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A SIMPLE WILSON ORTHONORMAL BASIS WITH
EXPONENTIAL DECAY*

INGRID DAUBECHIESY, STEPHANE JAFFARD#, AND JEAN-LIN JOURNE$

Abstract. Following a basic idea of Wilson [“Generalized Wannier functions,” preprint] orthonormal
bases for L%(R) which are a variation on the Gabor scheme are constructed. More precisely, ¢ € L(R) is
constructed such that the ¢,,, [eN, ne Z, defined by

Yon(x) = ¢(x—n)

Y (x) =2 ¢(x—§> cos (2mwix) if 1#0, [+ne2Z

=\/§¢(x—§) sin Q) if [#0, [+ne2Z+1,

constitute an orthonormal basis. Explicit examples are given in which both ¢ and its Fourier transform d;
have exponential decay. In the examples ¢ is constructed as an infinite superposition of modulated Gaussians,
with coefficients that decrease exponentially fast. It is believed that such orthonormal bases could be useful
in many contexts where lattices of modulated Gaussian functions are now used.
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1. Introduction. In several applications in quantum mechanics and in signal analy-
sis, sets of functions generated from one single function by phase space translations
are encountered:

(1.1) Eon(X) = ™™ g(x — Bn), mnelZ.

If the function g and its Fourier transform g,
£&= J dx e’ g(x),

are both centered around zero, then the function g,,, is centered around the phase
space point (am, Bn). We can then hope to use the functions g, for expansions of
functions with good phase space localization. More concretely, we would like
expansions of the type

(1.2) f=2 cmn(f)&mn»

with the property that the c,,(f) are nonnegligible only for those values of (m, n)
associated to phase space points where f is nonnegligible. For example, if
Jy=r dt|f(OP=e|f|? and [, _q d€|F(&)]*= €| f|?, then we would prefer most of the
“content” of f to be concentrated in the c,,,(f) with (ma, n8) within or close to the
rectangle [—Q,Q]Xx[—T, T]. More concretely, this can be translated into the
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requirement

(1.3) Y lem(NP=CelfI,
|lam|=T+AT
|Bn|=Q+AQ

where C should be independent of ¢, T, and 2, and where AT, AQ) should only depend
on the desired precision .

One example of a set of functions of type (1.1) are the phase space Wannier
functions used in solid state physics. In the absence of a potential they are obtained
by the choice

sin 77x
g(x)= ,
X
which corresponds to
1, €<z,

§<§)={

(When the potential is nonzero, the Wannier functions are more complicated [1].) For
this choice of g, and for the parameter choice a = 8 =1, the functions (1.1) constitute
an orthonormal basis of L*(R). Expansions of type (1.2) are therefore simple to obtain:
it suffices to take ¢,,,(f) = [ dX gn(x) f(x). Unfortunately, the localization of g is not
very good. The function g has a rather long tail, so that

I dx x*|g(x)|* = .

As a consequence of this, expansions of functions with respect to the phase space
Wannier functions do not have the good phase space localization features described
above.

Another example of a set of functions of type (1.1) is given by the “Gabor
expansions.” These correspond to the choice

g(x)=2"*exp (—mx?).

0, otherwise.

In the original proposal of Gabor [2], the parameter choice @ = 8 =1 is made. Unfortu-
nately, this parameter choice leads to numerically unstable expansions: for any & >0,
there exists f € L(R) such that || | =1but ¥, [cm.(f)|*= &. It can be shown that this
phenomenon happens for any choice of @, 8 such that o =1[3a, b], [4a,b]. If aB > 1,
then the g,,, do not span all of L*(R) [5], [6]. If aB <0.996, then numerically stable
expansions of type (1.2) do exist, with the “good” phase space localization described
by (1.3) (see [7], [8]; it is conjectured that this situation persists for a8 <1). There is,
however, a price to pay: for a8 <1, the g,,, are highly redundant, in the sense that
any finite number of them lies in the closed linear span of all the others. While Gabor
expansions with a8 <1 are indeed used in practical computations in atomic and nuclear
physics, this redundancy can be quite a nuisance.

These two examples illustrate how convenient it would be to have a nice orthonor-
mal basis (- no redundancy) of type (1.1), based on a function g such that both g
and g have good decay properties (= expansions with good phase space localization).
Unfortunately, such an orthonormal basis does not exist. A theorem stated by Balian
[9] and Low [10] asserts that a set of functions of type (1.1) can only constitute an
orthonormal basis if either [ dx x?|g(x)|* =0 or [ d¢ £%§(£)|* = . Balian’s and Low’s
proofs contain a technical gap that was filled by Coifman and Semmes, as reported
in [7]; a much simpler proof was subsequently found by Battle [11]. Even if the
orthonormality, but not the “‘basis” requirement, is given up, the same conclusion still
holds, as shown by the extension of Battle’s argument in [12]. Both the original proof
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and Battle’s proof of the Balian-Low theorem rely heavily on the special structure of
the g,., as defined by (1.1). We might therefore wonder whether there exist more
general bases, ¢,,,(x), with phase space localizations distributed more or less regularly
over phase space, and such that uniform bounds on the decay of all the ¢, and
($,..)", away from their central value, would hold. It turns out that there is indeed
improvement from giving up the simplicity of (1.1), but only very little. Bourgain [13]
has constructed an orthonormal basis of ¢,,, such that

