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The results obtained earlier have been generalized to show that the path integral for the affine
coherent state matrix element of a unitary evolution operator exp( — iTH) can be written

as a well-defined Wiener integral, involving Wiener measure on the Lobachevsky half-plane,
in the limit that the diffusion constant diverges. This approach works for a wide class of
Hamiltonians, including, e.g., — d */dx* + V(x) on L*(R, ), with ¥ sufficiently singular

atx =0.

I. INTRODUCTION

The observables that are the quantum kinematical oper-
ators are usually defined to have commutation relations
analogous to the Poisson bracket structure of the associated
classical kinematical variables. Examples are a single ca-
nonical pair and the Heisenberg commutation relation, or
angular momentum variables and the Lie algebra of angular
momentum operators. We shall say that p, ¢ are classical
affine variables if ¢ > 0 (or p > 0), for example, with the oth-
er variable p (or g) being unrestricted. Since one variable is
the generator of translations of the other, it follows that
some conflict with the range restriction is possible, a situa-
tion that reflects itself in the quantum theory by the fact that
the operators Q and P cannot both be observables (self-ad-
joint operators) satisfying the Heisenberg commutation re-
lation if @>0 (or P>0). An acceptable substitute for the
nonobservable operator is the dilation operator
D = 1(QP + PQ), which can always be chosen self-adjoint
along with the positive operator. The Lie-algebra relation
[Q,D] = iQ with @ > Ois just the quantum image of the Pois-
son-bracket relation {g,d} =¢, ¢>0, where d = gp. The
generator D preserves the positivity of Q just as the classical
counterpart d preserves the positivity of g. The indicated Lie
algebra relation is that of the affine group, sometimes called
the (ax + b)-group, which is the group of translations (b)
and scale changes without reflection (a > 0) of the real line
into itself, x » x’ = ax + b. Thus we refer to Q (or P) and D
as quantum affine kinematical variables, and in view of the
simple relation between d, p, and g, we loosely refer to p, g
with g > 0 (or p > 0) as classical affine kinematic variables as
noted earlier.

Focusing on the p > 0 case for the moment, we may ima-
gine a formal phase-space path integral quantization of such
a system given by

/V’lf exp[if [pg — H(p.g)] dt] II ldp.dq.], (1.1

» “Bevoegdverklaard Navorser” at the National Foundation for Scientific
Research, Belgium.
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where all paths satisfy the condition p(z) > 0. This expres-
sion is plagued by two problems. The first problem relates to
what (1.1) could possibly represent since it cannot be the
propagator expressed in the Q-representation for the simple
reason that if [Q,P] = i/ and P> 0 then no Q-representation
is possible. A satisfactory answer to the first problem was
given earlier’ in which (1.1) was formally interpreted as the
propagator expressed in the affine coherent-state representa-
tion (which makes fundamental use of the operators Pand D
rather than P and Q; see Refs. 2, 3). The second problem
with (1.1) pertains to the formal nature of the path integral.
In Ref. 1 meaning was given to (1.1) as the limit of a fairly
standard lattice-space regularization. This approach made
little direct contact with paths defined for continuous time as
in the classical theory, and besides, it was relatively heuris-
tic. On the other hand, in recent work* pertaining to the
usual canonical case (and also for spin kinematical vari-
ables), it was shown how the appropriate coherent-state rep-
resentation of the propagator can be defined as the limit of
well-defined path integrals over pinned Brownian-motion
measures as the diffusion constant diverges. The purpose of
the present paper is to extend this alternative form of regu-
larization and its associated rigorous definition of a path-
integral representation to systems involving affine variables.
To begin with, however, it is useful to give a brief description
of the construction in Ref. 4 for the canonical case.

For a given Hamiltonian H, we defined* the path inte-
grals

2773”""_"’/2fexp[éf (pdq—qdp)

— ifh(p,q)dt] duy, (p)duy, (q) , (1.2)

where du}, (p) and du}, (¢) are Wiener measures associated
to two independent Brownian processes (one in p, one in g)
with diffusion constant v, and pinned at p’,q’ for r =1¢’, at
p",q" for t =1t ". The function 4 in (1.2) is the antinormal
ordered symbol® of H. For finite v, (1.2) is a perfectly well-
defined path integral on phase space. It has been proved*
that for a wide class of Hamiltonians, the limit for v— o of

(1.2) gives the coherent state matrix element
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(p".q"lexpl —i(t" —t"VH]Ip'\q") -

This procedure is not restricted to only the canonical
kinematical variables. In Ref. 5 an outline is given of how the
above construction can be extended to general semisimple
Lie groups. One has then to use the corresponding general-
ized coherent states.® One can define a metric on the group
manifold associated to these coherent states,” and use the
corresponding Laplace-Beltrami operator to define a gener-
alized Wiener measure. Examples of interest outlined in Ref.
3 are (i) the Weyl-Heisenberg group, (ii) the group SU(2),
and (iii) the affine (ax + b)-group, corresponding to, re-
spectively, canonical, spin, and affine kinematic variables.
The first two were extensively discussed in Ref. 4. Here we
present a more detailed study of the affine variable case. In
particular, we derive explicit conditions characterizing the
class of Hamiltonians that can be treated by our methods,
and we give several examples as well.

This paper is organized as follows. In Sec. IT we review
the definition and some properties of the coherent states as-
sociated with the (ax + b)-group.>* We shall adopt nota-
tion related to that in Ref. 3, which is different from the
notation in Refs. 1 and 2. We shall also indicate how to pass
from one notation to the other. It is convenient to break the
construction into two parts. In Sec. III we study the path
integral for zero Hamiltonian. We introduce the Brownian
process on the half plane, use it to construct the path inte-
gral, and show that in the limit of diverging diffusion con-
stant the path integral converges to the coherent state over-
lap function {as it should, since exp( — itH) = 1 if H =0].
In Sec. IV we discuss the path integral with a nonzero Ham-
iltonian, and we derive sufficient conditions on the Hamilto-
nian so that the limit for diverging diffusion constant leads to
the appropriate coherent-state matrix element of the evolu-
tion operator.

Il. THE (ax+b)-GROUP AND THE AFFINE COHERENT
STATES

Let us review the definition of the (ax + b)-group and
the associated coherent states, and give some of their proper-
ties. Most of this discussion is analogous to what happens for
the Weyl-Heisenberg group and its associated coherent
states, the more familiar canonical coherent states. Both the
affine and the canonical coherent states are examples of the
construction of coherent states associated with general Lie-
groups.®

A. The (ax+ b)-group
The “(ax + b)-group” istheset M : = R* XR, where
R* = (0, ), with the group law
(a”’b")(al,b/):(allal,b " +allb!)'
This group has two (faithful) inequivalent irreducible uni-
tary representations U_ and U_. We shall consider their

following realizations on L (R ). For ¢eL *(R. ), one de-
fines

[U, (@b)¥](x) =a'?e*"yP(ax) . (2.1)

We shall mainly use U_, except when specified otherwise.
The subscript + will often be dropped.
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Both representations U, and U_ are square integrable.
This means’ that there exists an (unbounded) positive self-
adjoint operator C on L ?(R_.) such that

V¢1’¢2ED(C 1/2)’ V¢17¢2€L 2(R+ ):

f du(ab) (U, (@YU, (@,6)dnbs)

= (C"*h,,C "¢, ) ($1,8,) - (2.2)

Here du(a,b) = (1/ 2m)a % da db is the left-invariant mea-
sure on the (ax + b)-group. The operator C is given by

(CP) (x) =x""P(x) . (2.3)
In particular (2.2) implies that, for all yeD(C '/?), ||¢|| = 1,

f du(@hU, @b WlU, (@b)* =1,  (2.4)
with
c(¥) = |C‘”2¢I2=Jw dx(1/x)|¢(x)]2. (2.5)
0

The closed spaces &, spanned by the sets

(UL C98); ¢eD(CY?), ¢eL?(R)}
are mutually orthogonal subspaces of L3*(M,)
:=L*(M,;du). Together, 7% and 7 _ span the whole
space L (M, ). This can easily be checked by explicit calcu-
lation.

All this enables us to build orthonormal bases of
L?*(M,), starting from orthonormal bases in L *(R, ). Let
{¢;: jeN}, {¢;: jeN} be two orthonormal bases in L *(R )
such that ¢,eD(C ~'/?) for all j. Define elements f;F of
L*M,)by

fE@b)=(U, (a,b)C "y, 8. (2.6)
It is clear that for all i, j, f5e?°, (é= + or —).Onthe
other hand, both { f;; 7, jeN} and { f; ; #, jeN} are ortho-
normal sets, as a consequence of (2.2). One easily checks
that, fore = + or —, {f§; i, jeN} constitutes a basis for
. The set { f; i,jAN, e= + or — } is therefore an
orthonormal basis for L (M, ).

Let now B be a Hilbert-Schmidt operator on L (R, )
such that C ~!/2B is trace class. Then

B=3 4148,

where {¢;; jeN}, {¢,; jeN} are orthonormal bases in
L*(R,), with ,eD(C ~""?) for all j, 3, |4;]1> < 0. Since
C ~ 2B is trace class we can define

[F(B)](a,b) = (1/V2)Tr[(U, (a,b) + U_(a,b))C ~"/?B]

= (1/V2) S 4,48, U, (a,b)C ~2y) .
J.€

2.7

From the preceding paragraph it is clear that (2.7) can be
considered as an expansion of F(B) with respect to an ortho-
normal base in L (M, ). Since the sequence of coefficients is
square summable, 2, |4;|* = 2 Tr(B *B), we immediately
see that F(B)eL (M, ), with
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1
fa’,u(a,b) [[F(B)](a,b)|* = - Z |4;|> =Tr(B*B) .

g (2.8)
The set of Hilbert-Schmidt operators B for which C ~'/2Bis
trace class is dense in the space 7, of Hilbert—Schmidt opera-
tors. One can use this to extend the map B— F(B) toall of 7,.
This extension is a unitary map from 7, to L 2(M ). This is
the (ax + b)-group analog of a well-known result for the
Weyl-Heisenberg group.®

B. The affine coherent states

A special role in our path integral results below will be
played by extremal-weight vectors for the unitary represen-
tation under consideration (see Ref. 5). In our case these are
the vectors' (normalized to 1)

P (x) =2°T(2B) ~'2xP — V2% =, (2.92)
In order for ¢z =c(¢;) to be finite, one has to impose 5> 1.
One finds

cg=B-pP~". (2.9b)

We shall use these minimal weight vectors i as “fidu-
cial vectors” ¢ for the construction of the affine coherent
states,

la,bi3) = Ula,b)yy .

