherent state cen-
tered at a € E, and by /7 (v) the parity operator around v
(Wigner operator). Given a, b, v € E, we define

{a,b|v} =« (2°11 (v)N°),
with

K=2"" 3.1)

The numbers {a, b |v}] can be easily calculated and have
simple properties.

3.1
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A. Explicit form, symmetries, and special values
One has

{a,b|v} = 2”exp[i¢p ( % WUy -% )] 2+ b—2w),
(3.2)
i.e., the phase of {a, b |v] is the oriented area of the triangle
with vertices la, v, 1b. The number {a, b |v} is real if and only
if the three points 1a, v, 1b are collinear.

The absolute value of k{a, b |v} is the exponential of the
negative of half the squared Euclidean distance from v to the
midpoint (@ + b)/2 of the segment (g, b). It takes its maxi-
mal value (which is 1) when v is the midpoint of (, b).

If we denote by { the pair {a, b } we have

{=Cl—vi={~a—-b|—v]={ablv} =]

(3.3)
Denote by £ the pair {4, a}. (This will be justified below.)
Then

(Clo} = (b alv} = {a, b0} = {¢lv] .

If the arguments of {a, b |v} are shifted, we have
fa+c,b+clv+ e} =expliolc,a — b)l{a,b|v}. 3.5
One has _
{a,alv] = |{a, alv}| =2 2v —2a)

(3.4)

3.6)
and

{a,b|a+b] !

=" G.7)

B. Expression of {a, b|v} in coordinates

(1) Identify EwithC*. Theno(a, b ) = Im(a.b),Ja = ia,
and s(a, b) = Re(@.b). So

{a, b v} =2"exp( — L]a|* — §|b|* =2|v|?
—a.b +2bv +20.0).
(2) Identify E withR” @ R". So a is the pair
a= { xa’pa ;: O-(a’ b) = %(pa xb —pb xa)’J(xavpa)

= (Pa’ - xa)r and S({I, b) = %(pa pb + X, xb)'
Then

(a,b v} = 2%exp[ — i|x, +x, —2x,[}
—ilpa +po =20, 4+ ilx,(py —P.)
— p(xy = x) +1p.x, —1ppxa)]
C. Analyticity and regularity properties

(3.8)

(3.9)

The expression (3.2) can be rewritten as
{a, b|v} = 2%exp[2h (b,v) +2h (v,a) — h (b,a)]

X2 (@) 12(b) 2 (), (3.10)
where 4 (a, v) is defined by Eq. (2.5). In coordinates, Eq.
(3.10) is just Eq. (3.8).

Since Eq. (3.10) can be rewritten as
{a, blv} = 2exp[2io(bv)] 2% *(a)
= 2"exp[2io(v,a)] 2%~ °(b)
= 2"explio(a,b)}2 '(a — b)

<2V NV )02 VIV ),

2084 J. Math. Phys., Vol. 21, No. 8, August 1980

we see that {a, b |v} is modified holomorphic in a, modified
antiholomorphic in b, and a product of a modified holomor-
phic function with a modified antiholomorphic one in v. In
each of these variables it is infinitely differentiable and of
Gaussian decrease at infinity.

D. Fourier transforms and integrals
The (symplectic) Fourier transform F can be defined by

(Fg)v) = Kf explio(v,v)]g@’) dv'. G3.1D)
Then
F=1, F2=90, FN°*°=0 "“ (3.12)

If a function ¢ is modified holomorphic [see Eq. (2.15%], it
satisfies (F¢ )(v) = ¢ ( — v). Ifitis modified antiholomorphic,
it satisfies (F¢ )(v) = ¢ (v). So

KJ’exp[ia(a,a')] fa',blvida ={—abiv}]. (3.13)
In particular,
Kf {a', b|v} da’' = «'explio(b, 2v)] 2 (2v —b).
(3.14)

Similarly,

Kfexp[idb,b’)]{a,b’|u]db': {a, b|v}. 3.15)

In particular,

KJ {a, b'|v} db’ =« 'explicQu,a)] 2 Qv — a).
(3.16)

The Fourier transform in the variable v can be comput-
ed directly. It is

Kfexp[io-(v,v’)] {a,b|v} dv =r*{a, —b|w}. 3.17)

In particular,

Kf{a,blv'}dv’sxﬂ‘b(a). (3.18)
One has also
f {a,alv} da=1. (3.19)