(1.4)
J d§ (g_ g_mn)zl((l’mn)A(g)lzg C,

uniformly in m, n, where X, =_[ dx x|y, (x)|?, and £, is defined analogously. However,
as soon as a slightly sharper localization is required, we hit another no-go-theorem,
even for these more general constructions: Steger [14] proved that L*(R) does not
admit an orthonormal basis ¢,,, satisfying

I Ax (X = X ) > Prn (X)P= C,
(1.5)
J dé (£~ &) (Y ()P = C

Orthonormality, or, what is weaker, the existence of numerically stable expansions of
type (1.2) with nonredundant functions ¢,,,, is therefore incompatible with good phase
space localization.

In all the above, “good phase space localization” stands for strong decay properties
of the Y, (¥,.n)" away from the average values X,n,, &, This corresponds to a picture
in which both ,,, and (¥,,,)" have essentially one peak. In [15] Wilson proposes
instead to construct orthonormal bases ¢,,, of the type

(16) lpmn(x) =fm(x—n), meN, nEZ,

where fm has two peaks, situated near m/2 and —m/2,
(1.7) fm(§)=¢7n<§—5> +¢m<§+5>,

with ¢7,, ¢, centered around zero. He proposes numerical evidence for the existence
of such an orthonormal basis, with uniform exponential decay for f,, and ¢},, ¢,.. In
his numerical construction he further “optimizes” the localization by requiring

if [ m—m'|>1,
orif |m—m'|=1, |n—n'|>1.

(1.8) J & £ (Yun) () Yo (£) =0

In [16] Sullivan et al. present arguments explaining both the existence of Wilson’s
basis and its exponential decay. In both [15] and [16] there are infinitely many functions
¢ m; as m tends to o, the ¢, tend to a limit function ¢ .

The moral of Wilson’s construction is that orthonormal bases with good phase
space localization are possible after all if bimodal functions as in (1.7) are used. This
is reminiscent of what happens for orthonormal wavelet bases, i.e., orthonormal bases
of L*(R) of the type

(1.9) Bon(x)=2"""2h(2""x — n), mnelZ.
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There exist functions h with excellent phase space localization properties such that
the functions (1.9) constitute an orthonormal basis. In [17] Meyer constructs such a
function h with compactly supported, C* Fourier transform h ; [18]-[20] give examples
of exponentially decaying h € C*; and [21] constructs compactly supported h € C*. In
all these examples, |ﬁ | has two peaks, one for positive and one for negative frequencies.
It has been shown [22] that these two peaks need not be symmetrical in order for the
h,., to constitute an orthonormal basis (the examples in [17]-[21] all have symmetric
peaks for |ﬁ|). However, there is no example, so far, of reasonably well-localized
functions h* such that support (h*) = R, and such that the h;,, constitute an orthonor-
mal basis of L*(R), corresponding to wavelet bases with only one “peak” ir} frequency.
(Equivalently, there is no example of a reasonably smooth function ¢ = h™ such that
the functions 2™? exp (2mi2™né&)p(2™¢) are an orthonormal basis of L*(R.).) It is
believed, without proof so far, that no such basis exists. This seems to be the analogue,
for the wavelet situation, of the Balian-Low theorem.

In this paper we construct an explicit bimodal orthonormal basis of the type (1.6),
(1.7). Our basis is especially simple because it is again generated by one single function,
unlike the bases in [15], [16]. More explicitly, we construct a real function ¢ such
that with the definitions

fi(&) =),

(1.92) fzm(g)=%[¢(§—f)+(—1)““d>(§+f)] e™,  £eN\{0}, k=0orl,

the family
(1.9b) Ymn(x) =fu(x—n),  meN\{0}, nez

constitutes an orthonormal basis. Both ¢ and its Fourier transform 4; have exponential
decay. Moreover, ¢ can be explicitly constructed as a rapidly converging superposition
of Gaussians. All these features should make the basis constructed here especially
attractive for the computations in atomic and nuclear physics where the Gabor functions
are now used. The price we pay for the simplicity of our Wilson basis is that the
near-diagonalization (1.8) of ¢ no longer holds.

This paper is organized as follows. In § 2 we derive necessary and sufficient
conditions on ¢ for the i,,,, defined by (1.9), to be an orthonormal basis of L*(R).
In § 3 we rewrite these conditions in another form, via the Zak transform. In their new
form, it is easy to see how to satisfy these conditions. We use this in § 4 to construct
an explicit Wilson basis with all the properties mentioned above. It turns out that our
construction is related to “tight frames” [23], [7]. We review this concept in § 5, and
explain how it is linked to the present construction. This leads to an alternate construc-
tion method, given in § 6, which is easier to implement numerically. Finally § 7 gives
some concluding remarks. In particular, we show how a relabelling of the ¢,,, in (1.9)
reduces the construction to the formula given in the Abstract.