From (2.4) one now immediately has the affine coherent
state resolution of the identity

c; ! J-dy(a,b)la,b;ﬁ)(a,b;ﬂl =1. (2.10)

The “overlap function” of different coherent states
(same value of ) is given by

(a”,b”;ﬂlal,b';ﬂ>
=|:a”+al+l-(b”_bl)]_23
2]aua:

vl
" L1+ coshd(a”",b "a'b')

X exp( —2Bitan~! b — b,> ,
a" +a
where d denotes the metric distance® on the Lobachevsky
half-plane M,

d(a",b n;al’b r)

(2.11)

(au_al)2+(bn_bl)2:|. (212)

= cosh_l[l
+ 2 allal
For every B>} one can define the following map on
Li(R,):
(Ugd) (a,b) =5 *(a,b;B |$)

— CB_ 1/223 [1-\(23) ] — llzaﬂ
X J dx xP~ 12— (a+Dx4(x) . (2.13)
(4]
It is clear from (2.10) that Uy is an isometry from L (R +)
toL (M, ). These maps Uj are the analogs of the Bargmann
transform for the Weyl-Heisenberg case.’® The image

F5=UgL*(R.,) consists of exactly those elements f* of
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L2(M ) that can be written as

fla,b) = d®¢(a + ib) ,
where ¢(z) is an entire analytic function on the half-plane
Rez>0.

The Hilbert space 75 is a reproducing kernel Hilbert
space,'! with reproducing kernel c; '{a”,b ";8 |a’,b "8 ). In
other words, for f in 7,

flab) =c;! f du(a'b"YabB a6 B) flab') .

This means in particular that the orthogonal projection op-
erator P, mapping L >(M ) onto 57, is an integral operator
with integral kernel

Pg(a"b"a'b’') =c; a"b"Bla,b"B) . (2.14)

C. Correspondence with the pg-notation

We mentioned in the Introduction that our notation
would not coincide with that in Ref. 1. To conclude this
section we give the correspondence between our present no-
tation and the pg-notation in Ref. 1.

For fixed B, define p =fa~!, g = — b. We shall also
rescale the measure; dji(p,q) is the image of ¢z 'du(a,b),
ie.,

- 1 p,_-1dpd 1—1/
dii(p.g) = c; 1g -t Iéﬁqz vadpdq.

With this change of notation, (2.13) becomes, for instance,
(Upth) (pg) = (2B)P[T(2B)]~"2p—7#

xf dk kPe =+ —iDy (k) . (2.15)
0
This corresponds exactly with Eq. (24) in Ref. 1.

Using this correspondence every result we shall obtain
here can be translated into the pg-notation used in Ref. 1,
and vice versa. At the end of Sec. IV D we shall state our
main result in pg-notation as well as in the gb-notation which
will be used throughout this paper.

I1l. THE PATH INTEGRAL FOR ZERO HAMILTONIAN

In the ab-notation, with the correspondence rules of
Sec. II C, (1.1) becomes
da, db,

/V_‘fexp[—iﬂfa“db—fh(a,b)dt]H —,
t a

t

(3.1)

where A4 >0 throughout the integration domain. We shall
give a sense to this expression by a regularization that leads
to a Wiener measure, on the Lobachevsky half-plane, for
diffusion constant v. In the end we take the limit v— . For
related ideas (regularization by extra factors that formally
disappear in the limit as a diffusion constant diverges), see
Ref. 12.

In this section we restrict ourselves to the case # = 0.
The general case & #0 will be handled in the next section.

Let us first define the Wiener measure on the Loba-
chevsky half-plane. The Laplace-Beltrami operator is given
by

A=a*3% +d3) (3.2)
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(in the pg-notation, A=4d, p*3d, + B’p~>d2). This is a
symmetric operator in L >(M__), essentially self-adjoint on
Cg (M), the C ~-functions on M with compact support
away from a = 0 (this essential self-adjointness is most easi-
ly checked in the pg-notation).

The heat kernel for this Laplace—Beltrami operator is
given by®

K,(a"b"a',b")={exp(tA)](a",b ";a’,b")

e-—t/4 o xe—x2/4t
= f dx,
2W2wt3?2 7% \[cosh x — cosh &

(3.3)
where § =d(a”,b";a’b’) is the metric distance (2.12). We
define the affine (pinned) Wiener measure with diffusion
constant v, denoted du}L. -, , as the measure on path
space, pinned ata’,b ' fort = 0,ata”,b " for t = T, such that

fd;z:'y’;;:bqa;b' =K, (a"b"a\b') . (3.4)

Requiring (3.4) forall (a”,b"), (a’,b")eM _,and all T>0
defines duy, unambiguously. We shall drop the super- and
subscripts 7, a", b ", a’, and b’ in the sequel.

We use this measure to regularize (3.1) in the following
way. We define

Z%(a"b"a'b"T)

=cﬁe"mfexp(—iﬁfa_ldb)du;,(a,b). (3.5)

The expression fa ! db should be considered as a stochastic
integral, to be calculated using the Stratonovich (midpoint
rule) procedure. Formally (3.5) can be written as

Poa"b"a'b";T)
:/VJ exp[ —_ iﬁfa_lb dt — —l—fa_z(d2 + 57 dt}
v
da; db,

X1 —-5—

t a;

where the factors ¢, and e"7® have been absorbed in the (infi-
nite) normalization constant .#". This formal expression
shows how (3.5) can indeed be viewed as a regularization of
(3.1) (for the case & = 0). In the final step of our regulariza-
tion procedure we take the limit for v— o ; in this limit the
regularizing factor in the above formal expression vanishes.

It is our aim in this section to prove that
lim Z9(a".b";a'b";T) ={a",b";B|a',b";B) .
This is exactly what the general expression (3.1) or (1.1)
should lead to in the case h = 0.

We start by studying Z° for finite v.

Lemma 3.1: ¢g ' 72 is the integral kernel of a semi-
groupon L2(M ,):

PZo(a"b"a'b";T) =czlexp( —vT4)](a",b";a'b") .
3.7)

(3.6)

The operator A is given by
A= —B—d*[3%+ (3, +iB/a)?] (3.8a)
=a*(d, +3d, +iB/a)(id, —3, —iB/a). (3.8b)
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In particular, A is a positive self-adjoint operator, with do-
main D( — A).

Proof: 1t is clear that the c; ' &9 satisfy a semigroup
property, i.e.,

j du(a,b) 7% (a" b ";a,b;t,) % (a,ba’,b';ty)

=c, Z°(a"b"a' bt + 1) .
On the other hand, we have
leg ' 2% (abya’ b ;1) |<e™K,, (a,ba',b") .

This already implies that ¢, ' &9 is the integral kernel of a
semigroup of operators, i.e., Eq. (3.7), with

A> B +14. (3.9)
Here we have used that — A>} on the Lobachevsky half-
plane. Following the standard procedure, and using the mid-

point rule for the stochastic integral fa~' db, one obtains the
following differential equation for Z9:

3, 7%(a,bya’,b';t)
={—-B—a*[32+ (3, +iB/a)* |} P2(ab;a',b';t) .

This implies that the infinitesimal generator A is given by
(3.8). We have

A= —A—fF+B?—2iBad, .
Since, for all YD ( — A), and for all e > 0,
lads¥ll* = — ($,a°039) < (¥, ( — D))

<el| — Ay|* + (1740|191,

we see that 4 — ( — A) is ( — A)-bounded with infinitesi-
mally small bound. Hence A is self-adjoint, with domain
D( — A). Finally it follows from (3.8b) that A is positive.

Note: 1t follows from the proof that every core for — A
is a core for A. In particular, A is essentially self-adjoint on
C& (M), the set of C =-functions on M_ with compact
support away from a = 0.

We shall see below that we can do much better than
Lemma 3.1. Weshall see that 4 has an isolated eigenvalue at
0. If we denote by P, the projection onto the eigenspace of 4
for the eigenvalue 0, we then see that

e—vTA = PO

Voo

(T>0).

This will then lead to statement (3.6).

To carry out this program, we have to determine the
spectrum of A and the corresponding eigenspaces. We shall
reduce this to a spectral problem on L *(R, ) rather than on
LiM,).

We first introduce the infinitesimal generators of
U, (a,b).Both V', (b) = U, (1,b) and W(a) = U(e*,0)
are strongly continuous unitary one-parameter groups.
Their generators are, respectively, Q and D, i.e.,

Vy(b)=et®, Wa)=eP,
where Q and D are defined by

(Q¥) (x) = x¢(x),

(DY) (x) = —ixyp'(x) — (i/2)(x) .

One easily checks that these are indeed self-adjoint operators
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onL?(R,).ThesetC& (R, ) ofall C *-functions with com-
pact support away from 0 is a core for both D and Q. Then
U, (a,b) can be written in terms of Q, D as follows:

U:t (a,b) =¢ + ieri(log a)D

i(loga)D,, + (ib/a)Q

=¢ e (3.10)

Note that C = Q ~!. With the help of all this we prove the
following lemma.

Lemma 3.2: On L?*(R,) we define the operators
D?*+ Q>F2BQ + (B —})? withdomain C & (R ). These
are symmetric operators; we denote their closures by H _ .
Then

(1) H are self-adjoint,
(2) V4eC&(R,), (U, (-,)C™ V4 é)eD(4),

and
AU, (a,b)C ' d) =(U_ (a,b)C~"?H_ ¢) .