We now consider integrals that are bilinear in the sym-
bols {a, b |v}. Particularly important is the relationship

jf{a,bh:}{b,a]v'}dadb:&(v——v’), (3.20)

which can also be written as

[1ewigi de=[ 16 1E 1T de = 6w —v). G2v

We shall derive it here, in order to show how simple the
calculations are:

[ [ 1a 61016, a) daas
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- x-zf f (21T () 2 )2 T ()2 °) da db
= K'zf (22,07 (WIT ()2 °) da

= K'ZJ exp(ip (v, % W2 X =+ 9(g) da
= k%exp(4io(v',v)) 2 v —2v")
Xf exp[4io(a,v —v')] da

= exp[dio(v’,v)] 2 Qv —20)k*5(4v’ —4v)
= 6@ — ).

Another useful relation is

J {a, b|v}{c,d|v} dv=02@a)2"(). (3.22)
We give finally two integrals of triple products:
ff a, b v} {b, clv') {c, d |v"} db de

= xk2explip (v, v',v")]{a,d v — v + v} (3.23)
and
JJJ fa, b|v}{b, c|v'}|c, a|lv"} dadbdc

= xexplig (v,v',0'")). (3.29)

E. Bilinear expansions of {§|v}; The orthonormal family
hma (V)

Since {¢ |v} will be used as the kernel of an integral
transform, it is natural to expand it into a sum of products of
functions of v and of functions of £. Such expansions can be
found immediately since the {a, b [v}’s are matrix elements
of irreducible families of operators.

1. Generalities

For any orthonormal base e, in 7, we define the func-
tions e,,, by

emn (U) = K_l(em )”(U)en)‘ (325)
Thesee,,, formanorthonormalbasein L *(E ): orthogonality
is a consequence of Eq. (3.22), and completeness follws from
the fact that the family {/7 (@)} is an irreducible family of
operators.

It is now obvious that

{a,blv} =73 (2%,)e, 2 ")e,,@). (3.26)

2. In the representation on .&,

Let {ey,...,e, } beasymplectic base on E, o, i.e., aset of v
vectors satisfying

ole;e;) =0,

a(e;Je,) = 6.
We define the normalized monomials 4 "1 on E by

1 v
h) = ——= ] (k (e0)™
Vnt =1
Here [n] is a multi-index, with [z]! = IT}_ , (n;]).
The functions 4 [")f2 form an orthonormal base in .7,
In fact, they are the eigenfunctions of the harmonic oscilla-

(3.27)
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tor (see also Sec. 5). In the following we shall drop the square
brackets in the notation 4 . In this particular case we have
now

h,.. @)=« (h "0 (k")

~eae 8" o (()(7))"

Xh" 5 (2v) k™~ (2v) (3.28)

and

{a,b[p) =02@RGB) Y h"@h"(®) k. 0).

(3.29)
Formula (3.29) implies we can also write the #,,,, as
1 n
Py (V) = (@) D*){a,b|v}]azp—o
m! n!
= (VY0 b 0] 2@ N a— s o,
m! n!

where D and V ¢ are defined in Sec. 2c.
If one identifies E with C*, the 4 " are simply
h"(z) = l_ 2",
n!

and the A,,, are given by
R min(m,n) 1 s
h =2V2m+ne—2\z| [_ ___]
@ g ;

V nt m!
st(n —s)l (m — s)!
Identifying E with R %", one gets

n—som-—sSs

1
h(x,p) = —=2"""*(p+ix)"
V .

n!
and
N 5 min(m,n)
o () = 20~ (g =
s=0
V nl mt 20+ m22
st(n — st (m — s)!
X(p+ix)""(p—ix)" " (3.30)
In particular, we have
han (5ip) = (1) "2 =729
n n!
X __2 s x2 + 2\s
SZO( ) s!s!(m«-s)!( )
= (—1)"2exp(— x* — pA)L, @3> +2p%), (3.31)

where L, is the Laguerre polynomial with multi-index [#] in
the variables x7 + p? (j = 1,-+,v).
As a consequence of Eq. (3.17), we see that

(Fh,, )v) = K(h mO 1T ( % )Hh ; )
=(=1 "thmn( -Z_ )

4. THE INTEGRAL TRANSFORM: MAIN PROPERTIES
A. The map from f(v) to Q,()

Letfe€S '(E )beatempered distributionon E. Let £ beits
Fourier transform, which we write freely as

(3.32)
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fw)y=« f explio(,v)1f () dv'. 4.1)
Let
f(U) = E fmn hmn (U) (42)

be the Fourier series expansion of fin the orthonormal sys-
tem (3.28). By Eq. (3.30), the expansion of fis

F©) =3 (= 1) rnnbir, ( % )

Definition: The Q transform of fis the function Q, on
E X E, defined by

0/(6) = 0/@b) = [ tablolre)do, 43)

to be interpreted, if necessary, as the evaluation of the func-
tional fon the testing function {a, & |.}.