2. Necessary and sufficient conditions. It suffices to prove that

(2.1) |¥mnll =1, meN\{0}, nez,
and
(22) S Y (g Y)Wy BY = (g, h)

m=1 n=-00
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for all g, h € L*(R). Indeed, from (2.1) and (2.2) we obtain

1= ”lb[/m'"'”2 = Z I(lpm’n” (pmn>|2
=1+ Z |<(//m’n” ‘l’mn)lza
(m,n)#*(m’,n’")

whence (Y, Ypn) = Omm'Onn . It follows that (2.1) and (2.2) imply that ,,, constitute
a total orthonormal set.

We first concentrate on (2.2). Using Parseval’s identity and the Poisson summation
formula, we find

ST b= 3 T [ dF@ RO

(Note that we use the physicist’s convention for the inner product in L*(R), which is
linear in the second argument, (g, h)={dxg(x)h(x).) In order to have (2.2), it is
therefore necessary and sufficient that

(2.3) ) T ©Fn(E+ 1) = b0

Let us write this out in terms of ¢. For the time being, we disregard any convergence
questions; for the function we will construct all series converge absolutely and uni-
formly. We also assume ¢ to be real.

0

Y JnOf e+

—$O(ET0+ T T [BE- O+ (E+0)
(24) [p(kce'm €+ k) +(Z1)  p(£+L+k)TE
—BOBEHF T BE+OSE+C+I 1+
€eZ,6#0

+ T DB OB(E- LK) 3 (1= (-1)0)

eZ,6#0
If k is even, k =2j, then
(24)= ZZZ P(E+ ) p(E+0+2)).

If k is odd, k=2j+1, then
(24)= Y (-1)‘p(e+O)Pp(¢—€+2j+1)=0,

ez

as is easily shown by the change of summation index ¢ = —¢+2j+1. It follows that
(2.3) is equivalent to

(2.5) Y £+ O B(E+E+2)) = 8.

ez

We now turn to (2.1). It clearly suffices to prove || f,,|| =1, m eN\{0}. For m =1
this gives

jd§|¢(§)|2=1-
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For m=2{¢+o0, £{=1, we find

1

1= [ de1606- 0+ -0 rgerop

=1+(-1)“*" f dEp(E—O)p(£+9).

It follows that (2.1) is equivalent to

(2:6) jd§¢(§)¢(§+2f)=5m-

This condition is automatically satisfied if (2.5) holds:

J dép(§)dp(£+20)= % J dép(é+k)p(é+k+20)

—00 keZ Jo

1
:J’ dé 8s9=6¢0.

0

We have again assumed that ¢ is sufficiently well behaved so that the summation and
integration may be commuted in this computation. It is easily checked that it is sufficient
that ¢ decays faster than |£|”" for |¢| > 0. For the examples we will construct, this is
no problem. The following proposition summarizes our findings.

ProOPOSITION 2.1. Suppose that ¢ is a real function on R satisfying

lp(Ol=Ca+]gh

for some C, £¢>0. Then the functions ,,, defined by (1.9) constitute an orthonormal
basis for L*(R) if and only if

(ZZ ¢(f+[)¢(§+ Z+2J') = 5j0-

We therefore have only one set of conditions, namely (2.5). This condition can
be almost trivially satisfied if we choose ¢ to be supported in [—1, 1]. In this case
d(&)p(£+2€)=0if ¢#0, for any ¢ e R. It follows that (2.5) is satisfied if ¥, ¢ (£ + ¢)° =
1. Since this sum is periodic in ¢ with period 1, we only need to check what happens
for 0=¢=1. For ¢ supported in [—1, 1], this means we only need to ascertain that
d(£)*+¢d(¢—1)°=1 for 0=£¢=1. Such ¢ are easy to construct: for any function F
such that

F:R->R
0 x=0
F — b b
(x) {1, xz1,
0=F(x)=1 for all x,

the function ¢ defined by
. a
sin [EF(§+1)], ¢=0,

bO={
cos [E F(f)], £z0
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is a function supported in [—1, 1] which satisfies (2.5), hence (2.1) and (2.2). If F is
C* (where k may be ©), then ¢ is C*. The corresponding ¥,,, are C*-functions; their
decay at o is regulated by the regularity of F. If F is C*, then the ¢,,, have “fast
decay,” i.e., for all N €N, there exists Cy such that

| ()| = Cn (1 +|x = n|?) ™.

In practice, however, the constants Cy turn out to be rather large, so that the numerical
localization of the ¢,,, is not very good. The examples we construct in § 4, corresponding
to noncompactly supported ¢, have better effective localization.

3. The Zak transform—rewriting the conditions. Using a unitary transformation,
we will rewrite the infinitely many conditions (2.5) (one for every j) into a different
form, reducing them to one single condition which is then easy to satisfy. The unitary
map we shall use is the Zak transform. For the purposes of this paper, we define the
Zak transform by

(3.1 (Uzg)(t, 5)=V2 ¥ &> g(2(s—K)).
keZ

This is well defined for functions g with sufficient decay, |g(x)|= C(1+|x|*) ""/*"*. The
two-variable function G = U,g is periodic in the first and “‘semi-periodic” in the second
variable,

G(t+1,5)=G(t,s),

(3.2) .
G(t,s+1)=e>"G(4, s).