(3.11)

Proof: To prove the first statement it is convenient to
_J

We have

make a unitary transformation from L >(R_ ) to L 2(R). We
define, for yeL (R, ),

(UY) (s) = e *Y(e) . (3.12)

Accordingly UC 2 (R, ) = C & (R), theset of C *-functions
with compact support. On the other hand,
ULD*+Q*F 280+ (B~1°1U !

_ j_z_ 508 ( B 1 )2

=T tIFw )
Since the potential ¥ (s) = 2¢° F28¢* + (B —1)? is the
sum of a bounded potential and a positive smooth potential,
the operators (3.13) are essentially self-adjoint on C § (R)
by Theorem X.29 in Ref. 13. This proves the first statement.

It is easy to check that for #,¢cC & (R ) the functions
f i (ab) = (U, (a,b)C~'*,¢) are well-defined C*-
functions in a,b. Their support is contained in a set of the
form [c,,c,] X R, with ¢, > O; they decrease more rapidly in b
than any inverse polynomial, and this uniformly in a. This is
sufficient to ensure that f £,eD( — A) = D(4), and also to
justify the calculations below.

(3.13)

(AfE)(ab)=a*((—id, +3, —iB/a)(—id, —3, +iB/a)U, (a,b)Q"'*¢,¢)
=aX((—id, + 3, —iB/a)U , (a,b)(1/a)(D FiQ +iB)Q"*4,¢)
=a*(U_ (a,b)[a (D +iQ — iB)(D FiQ +iB) + ia *(D FiQ +iB)1Q " *¢.4)
= (U, (a,b)(D+iQ—iB+i)(D FiQ +iB)Q "' *¢¢)
= (U, (a,b)Q'*(D +iQ — iB+i/2)(D FiQ + iB —i/2)),8)
=(U, (a,0)Q'?’[D*+ Q> F2BQ + (B— 1)’ 14.8) ,

where we have repeatedly used that [D,Q°] = — iaQ*“
Hence (3.11) follows. As a consequence of (3.11) the sub-
spaces &, are invariant subspaces for 4. Moreover the
spectrum of 4 |5 is exactly the spectrum of H . . a

Lemma 3.3: Let A be the restrictions of 4 to % ,
with domains D( — A)NF, .Theno(4, ) =o(H ).

Proof: Let P & be the family of spectral projection oper-
ators associated with H , .

Let ¢, be an orthonormal base in L?*(R.), with
#,€D(H? ). This ensures that y,eD(C ~'/?) and H ¢,
eD(C ~'/?). Define now P& on 5, by

pg(z (U, (-,~)C—”2¢,-,¢k>)
Jk

=zkcjk(Ui (1 )CTVPPEY ) . (3.14)
I

Using (2.2) one finds |Pg |<1 and (P3 )* =P&. On the
other hand clearly (P& )>=P&,Pg =1 s, and PEPF
= P& g, This implies that the family {P&; 2 Borel set in
R} is the set of spectral projection operators for some self-
adjoint operator on 5 . It follows from (3.11) that this
self-adjoint operator is exactly 4, . Since it is clear from
(3.14) that the two projection-valued measures P * and P+
have the same support, 0(4 ) = o(H , ) follows immedi-
ately. O
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Remark: Suppose that A is an isolated eigenvalue of H |
(we shall see below that H _ has only continuous spectrum)
with eigenvector ¢, (we assume the multiplicity of 4 to be
1). Then A is an isolated eigenvalue of 4, . It follows from
the proof of Lemma 3.3 that the associated eigenspace E; of
A, is given by

E, ={(U(,")C~'%¢,,¢); ¢eL*(R)},  (3.15)
E, is an infinite-dimensional closed subspace of 57, , and
every eigenvalue of 4 _is infinitely degenerate. This is com-
pletely analogous to what happens in the Weyl-Heisenberg
case.” In order to find the spectrum of 4 and the associated
eigenspaces we have thus only to determine the spectrum
and eigenspaces for H . This turns out to be very easy,
because H | are related to the exactly solvable Morse Schro-
dinger operator.'*

Lemma 3.4: (1) H_ has only the continuous spectrum

o(H_)=[(B—-1*w), (3.16)

and (2) H, has the same continuous spectrum, and |8 + §|
eigenvalues lying below it:

U(H+) ={()B_%)2'_ (ﬁ_n '—%)2; h =091)--"E'——£_]}

ULB—1%w) . (3.17)

Note: Here we have used the notation |x| for the largest
integer strictly smaller than x:
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n<xyt.

Proof: Again it will be convenient to consider
UH , U~ rather than H _ itself, with U as defined by
(3.12). We have [see (3.13)]

d2
UH U '= ——+V_(s),
+ px: + (s)

with V' (5) =e*F 28+ (B—1)°.

Since >0, V_(s) is a continuous, monotonously in-
creasing function of s, tending to (5 — %)2 for s—» — oo
and to o« for s—ow. It is clear therefore that
o(H_)C[(B —1)% ). On the other hand wave functions
with support in [ — 2L, — L], with L very large, will “see”
only the constant part (8 — })? of the potential ¥_. This
means that the spectrum of H_ will at least contain

i) e=3)=ll-5)
o ——] = ——),»].
(&) (=3
Hence (3.16).
The operator — d 2/ds* 4 v, (s) is really the Morse op-

erator.'* Putting several constants equal to 1, one finds in
Ref. 14 that the operator

|x| = max{neN ;

2
—-;1—2+ D(e ¥ —¢~?) on L*R) (3.18)
has discrete spectrum
{—[VD —(n+1)]% neN, n<yD —1}.

Its continuous spectrum is [0, o0 ). Puttings = — y + log B,
D =p? one finds that —d*/ds’ + V ,_(s) — (B — 1) re-
duces to (3.18). Hence

o(H, )—U(———+V (S))

={(B-1*—(B—1—nm?% neN, n<f—14}
ULB— %) )
Remark: Reference 14 also gives explicit formulas for
the eigenvectors of — d?/dy* + D(e~ % — e ~*). We shall
only need the ground state. This is given by
$o(») = [L(2D — 1)]V2(2/De™7)/P ~172e= P,
Substituting y = —s-—logf, and making the inverse
transformation U ~!, we find the ground state ¢, of H_ :
$o(x) = [T'(28 - (3.19)

If we bring together the results of Lemmas 3.2, 3.3, and 3.4
we see indeed that 4>0 and that O is an isolated eigenvalue of
A. The associated eigenspace E, is given by [see (3.15)]

={(U(C,")C "¢, ¢); peL*(R)}.

Here ¢, is the ground state of H , , as defined by (3.19). Note
that

1)]—1/22B 1/25B— 1%

(C—1/2¢0)(x) — [F(Zﬂ'— 1)1—1/22/3—1/2xﬁ—1/2e—x

— \/’E_—%[r(2ﬁ)]—l/22ﬂxﬁ—- l/ze—x

— CB—- l/2¢ﬁ (x) ,

with ¢z, ¥, as defined by (2.9).
Hence, with the notations of Sec. II B,

(3.20)
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E() = {(a,b;ﬁ |¢>’ ¢€L 2(R+ )}
=Uz,L*(R,)=5%.
This implies that the spectral projection operator Py of 4

associated with the eigenvalue O is exactly P,. Since 430,
and since the eigenvalue 0 of 4 is isolated, we have therefore

s-lim exp( —vTA) = P; (T>0).

This implies at least in a distributional sense, convergence of
the corresponding integral kernels. In other words, and tak-
ing into account (2.14) and (3.7),
Poa"b"a' b\ T) - (a"b"Bla'b"B)
This is exactly what we set out to prove [see (3.6)].

We can do better, however, than only distributional
convergence. In order to prove pointwise convergence of the
PO, we first derive a formula relating the integral kernel of
exp( — vAT) with H , . This is done in the following two
lemmas.

Lemma 3.5: For t>0, the
X exp[ — tH, ]C ~'/? are trace class.

Lemma 3.6:

[exp( —A)](a",b";a'b")

= 2

e="%,—

X exp( —tH,)C~'?]. (3.21)

Proof of Lemma 3.6: We shall first derive (3.21), al-

ready assuming that C ~'/? exp[ — tH , ]C ~'/2 are trace
class.

Let {y;; jeN} bean orthonormal base of L *(R, ) such

that ,eD(C +12yND(C ~V?) for all j. Define, asin (2.6),

fE@b) =(U, (ab)C~'"*Y,y) .

The f ; constitute an orthonormal base of L2(M ). Hence,
at least in a distributional sense,

(T>0).

operators C ~!/2

Tr[U.(a",b")~'U(a',b")C '

[exp( —48)](a",b";a',b")
=3 T 5@ b SS, e ) Fa@h .
i, e ke
(3.22)
It is clear from the proof of Lemma 3.3 that
(e~ fe)(ab) = (U.(a,b)C Ve "'y u) . (3.23)

Note that C ~'/%¢ ~ "<y, is well defined, since ¢, eD(C '/?),
hence ¢, =C~'?$, for some ¢,, and since
C "2 exp( — H_t)C ~"? is a bounded (even trace-class)
operator. From (3.23), (2.2), and the orthogonahty of 7,
and 57°_ we obtain

<fx€j!e_Atfil> ee jl(e—Ht¢k’¢ )
Substituting this into (3.22) leads to
[exp( —A48)](a",b";a’b")
— z <UE (a”,b ")C _l/2¢i,¢j>
&4 j,k

X (U@ )C ™2 ) e ™ ")
= ZTr[UE(G",b n)-—er(a,’b :)C-—l/ze‘Héc—l/z] )
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Since the final result of this calculation is clearly a con-
tinuous function in (¢",6"), (a’,b’), we may conclude
(3.21) pointwise, even though a priori (3.22) was true only
in a distributional sense. O

We now turn to the proof of Lemma 3.5. In the
course of the proof we shall not only prove that
C "2 exp( —tH )C ~'/ are trace class, but also calcu-
late an estimate of the trace. The method used in this estima-
tion will be useful again in the next section, as well as the
estimate itself.