Remark: The above definition is more restrictive than
necessary since the testing functions {a, b |.} can handle
more general distributions “of type S .22’ We shall not try
here to study in detail the functional analysis associated with

Eqg. (4.3).
By Eq. (3.17), Q; and Q; are related through

QHab) =xk7?Q; (@, —b), with fiw)=f(—4v). (44)
In fact, this relationship between the matrix elements of Q;

and Q; is just a consequence of the equivalence of formulas
(1.3) and (1.6). Indeed, we have from Egs. (1.3) and (1.6)

Qiab)=x" J dof ()2 °,1T (V)2 %)
=devf(u)(m,w( - %)m)
=deuf( — v)(!)”,H(—Z—)II.()b)

e J dv f(—4v) (@2 T )2 ~*)

=«72Q; (a, — b). 4.5)
Furthermore, by Eq. (3.29) and (4.3), the function
Q,(a,b) can be expressed in terms of the Fourier coefficients

mn*

Q/ab)=02@R b)Y h"@h" () S

where the functions /4 "(@) and &2 (b ) are defined by Eq.
(3.27).

An examination of either Eq. (4.3) or (4.5) shows that
Q,(a,b) is modified holomorphic in a and modified antiholo-
morphic in b, i.e., it is holomorphic in § with respect to the
complex structure (J, — J).

B. Inverting the map —Q,

Given Q,( {), we can reconstruct f through

50 = [ 1€l10)ds = H (a0 IO G dadb, |

provided the integrals converge. This is an immediate conse-
quence of (3.21).

In other words, the same kernel is used for (4.3) and its
inverse just as in Fourier transforms and the integral trans-
forms'” of Bargmann.
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C. Physical interpretation

So far, we have only defined some integral transform
f()—Q,(§) by means of the kernel {§ |v}. Of course, we
always had in mind the physical interpretation of all this
when we defined our map from one function space to an-
other. This physical interpretation follows immediately
from formula (1.6) and definition (3.1) of the kernel {a, b [v}.
One has

0,(ab) = x-lf do fEXR T 2°) = (29,0, 2°).

So for any a, b in E, Q/(a, b) is the matrix element between

the coherent states {2 ° and £2 ° of the quantum mechanical

operator Q, corresponding to the “classical observable” f.
In an analogous way, the Fourier coefficient

f’"" = hmn (U)f(v) dU,
with
h,., ) =« (h"2,0 (A "),

the A * being normalized monomials [see Eq. (3.27)], is equal
to the matrix element of Q, between harmonic oscillator
states:

Son = <”|Qf|m>-

D. Action of Q, in . (E)

The action of the operator Q, on . ((E ) can be written
explicitly with the help of the function Q,(¢ )[see Eq. (2.21)]:

Ve ZE) : (Q)a)= f db Q@b yb). (4.8)

4.7

E. Unitarity of the correspondence f—Q,

The function Q,( {) is an element of Z (£ X E;
(J, — J),i.e., modified holomorphic in its first variable and
modified antiholomorphic in its second variable.

Define .¥(E XE) = L*E XE;dvedvnZ (E XE;,
(/, — J)). Equipped with the L > norm, this is a Hilbert space.
Suppose fis square integrable, Then

j dg |QU O
- f J dadb Q@) 0 ab)
_ J f f J da db dv dvf*@){b.alv} f(){ab v}
- J f dv dv'f *E)f )80 — V')

= [@150)
Hence the map f(.)—Q,(.) is a unitary map from L YEYto
L (E X E); its inverse is defined by Eq. (4.6).