The set of all functions G of two variables satisfying the periodicity conditions (3.2)
can be equipped with the norm

1 1
(3.3) 1|G|i2:J dtj ds |G(t, s)|.

0 0
We will denote the closure of this set, under the norm (3.3), by Z. A function G is in
% if and only if its restriction to [0, 1[ X [0, 1[ is square integrable, and it satisfies the
periodicity conditions (3.2) almost everywhere. It follows that & is isomorphic with
L*([0,17%). The functions E,,,(t, s), defined by

E,..(t, s)= e ™™ for t, 5[0, 1],

extended by (3.2) to all of R?, constitute an orthonormal basis for Z.

The map U, defined by (3.1) can be extended to a unitary map from L*(R) to .
This follows from the fact that U, maps the orthonormal basis e,,,(x) = e™ ™ x(x —2n),
where x(x)=2""%if 0= x <2, x(x) = 0 otherwise, to the orthonormal basis E,,, of Z,
Usepn = Ep.

The Zak transform has many interesting properties; it derives its name from its
systematic study by J. Zak, who introduced it as a tool in solid state physics [24a-c].
It had already been studied sporadically before Zak’s work, and it is claimed that even
Gauss was already aware of some of its properties. An excellent review of the mathemati-
cal properties of U, and its applications to signal analysis is Janssen’s paper [25],
which also contains an extensive reference list.

The inverse transform of (3.1) is given by

(3.4) (U}‘G)(x)=% L dtG(t, %‘)
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Again this is only well defined for some G in & (including all bounded G), but it can
be extended to all of Z.

There exists a relationship between U,g and U.g. Using the Poisson summation
formula, we find

(Uzg)(t’ S) =\/§ z eZﬂ'it/j dx e471'i(s-—f)xg(x)

ez —w
(3.5a) = ~1—2 er! kgz e 2mkg (—t—;—k)
= %j}; e2mis(r( Uzg)<—4s, %)
Similarly,
(3.5b) (Uzg)(t,s)= %éo e2mstH( UZ§)<4S, —I—I—J)

Let us now apply all this to the problem at hand. We define ® = U,¢, and we
rewrite (2.5) in terms of ®. We have

1 1
y ¢(§+4’)¢(§+£+2j)=% y J drj dt'cp(t,ﬂ)cp(f,ﬂﬂ)
ez

€cZ JO 0 2 2

L [T arlofc € X )
—2k§ZL dtL dt [(I)(t,2+k)cb(t,2+k+1
+q>(t,%+k)q>(t',§-;—1+k+j)]

1 1
=!'_ z J dtJ dt/ e2‘rrik(l+l') d27rijt’

kezZ Jo 0

[o{eo()o(s5)0(r)]

(use (3.2))
=%J: dte“z"”’[ q)(t,f) @(t,%) ]

In the last step we have assumed that ®(-, s) is square integrable for all s; by the
definition (3.1) of the Zak transform we easily check that this is equivalent to the
requirement that ¥, |¢(2s —2k)|* be bounded for all s, which is certainly true if, as in
Proposition 2.1, ¢ decays faster than |£|™'. Note that we have used ®(—t, s)=®(, s),
which is true for real functions ¢. All this proves the following proposition.
ProrosITION 3.1. Let ¢ be as in Proposition 2.1. Then (2.5) is satisfied, i.e.,

(ZZ ¢(f+f)¢(§+f+2j)=5jo

2
+

if and only if the Zak transform ® = U,¢ of ¢, as defined by (3.1) satisfies
(3:6) |D(1, ) +|D(1, s +3)]* =2
for almost all t, s [0, 1]%
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4. Constructing solutions. Now that we have reduced the infinitely many condi-
tions (2.5) to the single condition (3.6), we can get down to the business of constructing
explicit “nice” ¢ satisfying (2.5). Typically, we start with a real function g with
exponential decay,

(4.1) lg(x)|=Ce™™,
such that its Fourier transform has exponential decay as well,
(4.2) g =Ce Pl

Define G = U,g; G is well defined and continuous. Since g is real, we have, for all
t,seR,

(4.3) G(—t, s)=G(t,s).
Assume that
(4.4) inf [|G(t, s)?+|G(t, s+1)[*]1>0.

t,s€[0,1]

We then define

(4.5) ¢p=UZ'D,
where
(4.6) ®(1, 5) =2 Gt )

(G, $)P+]G(t, s +H1*

Then the following theorem holds.

THEOREM 4.1. The function ¢, defined by (4.5), is a real function, and satisfies
(2.5). Furthermore, both ¢ and $ have exponential decay.