Proof of Lemma 3.5: Again it is convenient to use the
unitary transform (3.12). We have

Uc—l/ZU——l — (27T)—1/2es/2 ,
dZ
LI}Ii U '= ——F'i' Vi (s),
with ¥V (s) =e* F 2B + (B — 1)
We thus have to study
eexp[ —T(—A+V,)]e?

on L?*(R). By the Feynman-Kac formula
exp[ —t( — A+V )] and therefore also
e’ [ —T(— A + V_ )]e”” has a positive integral kernel.
Itis therefore trace class if and only if this integrable kernel is
integrable, i.e., if

Jw dse’{exp[ —T(—A+V_ )] s8)e* < .
- (3.24)

By the Feynman—Kac formula we have (see, e.g., Refs. 13
and 15)

{exp[ - T( _A+ Vj: )]}(s,s)

T
= fdpmms exp{ —J; arv, [a)(t)]] . (3.25)

Here dpy, 1, ,, is the familiar pinned Wiener measure. We
have denoted it by p in order to distinguish it from our Wie-
ner measure du}, on the Lobachevsky half-plane. The mea-
sure dpy, 1, , is pinned at s, fort =0, ats,forr=T. Itisa
Gaussian measure with normalized connected convariance
(1,<8,)

(o(t)o(8,)) = (o(t)o(t)) — (0(t) ) o(4,))
=2tl(1 —tz/T) .
Substituting (3.25) into (3.24) gives

o T
J dseSJ‘de,Tm exp[ —f dtVv, [a)(t)]]
L )

o T
<J dse‘fdpw,m T“J_ dt
— (4]

X exp{ — TV, [0(2)1}

o T
=J dseffdpw,mo T“f dt
- o (¢]

X exp{ — TV [w(?) +s]}

T ©
=J‘de,T;o,0 T"‘f dtf dse
0 — oo
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(by Jensen’s inequality)

X exp{ — TV [w(t) + 5]}

T ©
[ dowra = [t [ s
0 — o

Xexp[ — TV, (5)]

[translates s—s + w(?) for every ¢t]. (3.26)

(This technique, using first Jensen’s inequality and then,
after permuting the integrals over 7 and s, shifting s by w(¢),
was used by Lieb' to derive bounds on the number of bound
states for — A + ¥; see also the discussion of the Lieb in-
equality in Ref, 15.)

One easily calculates

_ 1 -
J.de,T;0,0 e @(t) _ et(T t)/T’

VrT

(3.27)

and , .
T—IJ dteI(T_t)/T=J dreTr(l—»r)<eT/4. (328)
0 0

On the other hand,

fw dseexp[ — TV, (s)]

_ =fdxexp{—T[x2¢2ﬂx+(ﬁ_—21_)2”

< enfo- 3]

JT 4
Putting together (3.26), (3.27), (3.28), and (3.29) shows
that condition (3.24) is fulfilled. This means that
C ™' exp(— H,_ T)C ~"?is trace class, and

Tr[C V2 exp( — H, T)C~'?]<(1/D)eT.

(3.29)

(3.30)
O

With the help of Lemmas 3.5 and 3.6, and of estimate (3.30),
we can prove (3.6) pointwise.

Proposition 3.7: Let # 9 be defined by (3.5). Then, for
all T>0, and for all (a",b"), (a',b')eM,,

lim Z%(a",b"a'b";T) = (a",b"B|a'b"B) .

P—co
Proof: By the definition of the affine coherent states in
Sec. II B, and by (3.20), we have

(@ b";Bla'b"B)
= (Yp|U.(a",b") "' U, (a5 "))
=c5(C~"%4o|U(a",b") 7' U, (a',b")C ' %4,)
=cp Tr[U, (a",b")"' U, (a',b")C 2 P,C 1],
(3.31)

where Py = |¢y) (d,] is the zero-eigenvalue spectral projec-
tion operator of H _ .
Comparing (3.31) with Lemma 3.6, we find

6! [P0 b 5T — (@b 8105 8)|
<|Tr[U_(a",b "y lU_(a’,b ')C_I/Ze_VH"C_”Z]I
+ Tr[U (a" 6"y 'U, (a'b")
XC-1/2(9_VH*T'—PO)C_1/2]|

<|Tr[C—l/2e-—vH,TCv—l/2]i

+|Tr[C ~V3(e AT _P)C ~V?]]. (3.32)
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The estimate (3.30) is not sufficient to conclude that this
converges to 0 for v— «. We can improve this estimate in
the following way. For all 1€[0,1],

e‘”-’<e”-"||e'”-“ —/1)t||
e~ H-Mg— (1= DB/
Hence, for all A1€[0,1],
Tr[C ~ V2%~ H-1C —1/2]
e~ (1 —AB- 1% Te[C ~ V2~ AH-iC ~1/2]
—(B— 1/ exp{[(B—1/2)>+ B 1At}
24t

If t>[B*+ 1/4]7", we can choose 4 = [¢t(B* + 1/4)] !
<1, and we find

Tr[c—l/2e-—H_tc—l/2]<(BZ+‘l‘)el—(ﬁ—l/Z)zt‘
(3.33)

e

If1<[B?* + 1] 7', we take A = 1, and we find

Tr[C ~Y2e—H-iC ~12](e/t) e~ B~ VD" (3.34)

Combining (3.33) and (3.34) we find that there exists a
constant ¢ such that, for all #> 0,

Tr[c—l/ze—H,:C—1/2]<¢(1 4t _l)e_ B-12
(3.35)
The same can be done for e ~#+' — P,. There, the basic in-
equality is
e—H+x _ P0<(e°”*'“ _ PO)'“e_H*(l — Ay __ PO“
<e HA-exp[ — (1 -A)B(B)],
with
B-1?, if B<3,
26—-1), if B>1.
This distinction is due to the fact that A/, has more than one
bound state if 5> 3. In this case 2(8 — 1) is the energy dif-
ference between the ground state and the first excited state.

The estimate for H __, corresponding to the inequality (3.35)
for H_, is then

B(B3) = (3.36)

Tr[C-l/z(e_H*'—PO)C—1/2]<¢(1 +t—1)e—-B(B)t_

(3.37)

Substituting the estimates (3.37) and (3.35) into (3.32)
leads to

I-@S(a”,b ”;a’,b';T) _ (a”,b ";B|a,,b ’,B)I
<¢[1— (vI)~'lexpl — B(B¥T ], (3.38)

where ¢ denotes a constant [not the same as in (3.37) or
(3.35)] which depends on £, but not on v or T. It is clear
that (3.38) -0 for v— . This concludes our proof.

For zero Hamiltonian, we have thus achieved our aim.
We have given a sense to the formal expression (3.1) by
regularizing it by means of a Wiener measure with diffusion
constant v, and we have proved that we obtain the expected
result for v— 0.
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IV. THE PATH INTEGRAL FOR NONZERO
HAMILTONIAN

For nonzero Hamiltonians our strategy will essentially
be the same as for the zero-Hamiltonian case. We regularize
(3.1) by means of a Wiener measure with diffusion constant
v, i.e., we define

Pra"b"a'b";T) = cﬁevrﬂf exp[ — iBJa_l db

- if h(a,b)dt ] duy,(ab) . (4.1)

Again the stochastic integral fa~' db should be understood
in the Stratonovich sense. We shall show that in the limit for
v tending to o0, Z" tends to the affine coherent state matrix
element (a”,b ";8 |exp( — iTH)|a',b";3 ), where

H=c;' f du(a,b)|a,b;B Yh(a,b)(a,b;B] . (4.2)

Our proof of this statement will run along the same lines
as for the Weyl-Heisenberg case, in Ref. 2. We shall there-
fore not repeat the whole argument. We shall prove some
basic estimates and show how, given these estimates, the
proofs in Ref. 4 carry over to the affine path integrals studied
here.

The proof, in Ref. 4 of the convergence, for v— «, of the
v-dependent path integral Z* proceeded in essentially three
steps. First it was shown that Z* was the integral kernel of a
contraction semigroup. Then strong convergence, as v— oo,
of these contraction operators was proved; this led to conver-
gence of the Z” in a distributional sense. Finally, pointwise
convergence of the % was proved. For these three steps,
different conditions of a technical nature were imposed on
the function A.

We shall distinguish these same three steps here. We
start however with a subsection listing different conditions
on h and estimates following from these conditions. These
estimates will be needed in the following three subsections,
outlining the proof of our main result.

A. Conditions on the function / and various estimates

The first estimate will ensure that Z* is a well-defined
expression, i.e., that

T
exp[ ~—if dt h [a(t),b(t)]]
0

is integrable with respect to du},. For this it is sufficient that

fa’,u{,, ert [Ala(),b()]|< oo . (4.3a)
This can be rewritten as
J;T dt f du(a,b)X,_,(a",b";ab)

X|h(a,b)|K,(a,b;a',b") < 0, (4.3b)

with K, as defined by (3.3).

The following lemma gives a sufficient condition on 4
for (4.3) to hold.

Lemma 4.1: Define
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2 2
D(a,b): = d(a,b;1,0) = cosh™" [—1-+"2+b] (4.4)

[see (2.12)].If, for alla > 0,
k. (h) =fdu(a,b>|h(a,b)12 expl — aD(a,6)?] < o ,

(4.5)
then, for all (a',b"), (a",b")eM,,and all T >0,

T
f dt fdu(a,b)KT_ (a"b";ab) h(ab) K, (abab’)
0

<t lkaen- (B2
X exp{1/16T [D(a’,b’)> + D(a",b")*]}. (4.6)

Note: We shall, throughout this section, denote all con-
stants by ¢ without further identification. A constant ¢ may
depend on B. Occasionally as in (4.6) the constant ¢ may
also depend on T. In all the cases where the T" dependence is
important, however, we shall explicitly keep track of it.