In fact, this unitarity is nothing else than the well-
known unitarity of the correspondence between square inte-
grable functions and Hilbert~Schmidt operators.® Indeed,
one can check that the operator Q, is Hilbert-Schmidt if the
function Q,(.) is square integrable, and one has the equality

"1 = THQQ) = f de 10 )2

F. Products
Let 4 and B be operators on .7 . Then
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(4, B)ab)=(12°4B02")
_ J' (2°402)(2 B2 %) de
= fA (a,c)B(c,b) dc.
Hence,

©,.0,)ab) = f 0/@,0)Q,(c.b) de.
We define the twisted product f© g by

Qrop = 0.0, 4.9
Hence, ‘
(f°8))

= [1€m1Q (D) de

= f f f {a,b |v}Q.(b,c)Q, (c,a)da db dc

f f [ [ [£wewn
fa,b |v}{be|v'}{calv’}da db dec dv' dv"”
f F@ gy explip ,v'v")ldv' dv”’, (4.10)

which is a well-known expression. %

G. Bounds on Q,(a,b)

Define the following two regularized functions associat-
ed to f:

fol) = f FEN2 QW —v) dv,

ro=[rera(2)a

They can be obtained by choosing f as the the initial value of
a diffusion (heat) equation and waiting the appropriate time.

Assume now that fis a (locally integrable) function so
that | | (the absolute value of f) is well defined. Denote by
| f|x the regularized Eq. (4.11) of | f|. Then Eq. (4.3) gives

le(a,b»«‘JffR( b ) @.13)

On the other hand, if the Fourier transform fof fis a
function (here one should not think of g, as, say, a Hamil-
tonian but for example a resolvent),and if | f |, is the regular-
ized Eq. (4.12) of | f], we obtain from Eq. (4.4)

Q/(a,b)| = «7Qy.(a, — b)|

<K‘3lfllR( 5 b )

(4.11)

(4.12)

=«| f|,(2(a - b)). (4.14)
If both fand f are functions we obtain
Q@o)<ifl( 2 ) AL ee—o). @)

For the diagonal matrix elemems one obtains®* an equality,
which does not require any special assumption on f,

0(a,a) = k"' fr(a).
More generally, f can be assumed to be a measure.
H. Positivity of Q,

Suppose that Q, is positive, i.e.,

(4.16)
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Ve Lo QW) = [ [ W0 @b) dadb>0. 4.17)

Since

{a,b v} =« 'exp[2io(v,a)] 2% “b)
(see Sec. 3c), this is equivalent to

Ve s, : f f ;(;1_)1#(21) — a)exp[2io(v,a)] f(v) da dv>0,
(4.18)

provided we are allowed to change the order of the integra-
tions, which is certainly true, for example, for feL *(E;dv).
We can rewrite condition (4.18) as

vieZo: [ [ oo )enplioban £ 257

)da db>0.

(4.19)

For feL *(E:dv), Eq. (4.19) is a necessary and sufficient con-
dition for @, to be positive.

If, moreover, we suppose fis essentially bounded
(feL ) and integrable ( feL '), then Eq. (4.19) is implied by
VneN, Y a,,....a,€E : the matrix

X [exp lio(a,,a,)] f( % (@, + ak))] is positive.

ik
’ (4.20)
So,forfel  n L', Eq.(4.20)is asufficient condition for @, to
be positive.

A similar result, though in a different context, can be
found in Ref. 29; the fact that the matrices

[exp[io(a;.a,)] fax —a;) ]

are considered in Ref. 29 and not

[exp[itf( »aA)]f( Ao )]

as here, is due to their studymg the correspondence
f—fdvf() W) and not = dv f(0)IT (v).

Examples: Using Eq. (4.20), one can easily check that
the following functions yield positive operators:

ik

f@)=02""Qu), with a<l.
In particular,
S) = 12Q2v) and f () = 2 (v),

f @) = exp[2s(c,v)] 2 (),
S @) = expla(c,v)] 2 Quv).

5. EXAMPLES
A. Operators corresponding to elementary functions

For some functions we shall use Eq. (4) to compute both
Qf and Qj:

() f(w)y=1Then Q(a,b)=N%a)or Q, = 1.
1(v) = x'6(v). Hence, Q5(a, b) =«'Q,(a, — b)
= «x"'42 ~ *(a). This implies Q5 = x'71, which is, of course,
implicit in Eq. (4.3).

(2) f (v) = explio(c,v)]. This gives Q (a,b) =
expliio(c,b)] 2°+ “*(a); hence Q, = IT (c/H)II. Applying
again Eq. (4.4), we see that
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[F 1) = K80 — ) =K5.0)

and

Qs =« (o).