Proof. 1. It follows from (4.3) and (4.6) that

q)(_t, S) = CI)(t’ S)a
so that, using (3.4) and (3.2),

-3 o[ re( )

0 1
=\/L§ J_l dt @(t,g) =% L dt @(t,g) = ¢(x).
2. To prove that ¢ has exponential decay, we first extend the definition domain

of G from R*> to (R+i(—A/m, ))xR. From (4.1) we see that the series
4.7 G(t+ir,s)=2 [ZZ 2™l (2(s—1))
converges absolutely for 7>—A/x. The function G(z, s) is continuous on (R+
i(—A/m, 0)) xR, and G(-, s) is analytic on R+ i(—A/, ) for every s € R. Moreover,

G(z,s+1)=e*"2G(z, s),

G(z+1,s5)=G(zs).
We also define, for ze R+i(—A/m, ), seR
(4.9) %(z,5)=G(z,5)G(~z, 5)+G(z,s +1)G(~z s +3).
Then %(-, s) is analytic on R+i(—A/, o) for every s € R, and
(4.10) G(z+1,5)=%(z,5)=9(z,s+3)

(4.8)
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for all zeR+i(—A/m, 00), seR. Using (4.2), we can show that G is uniformly con-
tinuous on (R+i[—A/m, 00)) %[0, 1]; together with (4.10) this implies that ¥ is uni-
formly continuous on (R+i[—A/m, o)) X R. On the other hand, the restriction of 4 to
R xR is real, and bounded below away from zero by (4.4). It follows that there exists
A>0 so that |¢| is bounded below away from zero on (R+i[—AX, X])xR. We can
therefore define ¥ /2 as a uniformly continuous function on (R+i[—X, X]) xR;
%(z, s)""? is analytic in zeR+i(—X, X) for all s€R. We can therefore extend (4.6),
and define for zeR+i(=X, }), seR,
D(z,5)=v2 4(z, ) V*G(z, s).

By (4.8) and (4.10) this extension satisfies

O(z+1,s5)=D(z, 5),
(4.11) )

®(z, s+1) =™ D(z, 5).

We can now use this extension to prove exponential decay of ¢. By (4.5) and (3.4)

1 (! X
=— | dt®|1,=).
s0=75 | aro (1)
Assume that x =0. (We will treat x =0 afterwards.) Using the analyticity of ® in ¢+ ir,
we can deform the integration path,

1 [ _x\ (! X\ [° . X
o3[ aofendo ool

where we assume 0 < A < X. Since ®(1+ iz, x/2) = ®(ir, x/2), the first and third integral
cancel out. If x =2n+2x,, with x,€[0, 1], then, by (4.11),

1
J dt > NG (t+ A, x,)
()

1
|¢(x)|=7—5

e ™ sup  |®(z,5)]
ze[0,1]+i[—X,X]
se[0,1]

IA

Nl""

=C'e ™,

For x =0 we use the same argument, but we deform the integration path by going into
the Im z <0 half plane. It follows that for all A such that

A
A <min (——, inf {|7]; 4(t+ir, s) =0 for some ¢, s € [0, 1]}),
T

there exists a constant C, such that
(4.12) |p(x)|=C, e,

3. To prove the exponential decay of $, we use the connection (3.5) between the
Zak transforms of a function and of its Fourier transform. Because of (4.2) and (3.5b),
arguments similar to those in step 2 above show that G can be extended to a uniformly
continuous function on R X (R+i(u/4m, o)), and that, for every teR, G(t, s+io) is
analytic in s+iceR+i(u/4m ). We can now define, for teR, w=s+ice
R+i(u/4, ),

I'(t, w)=G(t, w)G(—t, w)+ G(t, w+ 1) G(—t, w+1).
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Again I'(t, w) is analytic, and there exists >0 so that |['] is bounded below away
from zero on R X (R+i[—g, & ]). It follows that ® has an extensionto R X (R+i[— &, i]),
(1, s+io)=vV2 G(t, s+io)[(t, s +io) V2,
which is analytic in s+ io for every fixed ¢, and which satisfies
d(t, w+1)=e>""®(t, w),
O(t+1, w)=D(t, w).
By (3.4) and (3.5a) we have

=5 | s wad(s2)

1 3! (54 s+j>
_ miv(stgy [ _ny STJ
2«/5,;0 L dse <I>( 2y, 1)

We can now play the same game as before (deform the integral over s into the complex
plane, - - -). The result is that for all A such that

A <min (ﬁ, 4inf {|o|; T'(¢, s+io) =0 for some ¢, s €[0, 1]}),
T

there exists a constant éA such that
(4.13) ()= Cue M.

4. It remains to show that ¢ satisfies (2.5). It is obvious from |G (¢, s +1)| =| G(4, 5)|
and from (4.6) that

(4.14) |®(t, s)>+|P(t, s +1)*=2

for all ¢, s € R. Because of the exponential decay of ¢ and J;, all the manipulations of
§ 3 are indeed allowed, and (4.14) implies (2.5). 0

Any function g satisfying (4.1), (4.2), and (4.4) can therefore be used to construct
an orthonormal Wilson basis of type (1.9). An explicit example is given by the Gaussian

(4.15) g(x)=Qv)4 e ™,
The Zak transform of g is related to one of Jacobi’s theta functions,

G(1,5)=v2 (2v)"/* o dvms? » vt 2nt(anstin
1

=V2 2v)* e 4™ 0,(1 — divs | 4iv),

with Bateman’s notation [26]

(4.16)

0,(z|7)=1+2 ¥ cos (2mlz) ™™,
=1

As defined by (4.16), the function G has only one zero in [0, 1]%, namely in t=s=1
[26]. Consequently, (4.4) is satisfied. Since g and g(y)=(2/v)"* e ™Y obviously
have exponential decay, the construction (4.5)-(4.6) does lead to a Wilson basis with
exponential phase space localization. For » =0.5 we find

inf {|7]; 9¥(¢+ir, s) =0 for some ¢, s€[0,1]}=0.5,
inf {|o|; T'(t, s +io) =0 for some ¢, s€[0, 1]} =0.25.
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Consequently, for every £ >0 there exists C, such that

|p(x)|=C, e™ "2,
(4.17)

)= C. e,

Remarks. 1. The decay rates in (4.17) can be adjusted by starting with a Gaussian
different from (4.15). For »=2""? e.g., we find that the corresponding ¢ and ¢ are
bounded by

|6 (x)| = C, exp (—(m—&)|x|/v2),
|6(»)| = C. exp (—(m—&)|y|/V2).