Proof: By (3.3) we have

T
J dtK,_,(a",b";a,b)K,(aba',b")
0

—xz/BT

<¢f dx
Jcosh x — cosh &'

-—y’/ST
dy I(x,y),
%" Jcosh y — cosh §”
where &' =d(a,b;a',b’'), 6" =d(a,ba”",b”), and with
I(x, y) given by

T
I(x,y) =f dt [t(T—- t)]-—3/2 e-—x’/Ste—y’/S(T—t)
0

—_ T/2
<[1] S/Ze—y’/BTJ dtt—s/ze—xz/&
2 o

T1-372 2
+ [_] e~ /8T
2

<¢T—3/2(x———l+y—l)f dss—3/2e—l/85
0

T/2
dtt —3/2 e—y’/St
0

<¢T_3/2(X_l +y—l) .
On the other hand

de e

cosh x — cosh é

1 L e~ alu + 8)2
< f "
ysinh 8 Ju
— ab®

~1/4 €

ysinh
J‘ dx xe™
4 Jcosh x — cosh &

© —a(u+ 8)?
_ du (u+ 6)e

0 Jcosh &(cosh u — 1) + sinh & sinh «
- ad® u e~ a4526

f du + ¢a
Jcosh & Jecoshu —1  sinhé
<(l+a—1/461/2)e—a6<¢(1+a—l/2)e—a62/2.

2

<ga

—1/4

93 J. Math. Phys., Vol. 28, No. 1, January 1987

Hence
T
f dtK,_,(a",b";a,b)K,(aba’,b’)
0

—1?) [ F—
Jsinh&  +sinh 8”

X e~ (8% 4 8"%)/16T

T3*+T

4.7)
This implies
T
f dtfd,u(a,b)KT_, (a".b";a,b) h(a,b) K, (a,ba'b’)
(V]
<¢T——5/4(1 + T—l/2)

X [[ J du(a,b)|h(ab) %~ d(ﬂ»bm’»b')’/sr]

[ 4 b e~ d(a,b;a",b")*/8T
X s
J uia )sinh[d(a,b;a”,b")]] ]

+ idem with roles of @’,b' and a”,b " reversed .

172

Since
D(a,b)<d(a,ba’d’) + D(a',b’)
hence
—d(a,ba',b’)’> — \D(a,b)* + D(a',b")?,
the first factor is finite by (4.5). We only need to prove still
that, for alla >0,

d b e ad(a,ba’,b’)?
a, ’
J b b bn] -

in order to conclude (4.6). Since both the measure du (a,b)
and the metric distance d are (left) invariant, it suffices to
prove, for alla >0,

fdﬂ(a,

A careful analysis of the singularities of the integrand in
(4.8), using the definition (4.4) of D(a,b), shows that this
integral is indeed finite.

Remark: We shall also need the following similar esti-
mate. From (4.7) we obtain

— aD(a,b)?

(4.8)
s1nh D(a, b)

T
f dtfdp(a,b)KT_,(a”,b ".a,b) |h(a,b)|K, (a.ba’,b")
0

T3+ T (fd/t(a,bﬂh("’b)'z

1 172
X d(a,b;a’,b 2 4+ d(a,b;a”,b" 2 ])
exp[ L ta 2]

X Ud,u(a,b) [sinhD(a,b)] "

1 2 172
X exp[ ——IED(G,b) ]} .

(4.9)

Using the triangle inequality for the metric d one finds that
d(a,b;a’,b’')? +d(a,ba",b")?

>1D(a,b)* +1D(d'b’) —

Inserting this into (4.9) we find

D(a”,b ”)2 .
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T
J dtfd,u.(a,b)KT_,(a",b ".a,b)|h(a,b) K, (a,ba’,b")
0

<¢ exp[(1/8T)D(a",b")*
— (1/40T)D(a',b ") [ksorr—+ ()], (4.10)

We shall impose conditions on the function / other than
only (4.3). To formulate them, we first need the following
definitions.

For (a',b’)eM , ,and t > 0, we define the following func-
tionson M :

¢a',b';t (a’b) = [exp( - tA) ] (a’b;alyb I) ’ (4‘11)
Bubo (a0) =5 (@B |a',b"B)
=Pg(aba’,b’) . 4.12)

It is clear that
¢a',b’;t (a’b) = ¢a,b;t (aI’b I) ’
¢a’,b’;w (a’b) = ¢a,b;w (al,b ') .
Some of the calculations in Sec. III can be viewed as esti-

mates on the L 2- and L *-norms of these vectors and their
difference. We have

”¢a’,b';w ” = CB_ 2
”¢a’,b';t - ¢a',b‘;oo ”2
=fdy(a,b)| [exp( —t4) — Pg] (a,b;a’,b")|?
= [exp( —2t4) — Pz (a',b"a',b")
=Tr{C‘”2[(e_2’H+ ___PO) +e—21H_]c—1/2}
[by Lemma 3.6 and (3.31)]
[by (3.35), (3.37)],

[by (2.10)], (4.13)

<Pl — 1= 1)e =280

where
BB) =[B—-1/2)*, if B<3, 4.14)
26—-1), ifB>3.
Hence
Baprs — Barprsen | (1 — 2 7H2)e = 2O, (4.15)
B s ll<ca V2L g(1 41 YV2)e BB, (4.16)

On the other hand, the estimate (3.38) can be rewritten as
67 — Buprico | = SUP | By — P, ) (@,D)|
a,beM

<¢(1+1t Vexp[ —B(B)t].
(4.17)

In the following three sections we shall consider the
multiplication operator # on L 2(M ) defined by

(hf)(ayb) = h(a:b)f(ayb) .

We shall restrict ourselves to real functions /4. Then the mul-
tiplication operator is self-adjoint, with domain

Dh) ={feL*(M,); hfeL*(M )} .

In the remainder of this subsection we shall determine
sufficient conditions on 4 ensuring that ¢, and ¢, ..,
are elements of D(h), i.e.,
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f du(@,0) h(@b) by @) <,  (418)

fd,u(a,b)|h(a,b)|2f¢a,,,,.;,(a,b)|2< 0 . (4.19)

We shall also estimate ||2(d, ., — Bu s )||- We start with
(4.18), the easiest one.
Lemma 4.2: If

[ 2a  J*
then (4.18) is satisfied, and
1+012+bl2 B
1A, N<e[ EEEE ]
Proof: By (2.11), we find

kg, I° = f du(a,b) |h(a,b)’c; *|{a,bB |a'.b "B )|

(4.21)

=c5? J du(a,b)|h(a,b)?

% [1 + cosh d(a,b;a’,b ’)] -2
2

1+ coshD(ab) 1-%

1+ coshD(a',b’)

[use D(a,b)<d(a,b;a’,b’) + D(a',b")]

12 2 \28
<4 (”"—20“’—) fdu(a,bnh(a,b)ﬁ

2a 28
X |———| <w. O
[1+a2+b2] ®

The other two estimates involve some additional calculation.
We start by estimating weighted L #-norms of ¢, ;,.,.
Lemma 4.3: For A > 1, u >0, one has

<¢fa’,u(a,b)lh(a,b)l2

L, Ef du(a,b)|[exp( — t4)](a,b;1,0)|*

X[1+a2+b2]f‘
2a

<¢ (WA =Dt *exple(Au)t], (4.22)
with
1 (1=4)  (u+1/2)
Ap)y=A4(f—— ,
() (ﬂ 4)+max[ 2 T
1—4 1
M ,
<”+ 2 )+4(/1~1)]

where, for all aeR, M(a) = max(a,a?).

Proof: We first estimate |[exp( — t4) ] (a,b;1,0)|, using
the same technique as in the proof of Lemma 3.5. By Lemma
3.6

[exp( - tA) ] (a’b;l)o)

= [exp( — 14)](1,0;a,b)

=3 Tr[U.(a,b)C "%~ "éC 1]

Using again the unitary transform (3.12) we can rewrite this
as (using the Feynman—Kac formula)
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[exp( — T4)}(1,0;2,b) where

®© T T
- Zj ds eiebes_l_es+ (1/2)na a, =__f dre0 | g =ﬂj dre®
€ — 2 0 0
d? a,=p°T.
X expl — T(—————+ Ve)] s+ Ina,s)
p{ ds® ( Hence
_, wa ds <% es+[l/2)lnafdpwr01na {exp( — T4)](1,0,0,0)
€ — o . =¢ \/Ze(ﬁv V‘)depW,T;O,lna ao—— 172 eiba,/ao
X exp{ ~f dt Vs[s+w(t)]}
o X @~ b ta0g ™9 /A0 (4.24)
= Z f dx ¢* Ja f dpw.roma From the Canchy~-Schwarz inequality
& 4O
T 2 T
T 2 __ 22 _‘_i_{ w(t) 2972 f_g: 2w(1)
Xexp[-—L dtVe[a)(t)+lnx}} a “'BTU; Te ]<BT J; Te ’
® . hence — a, + a? /a,<0. Hence
=f f Lo ﬁf dowroma |lexp(-T4)}(a,b;1,0)]
T
X exp{ —~f atv., o) + ln[x[]} , (4.23) <g-Jae?— 1/4)TJdPMT;O,Ina lag(w)] Y2
0
b2
. X exp[ - ] '
where e(x) = x/|x| for x#0. Since 4a,(w)
with

Ve [oo(2) + Infx}] .
ag{w) =f dre*9
(4

= x26*Y _ 2Be(x)|x|e*™ + (B —1 2
2 20t Fe(x)ix] (f 2 Since A > 1, we find (use either Jensen’s or Young’s inequali-
= x%e* " — 2Pxe” ™ + (B —1)?, ty)

A
we have [J dpyzoms [ao(a))]~1/28~—b2/4do(w)]
{exp( — 74)]1(1,0;a,b)

— B~ 1/NT
——¢\/E‘?B fdpmno,xna

A-—1
47

g T —A-bn exp[ — (In a)’]

— AR /2 , — Ab 2 day(w)
depW,T;O,Ina[aO(w)] e (@)