(3) f(v) = 2 (av) for acR.
Then

X [2 @+b )](az)/(4 +a2)[0 (a— b)]4/(4+ o)

As a consequence of the fact

[F2(a)]@)=a > 2(a"),
we see that

Qo@n@b)= (za)QOn wayl@ — b ).

(4) As a special case of (3), we have

Q0ay(@b)=r2(a)2();
hence,

Qua) =k |2)(2].

(5)f(v) = s(v,v). This is the Hamiltonian of the harmon-
ic oscillator. We have

0ab)=| L +h¢a) |0*@,
or

v
= - + N9

o 5
with

N:2°—h(b,)02°"
We see here the expected vacuum energy term v/2; more-
over, one can easily check that for 4, = A "{2, one has

Nu,=nu,,
which is in accordance with the well-known fact that the u,,
are the harmonic oscillator eigenfunctions.'”

(6) f(v) = o(c, v). This gives Qx(a,b) = (i/2)12 t(a)
X[k (b, c) — h (c,a)]. Define H, : ¢ —>h{(c,.). Then H* :
y—D ¢y with D, =V, + s(c,.) or .02 —(V_ @)2 or
0" —h(b,c)2° and Q. , = (i/2)(H * — H_). Analogous-
1y7 Qs(c,.) = %(H? + Hc) and Qh (c.) = HC'

(N f @) = o(c,, v) o(cy,v). Then

er(c...)a(r;v)

=![scpe) +H H* +H H* ~H H_ —HYHY¥

Analogously,
o (cpdh(en) — Hc. Hc; .

B. Functions corresponding to elementary operators
1. Dyadics

Take A to be the dyadic 4 = |¢ )(¢|. Then

fa0) = fj {a,b v} ¢(b);(a_) da db
= .05 ¢).

In particular,
fn")(_(z‘\(v) = {cd v},
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oy @ =« 2 Q2v —2¢),

ﬁn)(n| W=x'0 ),

-flu,,)(u,,,\ (l)) = hmn (U)
From this last example we see that 4,,,, [given for instance by
Eq. (3.31")] is the classical function corresponding to the
projection onto the subspace Cu,, . For the special case v = 1,
this is the projection onto the nth eigenspace of the harmonic

oscillator (a similar expression, obtained in a different way,
can be found in Ref. 19).

2. Multiplication operators by holomorphic functions

Consider 4 : ¥ —F.3), where F is some (holomorphic)
function such that F.2 ‘.7 , for any a.
Then

A(a,b) =F(a)2 (),

and

f,) = x-lf 2Qv—2b)F(b)db;

hence,
fa =62, * F), 2,(v) =2(2v).

3. Permutation operators

Suppose E=E, & ..o E,,withJE,CE,\V j,0(E,,E,)
= 0 for j#k: this is the phase space for the simultaneous
description of n particles (dim E; = 2v' for any j; nv' = v).

Let {e{,...,e, } beasymplectic base in each E;. For any
meP (1,...,n)[P (1,...,n) is the set of all permutations of
(1,...,n)], we define

P :E—E,

o "o
j:zl kzl Ui —_)jgl kgl Uitk
Q.,: L2,
¢ (v) —¢ (P, ().

Clearly,

Q.(ab) =02"(P.(a)).
To compute the classical function corresponding to Q,,, we
split up 7 into a product of independent cyclic permutation
operators. The classical function splits up in a product of
independent functions, corresponding to these cyclic permu-
tations. For the cyclic permutation 7 = (1,...,m) (this per-
mutation maps 1 to 2, 2 to 3,..., m —1 to m, m to 1), we get

o) = 270
T es¥m/ —

J=1

X exp [i‘P (Vijl N l(vlj)’P ;2(”214 D]
for m odd,

and

_ 2\/’(»171)(’"/2 —1
fn’(vl""’um) -

i=1

Xexp[i‘p(szq P! (Uzj)’P;2 (U2j+l ))]5(Vm)’

for m even, with
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k . .
V=Y (1Y “P,) ).
i=1
In particular, if we describe two particles, and we want to
consider the operator @, for 71 =2, 72 = 1, we have

Jan W) = 6w, — P (v,).
For three particles, we see that

ﬂlzs) = 22v'exp [i¢ (vl"Pfr_l(vz)9P‘n'—2(U3))]
and

ﬂlz)(s) = 5(”1 - Pfr(vz))-
These different expressions can be considered as special
cases of the classical functions corresponding to general
symplectic transformations computed in Refs. 28 and 25.