2. It is easy to show that if g is an even function, then ¢ is even as well.

3. In [16] the explanation for the existence and exponential decay of the basis
constructed by Wilson in [15] starts from an ansatz different from (1.9): the bimodal
functions used as a starting point are of the form

(4.19) g(§—2m4+1>+(—1)mg(§+2m4+l).

For this ansatz the normalization (2.1) and the “‘completeness requirement” (2.2) do
not reduce to the same condition. The orthonormalization of the functions in (4.19),
starting from a “nice” g, results therefore in

Ful€) = ¢:,.(§—2m4“) +¢?n(f+2'”+1),

(4.18)

4

where the ¢ ;> depend on m. In the orthonormalization procedure in [16] the “overlap
matrix” of the functions (4.19) is used. This overlap matrix also contains the quantity
|G(t, s)>+|G(t, s+1)°, where G is the Zak transform of g (see Appendix B in [16];
the notation is very different, however). The merit of the present construction, starting
from (1.9), is that the orthonormality (2.1) automatically follows once (2.2) is estab-
lished; moreover, (2.1) +(2.2) are equivalent to the single condition (3.6), which enables
us to construct, via (4.5)-(4.6) a single function ¢ generating the whole Wilson basis.

5. The link with tight frames. We start by briefly reviewing some material concern-
ing “frames.” Frames were introduced by Duffin and Schaeffer [27] in the context of
nonharmonic Fourier series; in [23] and [7] special frames, constituted by families of
functions of type (1.1), were studied in connection with the windowed Fourier trans-
form. We review here some results from [7].

A family of g,,,, as defined in (1.1), constitutes a frame if there exist A>0, B <0
such that, for all f in L*(R),

(5.1) AlfIP= T K&gmn HIP=BISI*
This condition can also be rewritten as

(5.2) AId=P=BI1d,

where P is the positive operator

(5'3) P= Z Pmn’ Pmnf=<gmnaf>gmn-
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If the g,,, constitute a frame, then functions f € L*(R) can be completely characterized
by the family of inner products ((€mun,f))mncz, and there exists a numerically stable
inversion procedure to reconstruct f from these inner products,

S=2 (&mns S)Emn>
with
gmn(x) — ez'rriamng~(x _ Bn),
g=Pg
with P as defined by (5.3). Because of (5.2), P has a bounded inverse, so that g is well

defined. A special case arises when the frame is tight, i.e., when the frame bounds A
and B are equal,

z , K gumn, /> = Al f %
It then follows that

P=AId,

§=A"g,

f=A"" % i (&mn> S ) &umn-

m,ne

In general, frames are redundant (they contain “too many” vectors, or more precisely,
any frame vector lies in the closed linear span of all the others). If the frame is tight,
then A indicates how redundant the frame is; for tight frames of type (1.1) we find [7]

(5.4) A=(aB) gl
A frame of type (1.1) can only be an orthonormal basis if @8 =1 (and if, moreover,
g is chosen appropriately), corresponding to A =1, or no redundancy. Tight frames
with “nice” g exist if and only if «B <1; see [23] for a construction with compactly
supported g.

Let us now specialize to the case a =.5, B =1,

gmn(x)=e g(x_n)'
The density of the phase space lattice corresponding to the g, is then twice as high
as for an orthonormal basis. Suppose g is “nice,” i.e., both g and g have fast decay
at c0. Let us investigate under which conditions on g the g, constitute a frame

(respectively, tight frame). Because ()~ '=2 is an integer, the Zak transform is a
natural tool to study these questions, as observed in [8]. Using (3.1), we find

(Uz8m2n)(1, 8) = e 2™ 2"™ G(1, 5),
(Uz8man-1)(t, 8) = 2™ ™™ G(1, s +3),
where G = U,g. It follows that, for all h,, h,e L*(R),
2 (hy, Paonh)= % (hi, 8monX&man, h2)

mmneZ mneZ

1 1 )
=¥ l:'[ dt J ds Uzh(t, 5)G(1, 5) ™" e_zm,m]

mneZ 0 0

immrx

1 1
* I:J dt J ds Uth(t, s)m e21ritn e—Zﬂims]

0 0

1 1
=I dt J ds Uzhl(t, S) Uzh2(t, S)IG(t, S)lz.
0

0
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Consequently, Uz[Y,, .z Pn2a]UZ' is multiplication by |G(s, s)* in Z. Similarly,
Uz[Y nez Pman1]UZ' is multiplication by |G(t, s+3)|>. Consequently, P=Y . P,
is unitarily equivalent to multiplication by |G(t, s)|*+|G(t, s +1)|* on Z. It follows that
the g,,, constitute a frame, or equivalently that P satisfies (5.2), if and only if