X " dxe®ex ~ (apx" ~ 2a1% +a5)],
J‘_m pl o* ! 2 | Hence [see (4.22)],

I,{u(T)<¢eAT<ﬁ~x/4)T»(A—n/zjw daJW dbgt-2—x
’ (¢] ~— oo

4T

X(14+a*+b 2")exp[ - ! (lna)z} j‘dpmmm [@y(w)] — 472 e — b /4eute)

oK
<¢ e/l.T(ﬂ'—l/4)T—(/l»l)/2J. dafdva,T;O,lna aA/2v—-2-p
4

A—1
AT

X exp { - (In a)Z]{(l + @) [ag(@) ] P2 [ag(w) P+~ 272} (4.25)

Let us estimate

T 8
Js’T(x)Efdpn/'T;O,x {f dt ezw(”} .
0

If either 5<0 or 8§ > 1 we can apply Jensen’s inequality and obtain

T
Js,r(x) <f dpwroxT27" f df 2590
0

T 0 2 2
<¢T5*‘f dz—-——L—-—f dyexp[——y ~-(—Z:~J£2—+25y]
0 ) — 0

JHT=D) 4 4T -1
2 T
<¢ T&'lfdyexp[_ (}’—;/2) +25y]f 4t [t(T_t)]~l/2<¢ T&-I/ZeTszeBx. (4.26)
0
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If 0<6< 1, then, by Young’s inequality,
T 5 1-6
Js,r(x)< [f dpw.rox f dt ez“’“)] [f dPW,T;O.x] <g TO~ 12T e, (4.27)
0

Combining (4.26) with (4.27) we obtain, with M(8) = max (8,6,
J&,T(x)<¢ TB— 172 e&x eM(«S)T'
Substituting this into (4.25) we find

IA"“(T)<¢e/lT(B—~1/4) T —A+122 Jw dx exp[ _/14—Tl x2+—;—] [T —A7/4 g=ux(| 4 gx) | THeTMGu+ (1 =1/2)]

_ _ 1 (1=4)* | (u+1/2)°
<¢ Tl /le,{T(B 1/4) [CXP[T[ + ]]
VA—1

4 A-1

1—-A4 1
i 1eesp| Tt + 155) .
P Er ) a0y
It is easy to see that this leads to (4.22). O

With the help of Lemma 4.3 we can now estimate
||h(¢a',b nt T ¢a’,b';oo ) ” .

Lemma 4.4: Let s be a function satisfying

Cor (h) Efdy(a,b)lh(a,b)|2+r [_Za;]u< -
1+a*+b2

(4.28)
for positive parametes r,u satisfying the following conditions:
p<r(B—14) +28, (4.29a)
sup (201~ a)B() — (XTI M)] 5o, (4.29b)
as(m,1) r+ 2 r r
where
m————— ax(l, 1__+_2L/r) .
2(7+2) B
Here
1 (1-A)? | (y+1/2)? ( 1—,1) 1 ]
Ay)=Alf—— , M + ,
«4n (B 4)+max[ 4 T aC1 "t )T
with M(8) = max(8,6°), and B(B) = (B —1)*if <3, B(B) =2(B— 1) if B>}
Then there exist constants ¢,, ¢, > 0 such that
2 1?2 /(r+2)
”h(¢a',b‘;t — B M<g [141~ 1+ 7/(207 4 D1 g = vt (1+—02't_11...)u ‘ (4.30)
a
Proof:
2 247 20 wlF D
6 Gus = boa S| [ dutabrhiapyp (2 )]
2 2 \2pu/r]r/(r+ 2)

< [Cy,, (h) ]2/(r+ 2) 5‘11_111’) l [¢a’.b’;t — ¢a',b';w ] (a’b) |2(1 —a)

r/(r+2)
X { fd,u(a,b)l [Sapt — Papiwe ] (@022 [cosh D(a',b")cosh d(a,b;a’,b ") ]2”/’]

<¢[l 41209 e—2(l—a>8(ﬁ)z( 14a”+5"7

)2,1/(r+2)
24’

2 2N\2u/rYr/(r+2)
XUd"(“’b)[|¢n,o;z(a»b)lz""“”’+ 1.0 (a,b)lz""“’"](iazai) # }

[use (4.17) and the left invariance of the measure du ]. This holds for all 2€[0,1]. If we choose a such that a > m, with m as
defined above, then 2a83(r + 2)/r — 2u/r > 1, hence
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fd.u|¢1o- (a b)'Za(r+2)/r(M)2p/r
00 > 2a

fd ( 2a 2aB(r+ 2)/r—2u/r
= (aw) <

On the other hand a > m also implies 2a(r + 2)/r> 1. Us-
ing Lemma 4.3 leads then to

”h(¢a',b’;t - ¢a’,b’;w )”
<g[1+1 =] [1 41 72C+D)-a]

2
Xe—Z(l——a)B(B)t 1+ar +b'2 2u/(r+2)
Zal
/(r+2)
X [1 +12a(r+ 2)/r,2;4/r]r ’

<¢[1 +t —l+r/[2(r+2)]]( 1 +a:2 + bl2 )2p/(r+2)
24’

Xexp[ —(1 —a)B(B)t+;te

2(r+2)
><(Za(r +2) ’ l)] .
r r
This holds for all ae(m,1]. It is clear from this that (4.30)
follows if the conditions (4.29) are satisfied. |
Remark: The conditions (4.29) are sufficient condi-
tions on the pair (7,u), given S, ensuring that (4.30) holds.
The conditions (4.29) are however rather complicated, and
may not be easy to check. It is possible, of course, to only
consider one value for a, instead of the whole interval (m,1).
This considerably simplifies the condition on 7., but may be
too restrictive. One possibility of choosing such a fixed value
forais, e.g., @ =r/(r + 2). It is then sufficient that

u<r(B—4,

pe BB
€(228—-1)
to ensure that the conditions (4.29) are satisfied. This allows
only a finite range for the parameter r, however, and is thus
very restrictive. It turns out that it is easier to proceed in the
inverse direction, i.e., to start from the pair (r,u) and to
determine for which values of B the conditions (4.29) are
satisfied. One finds that the following conditions imply
(4.29):

B>r(142u/r)/2(r+2)1,

8>3, (4.31a)
1 ro. r+2 2,u)]
—|4 — 2a y —— s
ﬁ>2(2—3a) §a+r+26( r r
for some a satisfying
r r(1 4+ 2u/r)
—_—<a<ianda<———F———. (4.31b)
2+ 2B(r+2)
Here € is defined by
N EUEV G217 53
4 A—-1
1—/1) 1 ]
M , 431
(7/+ 2 ) aa-n (4.31e)

with M(x) = max(x,x2).
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Note that the second condition on « in (4.31b) is an
implicit condition, since it contains 3 again, and S is bound-
ed below by a function depending on a. In the explicit exam-
ples below (see Remark 2 at the end of Sec. IV) we shall first
disregard this extra condition on a, compute a lower bound
on 3, and then verify that the condition is satisfied.

Our last estimate involves ||, -, ||. From Lemma 4.2
and 4.4 one immediately has

2 2 \2u/r
|h¢a',b';tl <¢[1+1¢ —1+r/2(r+2)](u) *

2
(4.32)
if h satisfies (4.28), where u, r, B fulfill either the conditions
(4.29) or the conditions (4.31).
All in all we have three different technical conditions on
h. The first one, (4.5), ensures that 2" is well defined. The
second one, (4.20), ensures that @, ,.,€D(h) for all
(a',b')eM,. The third one, (4.28), ensures that
bo 5, €D(h) for all (a',b')eM ., and all £>0. Note that
(4.28) — (4.20) — (4.5).
In what follows we shall always assume that (4.28) is
satisfied.

B. The path as integral kernel of a contraction
semigroup

Since 4 satisfied condition (4.28), hence condition
(4.5), we know by Lemma 4.1 that #” is well-defined.
Copying the argument in Ref. 4 the following proposition
can be proved.

Proposition 4.5: Let h be a real function satisfying condi-
tion (4.28). Then there exists a strongly continuous semi-
group of contractions E(v,h;t) on L >(M  ;du) such that

[E(vht)1(a"b"a'b') =c5 ' Ph(a"b"a',b';t) .
(4.33)

These contraction operators are related to exp( — vAT) by
the integral equation

(FoEW D) £,y = (fre~ "Tf,) — z'J; dr

X SHEWB;,T — t)he T £) . (4.34)

This integral equation holds if f;, f£,eC§& (M) orif fieD
and f,€C & (M )UD. Here D is the finite linear span of the
vectors @, ;. ., defined by (4.12).

Proof: This proposition is completely analogous to prop-
osition 2.1 in Ref. 24, and the proof runs along exactly the
same lines. We shall therefore only outline the main argu-
ments, and fill in the technical details only where the present
situation is different from that in Ref. 24.

Equation (4.33) is proved in three steps: for
heC (M), for hel (M ), and finally for all A satisfying
(4.28).

For heC & (M. ) one uses the Trotter product formula
to show that
Pr(a"b"a'b";T)

=cglexpl — (vA +im)T1}a",b"a' b’y .  (4.35)

Since 4 is bounded, the operator vA4 + ik is well defined, and
generates a semigroup. Since 430, and 4 is a real function,
this is a semigroup of contractions.
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Using the dominated convergence theorem for Z*, and
strong resolvent convergence for exp[ — (v4 + ih)T1], one
can extend (4.35) to all bounded functions 4.

In a next step one uses again dominated convergence
arguments to show that, for all functions 4 satisfying (4.5),
there exists a strongly continuous semigroup of
contractions E(v, A; t) satisfying (4.33). These operators
are constructed as s-lim,_,  exp[ — (v4 + ik, )¢ |, where
h,(a,b) = h(a,b) if |h(a,b)| <n, h,(a,b) =nsgnh(ab)
otherwise. (See Ref. 4; the arguments given there carry over
without problems.)