6. A COMPARISON WITH BARGMANN'S INTEGRAL
TRANSFORM REF. 17

In Ref. 17 some explicit expressions are given for the
unitary operator intertwining the Schrodinger representa-
tion with the coherent state representation of the Weyl com-
mutation relations. We rewrite here this result in our
notations.

Identify E with R*>* = R”@ R " = x space & p space.
Let us denote the x space by E,. In what is usually called the
Schrédinger representation the Hilbert space used is L *(E)),
i.e., the space of square integrable functions on E, with re-
spect to a Lebesgue measure on E,.

Bargmann’s integral transform is a unitary map 4 from
L*(E)) to £ (E, J) which can be represented by a kernel:

A:L*E)—~ZL(EJT),

Ve LY(E)) : (AY)) = f dx 4 (v,x) Y(x). (6.1)

Thekernel 4 (v, x) has many interesting properties. For fixed
x, it is an element of Z, and for fixed v it is square integrable
on E,. This is analogous with our kernel {¢ [v} which for
fixed § is square integrable on E, and for fixed v an element of
Z{(E®E;(J, — J)}. Moreover, we know (see Sec. 4.E) that
ourintegral transform Qis unitary from L *(E Yon .Z ((E & E,
(/, —J)). Soit would seem that our integral transform is just
a double Bargmann transform:

A:LHE)—~2L(E,J),

QLYE)~L*E)®L**(E)—>L\E, J)e L (E,J)*
~ZL(E®E(, —J)).

We donote here by /7”* the dual of 57°; the isomorphy

LAE, Ty LAETV*~L(EeE,J, —J)) followsfrom

thefactthat . (E @ E,(J, — J))isisomorphicto the Hilbert

space of Hilbert-Schmidt operators on .Z ((E, J) (see Sec.

4.E). It is however not altogether true that Q is just twice 4.
Indeed, on has

A (v,x) = Z u[m ](v)¢[m ](x)y
[m])
where u;,,, = h ") £2 and §,,, , are the eigenfunctions of the
harmonic oscillator, respectively, in .% (E, J yand L *(E))"";
on the other hand [see Eq. (3.29)],

(6.2)
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{a,b|(x,.p,)} = 2 Uy (@) U (D) Ay (X02), (6.3)

[m1ln]
where A, (V) is given by Eq. (3.29) and is definitely differ-
ent from @,,, (2'%x,)é,(2'/%p,) (the factor 1/2 has to be
introduced because of a difference in normalization in the
measures on E, and E). This can readily be checked in an
example. Take v =1, m = n = 1. Then

$.2"%x,)( ¢, (V2p,) =x,p,e” %7
and

— (24PN —xl—pl+ 1)

hy(x,p,)=2e
#¢1(\/Exu)¢l(\/5pu)'

Another way of seeing that the integral transform Q is not
merely a double Bargmann transform is to look at the explic-
it expressions for the kernels 4 (v, x) and {¢ |v}. We have'’
A (U x) =T~ v/4e(1/2)X.p..e - ip.xe - (1/2)x — x,)}
=0N""(x), (6.4)

where 2 “""’(x) is the coherent state centered round (x, Lo )s
written in the x representation, while a direct calculation
from Eq. (3.9) gives

(a,b |(x,,p,)} = £ &t 72PN (N9 )
2 PPV TG, 3N (\/-?jp ),

6.5)
which is again very different from the expected
4@V 2x,)4 6,V 2p,)
= 2%V 2x,)2 "V 2p,). (6.6)

In a certain sense these differences are due to the fact that the
integral transform Q has to do with quantization, while 4 is
just a unitary map from one quantum mechanical realization
to another. Indeed, if we look at Egs. (6.2) and (6.3), we see
that on the .Z, side everything is all right: Eq. (6.3) contains
one straight copy u,,, (@) and one complex conjugate copy

u,(b) of the .2, function u,,, ,(v) in Eq. (6.2); but things
go wrong with the L * function. This is precisely because
L *(E), theinitial space of @, has to be considered as a space of
classical functions, while the initial space of 4 is a quantum
Hilbert space.

Another way of seeing this is the following: By taking a
double Bargmann transform one treats x, and p, as two
equivalent but independent (‘*‘commuting”) variables: in Eq.
(6.6) x, is only linked with x,, p,, and p, only with x,, p, .
However, this is not what happens in a quantization proce-
dure; there x, and p, are linked with the x_, p, as well as with
X,, p,: some mixing has taken place.
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