0<A=|G(t,s)*+|G(t, s+1)|’=B <

for all 1, s€[0, 1]. All this is summarized in the following proposition.
PrOPOSITION 5.1. The functions g,,,(x)=e"" ™ g(x —n) constitute a frame if and
only if the Zak transform G = U,g of g, as defined by (3.1), satisfies

A= inf [1G(, )] +|G(t s+HPT>0

and

= sup [|G(t,s)+|G(t, s+1)*]< 0.
t,s€[0,1]

Note that if |g(x)|= C(1+]|x|)™'"°, then G is bounded, and B is automatically finite.
There are other procedures than the Zak transform to check whether the g, constitute
a frame [7]. The point of Proposition 5.1 is that any reasonably well-localized g such
that the g,,, constitute a frame can be used as a starting point in the construction of
¢ in § 4. Note that the computations above also prove the following proposition.

PROPOSITION 5.2. Let ¢ be a real function such that |¢(x)|=C(+|x|)”""° and
[ dx |¢(x)]>=1. Then the following are equivalent:

(1) The ¢,,,, as defined by (1.9), constitute an orthonormal basis,

(2) The Zak transform ® = U, of ¢ satisfies

[@(t, )P +]®(8, s+ DI =2,

(3) The functions ¢,,,(x)=e""™¢(x—n), m, neZ, constitute a tight frame.
Proof.

(1) & (2) is proved in Proposition 5.2.
Define now P(¢) by
P(¢)f= Z <¢mn’f>¢mn‘

Then, by the computation above,
(5.5) P(¢) = UZ'{multiplication with [|®(t, s)’| +|®(t, s +1)[*]} U,.
If (2) holds, then it follows that P(¢)=21d, i.e.,

z Kmn, S =217,

so the ¢,,, constitute a tight frame.
On the other hand, if the ¢,,, constitute a tight frame, i.e.,

Y Kmns NI = Al

then A=2 by (54) (a=.5, B=1, and | g|| =1). It follows that P(¢) =2 1d, which by
(5.5) implies (2). O

Remark. From this analysis it follows that the construction in § 4 and § 6 below
can also be used to generate tight frames with exponential localization in both time
and frequency. The construction in § 6 can easily be extended to tight frames with
arbitrary redundancy. These tight frames contrast with those constructed in [23], where
either ¢ or ¢ had compact support.
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Proposition 5.2 leads to the following interpretation of our Wilson bases. Suppose
that the ¢,,, constitute a tight frame. Since aB =.5, this tight frame has redundancy
2, i.e., it has “two times as many vectors” as an orthonormal basis. The Wilson basis
vectors generated by ¢ via (1.9) are given by

(Ymn) (&) = ™1, (£),

or
(5.6a) (1) () = 7B (£) = doan(£),

(Vaewn) (£) =% T G (£ — )+ (—1) (£ +0)]
(5.6b)

1
=% (Pernint (1) b_panr)(£),

£ eN\{0}, k=0or1.

Formula (1.9) can therefore be viewed as a procedure eliminating the redundancy
factor 2 from the tight frame ¢,,, by choosing only the ¢,, with even n, and replacing
every pair ¢, ¢_., (£#0) by one judiciously chosen linear combination of these two
vectors. It seems a small miracle that the result is an orthonormal basis!

Note that (5.6) can be made even simpler by a relabelling of the ¢,,,. Denote

Yooonre = Yatruns ¢#0, k=0orl,
Yo = tin.
Then (5.6) becomes
(Won)" = b0z,

(\M)E%<¢/n+(—1)"+"¢4n>, ¢,

making the reduction from the right frame with redundancy 2 to the orthonormal basis
even more elegant.

6. The construction revisited. The equivalence between (4.4) and the frame condi-
tion (5.1) leads to an alternate construction for the function ¢ which is very easy to
implement numerically.

Choose g such that (4.1), (4.2), and (4.4) are satisfied. Then, by the argument in
§5,

U,PUZ' = multiplication by |G(, s)|*+|G(t, s+ )%
consequently,

V2 G
¢=U3 =UZ'U,P"?UV2 G
‘NG ) P+IG s+ © ° “

=V2P ?UZ'G=v2P Vg

The operator P™"/? can be written as a convergent series. Since

Ald=P=BId
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for all A>0, B <o satisfying
A= mf [|G(t S)P+|G(t, s+HI,

t,s€(0,

B= sup [|G(t,s)*+|G(t, s+3)],

t,s€[0,1]

2 1/2[ P ]—1/2
“12_[_ < s
(i) [19-(4-2%5)

2 \V* = (2k)! 2P \*
_(A+B) k§022"(k!)2<1d_A+B)’

where the series converges because

we have

(6.1)

-2 <B4
d A+B“ BrA "

This can be used to write ¢ as a combination of g,,,, with czoeﬁicients computed
recursively. For instance, if g is Gaussian, g”(x) = (2»)"* e”*™, then we find

(62) (x) \/’*————' Z 2 amng;’nn(x)
with
> R,
Ayin = N2k N2 bmn s
3 ,Eo 2% (k1)?
' 2 2
bfnn ={1— bl'cn;l - mn, m’n’b,r(njr:’
< AV+BV) AV+BV (mlynl)z#(m,") @ ’ ’

where

.4 [i(m’—m)(n+n') g—-’g—r(n ~n’)2—81 (m —m’)z],
14

b(r)nn = 8m06n0 .