To prove (4.31), we use the fact that the integral kernel
of E(v, h; t) is given by a path integral, i.e., (4.33). We have,
forall (¢’, '), (a”,b")eM, forall T>O0 (see Ref. 4),

.@ﬁ(a",b ";a',b I;T) ,
= .0/-78 (a” b ﬂ;a’,b ’;T) — lCB_ 1 f dtJ_d,u(a,b)
0
X Ph(a"b"a,b;T — t)h(a,b) P2 (abia’,b';t) .
(4.36)
Take now f,, fo.eC5 (M, ). We multiply (4.35) by
fHla"b"y fia'b') and integrate over du(a’,h’)
Xdu(a",b"). Using the upper bound (valid for all / [this
follows from (4.1)])
| P2 (a",b"a' b st) | <cpeP K, (a",b";a' by, (4.37)

and the estimate (4.6), one sees that the resulting integral
converges absolutely. This allows us to change the order of
the integrations, and leads to (4.34), for all £, £,eC 5 (M ).

We can extend this to the case where fieD. To do this,
we use (4.10). Take fi€D, f,eC & (M, ). Again we multiply
(4.36) by f,(a",b") f(a',b") and integrate over du(a’,b"’)
Xdu(a”,b"). Since the resulting integral is absolutely con-
vergent by (4.37) and (4.10), we may again reverse the or-
der of the integrations. We thus obtain

%,E(V,h;T)fl) r
= (e ")) —icy? f dtjd,u(a”,b "V2(a"b")
o

Xf du(a,b) 7" (a",b";a,b;T — t)h(a,b)

hence e = **!f, = f, for all ¢. This means in particular that
e ™fieD(h) for all 1, so that we may rewrite (4.38) in the
form (4.34).

Once (4.34) is obtained for f1€D, /,eC 5 (M, ), one uses
a straightforward approximation argument, using again that
e~ f, = f,, together with the fact that C 7 (M) is dense,
to conclude (4.34) for f,, f,€D.

Remark: By exactly the same arguments one can also
prove that for all |, f,eC 5 (M)

(SLLE(v,iT) (1 — Pg)f1)
= (fwe “T(1—Py) f1)

T
+,~f dt {f E(viT — 1yhe="(1 — Py)f,) .
0

(4.39)
C. Operator convergence of E(v,n;T) for vo

The proof of the strong operator convergence of
E(v,h;T) hinges on Eq. (4.34). Again the proofin Ref. 4 can
essentially be taken over, without major problems. The only
difference is that we have to be a little more careful, because
the operator 4 had a purely discrete spectrum in the Weyl-
Heisenberg case, and we could therefore conveniently use an
orthonormal basis consisting of eigenvectors of 4. This is not
possible here. We shall therefore, in our proof of Proposition
4.6 below (the analog of Proposition 2.2 in Ref. 4) pay atten-
tion only to those technical details where our argument
differs from that in Ref. 4.

Proposition 4.6: Let h be areal function on M | satisfying
(4.28). Define the operator P;hP, on the domain {f;
PﬁfeD(h)}. Clearly D, the finite linear span of the Babioos
satisfies DC D(PghPy). If PyhP;, is essentially self-adjoint
on D & ¥, then, for all T> 0,

s-lim E(v,i;T) = Pg exp[ — iPghPyT 125 -

Proof: To prove (4.40), the operator E(v,h;T) is split
into three parts,

E(whT) = E(viT) (1 — Py) + P, E(v,isT)P,
+ (1 —P)E(wRTP,.

(4.40)

XJ. du(a',b’) 7 (abia’,b’;t)f1(a',b"). (4.38)  The treatment of the last two terms is completely analogous
to the proof of Proposition 2.2 in Ref. 4. We shall therefore
We know however that restrict ourselves here to a discussion of the first term and an
N estimate related to it.
S '“jgl ci¢"pbﬁ°° &% From (4.39) we obtain, for all £, /,eC & (M),
J .
[(HEWRT) (1 = P)f) [<|Ifall-lle =T (X — PO LA + | A f dt|lhe (1 — Pp)fi] - (4.41)
0
We have |le 7 (1 — P,)||<e ~*"*®, with B(f) as defined by (4.14), and
”he—vAt(] _Pﬂ)f‘l“2 — “h(evat _Pﬁ)f'l“2<jdlu(al’b ')J.dﬂ(a",b ")lfl((a,,b r)[ V*l(an,b ")|
X U du(a,b) [h(a,0) |*| (b pne — Bupr. ) (@) |2]”2
X [f d:u (a’b) ‘h(a,b) ,2|¢a",b vt T ¢a",b ;00 (a’b) |2] 12
2 21812
<¢[1 + (Vt) —1+r/[2(r+2)]]2e~2kvt[fd#(a’b)‘ﬁ(a’b)|[H—azi] ] s
a
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by Lemma 4.4. Substituting this into (4.41) leads to
|E(v,mT) (1 — Pg)f|

k 1 2+ b6%10°
<e o))+ L || [l
v 2a

1

xf dt[1l 4 1720+ )-8 (4.42)
0

This holds for all /,eC § (M ). Since C § is a dense subspace
of L*(M, ;d 1) and since the operators E(v,k;T) are con-
tractions, this implies, for all 7> 0,

s-lim E(v,T) (1 — P,) =0.

V— o

From (4.42) we can clearly also conclude that

T

lim | dt |[{fL,LE(v,isT—1)(1 — Pg)f})| =0,

v=o Jo
foralif,, /,eC & (M ), and hence (by the same density argu-
ments as above) for all f;, fo,eL (M , ;du). This estimate is
needed in the discussion of Py E(v,i;T) P, (see Ref. 4).

As already mentioned above, the remainder of the proof
is a transcription of the proof of Proposition 2.2 in Ref. 4.

O

Our ultimate goal is to link Z7%, at least in the limit for
v— o0, to the unitary group exp( — iTH) generated by a
Hamiltonian Hon L *(R ). This is in fact achieved by Prop-
osition 4.6. To see this, write the integral kernel of P, /P, )

D. Pointwise convergence of #” for v— «

(PyhP,)(a"b":a'b")
= cﬁ‘zfd,u(a,b)

<a”,b"Bla,b;BYh(a,b){a,b;Ba',b'B) .
One easily checks from (2.13) that this is exactly the integral
kernel of U;HU 5, with

H=c;"' fd,u(a,b) la,.b;3 Yh(a,b){a,b;B| .

Thus PshP; = U HU . The condition that P, AP, be essen-
tially self-adjoint on D @ 5, is exactly equivalent to the con-
dition that H be essentially self-adjoint on D, the finite lin-
ear span of the (affine) coherent states |a,b;5 ).

The conclusion (4.40) can now be rewritten in terms of
H. One finds (see also Ref. 4)

[Ps exp( — iPghPsT)Py](a",b";a',b")

=cz '(a"b";B |exp( —iHT)|a',b";B) .
The strong convergence (4.40) implies, in particular, con-
vergence of the corresponding integral kernels, in a distribu-

tional sense (i.e., when evaluated on test functions). We
have therefore, at least in a distributional sense,

hm -@ﬁ(a”,b ";a’,b I’T) — (all,b ";ﬁ|eAiHTla’b ’;B) .
o (4.43)

This result will be sharpened to pointwise convergence in the
next subsection.

Toprove (4.43) forall points (a”,b "), (a’,b')eM _, rather than in a distributional sense, we again use an integral equation
relating Z” and #9, obtained by combining (4.36) with the complex conjugate version of (4.36) for — A.

T
Pi(a"b"a' b T) = Poa"b"a' b T) —icy ‘f dtfdu(a,b)@ﬂ(a",b "sa,b;T — Yh(a,b) #°(a,bia',b";t)
(¢}

T 158
—e? f dtzJ; dt, f du(a,b,) f dulayby) 73 (a" b "sanby T — ) h(axb,)

X P (aybya,b;t, — t))h(aub,) P2 (aL,ba',b'st,) .

Rewriting this in terms of ¢, ,,, and ¢, ,. . , and combining it with an analogous integral equation for the coherent state matrix

elements of exp( — iTH) leads to (see Ref. 4)

¢ [P @ b T) — (" b "B e~ ™ (a'b'B)]
= (¢a",b”;vT - ¢ﬂ",b";w )(alrb ,)

T T
- lf dt <¢a",b (T —1) ’h (¢a’,b';vt - ¢a',b ‘o0 )) - lf dt (¢a”,b “wWT—1) = ¢a”,b";w ’h¢a',b o0 )
0 0

T 1,
—j dr, J Aty (1o i o EOolits — 1) [Baine, — S 1)
0 0

T £
- f dt, f At R [Barmivir 1y — Barnes LEWhsts — 1) R s )
0 0

T t, i
—f d, L dt (g [ E(Vlsty — 1)) — Pge P 0p 1hg 0 ).
(V]
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Denote the six terms in the right-hand side of (4.45) by
A,,...,A¢. Weshow that A, —,  _Oforj=1,..,6.
The estimates (4.15) and (4.30) can be rewritten as

”¢a,b;t - ¢a,b;oc llg(t) s
"h(¢a,b;t - ¢a,b;eo )I|<g(a’b;t) )

where the functions f(+) and g(a,b;-) [(a,b) fixed] are
monotonically decreasing in #, and integrable,

fw dt f(1)< o0 ,
0

f dtg(abt)< oo .
(¢}
On the other hand, (4.13) and Lemma 4.2 tell us that

|fasie ll =c5 /% [for all (a,b)],
and [(a',b'), (a",b") fixed]
{2 | D |17 e R

We now discuss the terms A,,...,A¢ one by one.
Using (3.38) we have immediately

A<l + (vD) 7 ]e PO 0.

¥— oo

The next four terms can be estimated in terms of /, g,

T
A<y J dt [1+f (T~ 0)]g(a'b'wt)
0

<¢if dtg(a,b)
v Jo

+of (L) [ arstanin

+¢g( b'VT) f dt (1)

3<¢f dtf(v(T—t))<( )¢ - 0,

V— o0

A<y f dt, f dn,[1+ gla"b " (T — 1,))]g(a",b 1,
0 0

T
<¢f dt,g(a',b’'vt)) (T —t))
0

><i ¢U du,g(a”,b ";tz)] . Uw dt,g(a',b ';tl)]
v Lo o

<¢(—1—)+¢TLJ‘ dt,gla'b’t;) - 0,
V2 v Jo Voo

T £
A5<f dtzf dt, gla”.b";v(T — 1))
0 o

Vo 00

<Tij drg(a”b"it) - 0.
v Jo

Finally, A, — 0 follows from Proposition 4.5 and the domi-

V- oo

nated convergence theorem. This completes the proof of our
main result.

Theorem 4.6: Let / be a real function on M, . Suppose
that (1) 4 satisfies condition (4.28), (2) the operator
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H=c; fd,u(a b)la,b;B Yh(a,b)(a,b;B | (4.45)

is essentially self-adjoint on D., the finite linear span of the
affine coherent states. Then, forall (a’,b '), (a”,b " YeM , and
forall T>0

lim cﬂe"mJ-exp[ — iﬁfa"db — ifh(a,b)dt]
Xdﬂ‘,:y(a,b) — <a”,b ”;Ble—iTHlal’b’ﬁ> .

E. Remarks
1. The main result in the pg-notation
Wedefine A, =8 ~'39,p°3, +Bp232.
Let K, be the associated heat kernel, in
LM ;[(1 — 1/28)/2w)dp dg),
K, (p".q"; p'g)=[exp(ths) 1 (p".q":0' ')
e~ 1/453 3/2

- 227 (B — 3"

- xe — P4

Jcosh x — cosh &

where

6=d(p".q"p'.9)
=c0sh_1[l+_’%[(pl_l_pn—l)2+ﬂ2(ql_q”)2]}.

Define dfi},- .- t0 be the associated Wiener process
with diffusion constant v, pinned at p’,¢’ for t =0, at p”,q"
for ¢t = T. In particular dji}, satisfies

fdrqu 4P g

- 1/ ~vvI—t 14
———wjdp dgq d/"W;:",q":p oV g

_d'qu 970

Let / be a function on M, satisfying

=K, (0.9 0 4),

i
<o, (4.46)

dp dqlh(p, )2+f[___£_
f” e TR

for some p,r satisfying condition (4.29).
Let H be the operator on L ? (R, ) defined by

1—1
H = _Tﬂ@fdp dqlp,q;ﬂ>h(p,Q) <p.q:B l,
where, for yeL? (R.,),
(PgBlv) = 2B [T 2B~V p=*

xf dk kP e~ @'~ 0y (k)
o

[see (2.14)].
Define the path integral

P q"0 ;T
—e"T/zfeXP[ deq—lfh(]?,q)dt ]d,qu 40
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[ this differs by a factor ¢ from (4.1); this factor is absorbed
in the measure in the pg-notation].

Translated into the pg-notation, the main theorem now
reads (1) if A satisfies (4.45), and (2) if H is essentially self-
adjoint on D,, the finite linear span of the |p,¢;8 ), then, for
all (p",¢"), (p',¢")YeM _, forall T>0,

‘!im @ﬁ(pll,qll;pl’qI;T)
— <pll’qll;ﬂ |exp( — lTH) Ip’,q';ﬁ>.

2. Examples

(a) The simplest example is, of course, provided by
bounded functions 4 (a,b),

|\h(a,b)|<M.

In this case the operator H defined by (4.45) is also bounded
by M; H is thus clearly essentially self-adjoint on D,. More-
over the condition (4.28) is satisfied for arbitrary r> 0 and
forally > 1. Let us now determine from (4.29) or (4.31) the
restrictions imposed on 3 by the condition i > 1. Two possi-
bilities have to be distinguished: { < 8<3 or 8> 3. In the first
case we have B(B8) = (B —1)? in (4.29b), leading to the
condition

21 —a)B?—28+ 5>;é(2aﬂ,2—/‘), (4.47)
r+2 r r

with € as defined by (4.31c). It turns out there is no set of

values (a,r,u) with r/2(r +2) <a <1, and g > 1, such that

(4.47) is satisfied for Be(4, 1].

For 32 we have to determine £ satisfying the condi-
tions (4.31). One has then to choose (a,r,u) so as to produce
the smallest possible lower bound on £ consistent with the
other conditions. For i > 1, r =4, and a =} one finds that
(4.31a) reduces to B> 2.06, while all the other conditions
are fulfilled also.

This means that Theorem 4.6 allows us to conclude that,
for bounded Hamiltonians H associated to bounded func-
tions 4 (a,b),

lim cze*™ f exp[ — i f a~‘db— if h(a,b)dt ]

Xdpyy(a,b) = (a",b "B 1™ |a',b"B),
for all B> 2.06.

We believe that, for bounded functions 4, (4.48) should
hold for all B > 1, since it holds for # = const whenever 8> 1.
The 2.06-bound found here is probably an artifact of our
method of proof, which uses Young’s and Jensen’s inequal-
ities several times (in the proof of Lemma 4.3).

(b) We next turn to examples of the form

(4.48)

d2
H= ——+V(x
= (x)

on L%(R,).

In order for this operator to be essentially self-adjoint on
D,, V' must have a singularity at the origin. More precisely,
H will be essentially self-adjoint on D, (regardless of 53),
e.g., for ¥(x) of the form

V(ix) =Cixx~ %+ Cx*™,
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where either @,>2, C,>0 or a; =2, C,>}, and either
0<a,<2, C, arbitrary, or a, > 2, C,>0. In all these cases V
has a strong singularity at x = 0; for x - «, ¥ may tend to
o, a constant, or — o, depending on the values chosen for
the different parameters.

Let us now construct the corresponding functions
h(a,b), and determine the values of S for which Theorem
4.6 applies. The function A,(a,b) corresponding to — d 2/
dx? is given by

ho(a,b) =b? — (1/28)a*

[one easily checks that substitution of 4, into (4.45) leads to
— d?/dx?]. Similarly, the function 4, (a,b) associated with
x ~ “is given by
h(ab)=2TCB—D) o
F2B+a—1)
Hence the function 4 (a,b) corresponding to the Hamilto-
nian — (d?/dx?) + V, with V as above, is given by

Wb =b?— gy o, ZTCB=D .,
28 r(zﬁ+a1—l)
2-=[(2B—1) _

+C—————F—a *.
‘T2B—a,—1)

If C,5#0 we have to impose the additional restriction
28—a,— 1l¢ —N.

We shall restrict ourselves to one particular case now.
We take C, =0, a; = 2, and C,»}. The Hamiltonian H is
essentially self-adjoint, and

h(a,b) =b2+i(——cl———1—)a2.
B\B—-1 2

The pairs (r,u) for which this function satisfies the condi-
tion (4.28) are restricted by the condition uz > 2(r + 2). We
have thus to find (r,a,u) satisfying this condition as well as
the conditions (4.31b); this then enables us, from (4.31a) to
compute a 3, such that Theorem 4.6 applies, for this Hamil-
tonian, for all 8> B,. For a = 4,r =1, and u > 6, one finds
that (4.31a) becomes B> 27.33. It is easy to check that all
the other conditions are satisfied as well. Hence Theorem 4.6
applies to H = — d?/dx* + Cx~?,C>3},if B> 27.33. Again
we believe that this is not optimal. The true lower bound £,
onp3 for which (4.48) would hold, whenever 8 > f3,, is prob-

ably much smaller than the here computed value 27.33,
though possibly larger than §.

3. A formula giving the function h from the operator H

Formula (4.45) defines the operator H for a given func-
tion A. If we define the function H(a,b) to be the diagonal
coherent state matrix elements of H,

H(a’b) - (a:b;B |H|a’bﬂ>,
then (4.45) leads to

H(a,b) =c,;'Jﬂ‘(a“,—';”lh(a',b')|<a,b;ﬂ PR NG
=c[;‘f———dﬂ(:,2’b ) h(a',h’)

=yl
1+ coshd(aba,b’y ]

Daubechies, Klauder, and Paul 101



This formula can be inverted. Using results in Ref. 17 one
finds

h(a,b) = (TH) (a,b), (4.49)
where the operator T, acting on the function H, is given by

T=ﬁ[1 a ,

_ (4.50)
0 2QB+n+1)(2B+n+2)

with A = a*(d% + d32), the Laplace-Beltrami operator on
the Lobachevsky plane.

It turns out that this infinite product can be rewritten in
terms of I'-functions. One way to see this is to use the corre-
spondence (4.49) for a family of special cases. For H = x~ ¢
we know already that

h(a’b) =_§ﬂz_’t__12__aa.
r2g+a-~1

On the other hand, the corresponding function H(a,b) is

2ar\(2ﬂ _ a) aa.

H(a,b) = (@b |x~"|abB) =—L 00

This implies that

ki 1 —a(a—1) ]
nlzlo[ Y Bt DB nt D)
___Trepres-n
reg—-—a)yr(2B+a-1)

By analytic continuation one finds that, for all #> 0,

o t24+1/4
nI;IO[l + 2B+n+1)2B+bn+2) ]
B reares—1n
T T(B—it—PT(2B+it—1)
B(2B28—1)

(4.51)

T BB —it—12B8+it—1)

Since the spectrum of — A = — @*(d2 + 37 ) on the Loba-
chevsky planeis [}, ), (4.51) determines (4.50) complete-
ly. For particular values of £, (4.51) and hence (4.50) can
be further simplified. For # = 1, e.g., we find
B(2,1) _ T
BG —it,3+it)  (3+t>cosh(mt)

This can then be used to give an integral representation for T.
We have, e.g.,

J‘" cOS X T
dx = s
o coshx/2  coshtr
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hence

[+ oo )

H0 (n+3)(n+4)

=(_A+2)_,J'°°dtcos[t\/—A+ﬂ
0

cosht/2

bl
with

cos[ty—A+1]
e i G N
2 (2n)! ! +4 '

n=20
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