While this seems lengthy, it is very easy to program on a computer. The procedure
converges at least as fast as a geometric series in (B, —A,)/(B,+A,). For v=.5 we
find A, =1.670, B, =2.361, (B, —A,)/(B,+A,)=.1712; for v=2""2, we have A, =
1.533, B, =2.492, (B,—A,)/(B,+A,)=.2381. Figures 1 and 2 give graphs of ¢ and
é, for v=.5 and v=2""2, respectively.

Remarks. 1. A and B can be computed via the Zak transform:

A=_inf [(U£)( )P+(U-)0 s +DP)
B= Sl;(l))l]“(Uzg)(t,S)|2+'(Uzg)(t,s+%)|2]-
t,s€[0,

In [7] an alternative way of estimating A and B is given, leading to a lower bound
for A and an upper bound for B, without recourse to the Zak transform. Using the
Poisson summation formula, we find

(6.4) m(g)—r(g)=A=B=M(g) +r(g),
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_1 !
—4

Fi1G. 1. Plots of ¢ and q§, constructed from g(x) = e~™/2 For this choice of g, we have $(y) =v2 ¢(2y)
(see (6.6)). To draw these graphs, the recursive computation (6.2), (6.3) was used.

where
— N2
m(g)—x;{}f”}nilg(x n)°,
M(g)= sup ¥ [g(x—n),
x€[0,1] n

(e)=2 ¥ [BERA(-2K]"
B(s)= sup Tlg(x—mglx=nts)]

Note that the lower bound in (6.4) also gives a sufficient condition ensuring that (4.4)
holds, without having to check the Zak transform. In some cases, more efficient bounds
can be computed from the Fourier transform g of g. We obtain [7]

m(g)-#(g)=A=B=M(g)-i(g)

with
~ - . f A _ 2 2
m(g) gef&/n%lg(f n/2)%,
M(g)= sup Y |g(¢é—n/2)],
£€[0,1/2] n

H(g)=2 § [B(k)B(—k)]",
B(s)= sup Y|g(¢-n/2)g(£—n/2+5)l.

£€[0,1/2] n
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2 T T T

-4 -2 0 2 4
liIG. 2. Plots of ¢ and d; constructed from g(x)=2"/% e~™/VZ, For this choice of g, the decay rates of ¢
and ¢ are identical (see (4.18)). We have again used (6.2), (6.3) to compute ¢; ¢ is simply obtained by
replacing g, in (6.2) by (g,,)(y) =(=1)"™" ™" g"/*(y +(m/2)).

2. Let us introduce the notation F for the Fourier transform and D, for the
dilations (D, f)(x)=|a|"*f(ax), and let us write P(g), ¢(g) to make the dependence
of the operator P and the function ¢ on the function g more explicit. Then we easily
check that

D1/2 FP(g)= P(D1/2Fg)D1/2F,

implying

(6.5) D, ,,F¢(g) = ¢(D,,,Fg).

Denoting ¢(g”) by ¢,, where g”(x) = (2v)"* exp (—mvx?), we find therefore
(6.6) (¢.)°(9) =V2 a1 (2y).

In particular, for v =5, (¢12)"(¥) =v2 ¢,,2(2y).

7. Conclusion. We have shown how to construct very simple Wilson bases ¢,,,,
generated by a single function ¢, via

l/lmn(x) =fm(x~n)a neZ’ mEN\{O},

7.1) S1(€) = ¢(8),

Foer® =5 [6E=O+(=D (6 + 0] €™, CeN\[0}, k=0or 1.
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We have explicitly constructed such bases; in order to obtain exponential decay for
both the ¢,,, and their Fourier transforms 1/;,,,,,, it suffices to choose a function g such
that g and g have exponential decay, and such that condition (4.4) is satisfied, or
equivalently, such that the g,..(x)=e""™ g(x —n) constitute a frame. (For this it is
sufficient that m(g) —r(g)> 0 or m(g) —¥(g) > 0—see § 6.) The function ¢ can then be
constructed from g either via the Zak transform (see § 4) or via a recursive algorithm
(see §6).

The functions f,, in (7.1) are given by the inverse Fourier transform of ¢. If g is
real and even, then so is ¢, so that its Fourier transform and inverse Fourier transform
coincide. We then have

fix)=(x),
Srevi(x) =% ($ (x+§) e™itx l:e27ril’x+(_1)¢’+x e_zmzx].

Using the relabelling
\I,On = lpln’ W€2n+x = lp2t’+xn

we find

Vo, (x) = $(x—n),

_ A n\[cos (2méx) if £+n is even,
‘I"’"(")‘ﬁ"ﬁ(’c 2){sin (Qmlx) if £+n is odd.

It follows that the Wilson bases constructed here are very similar to the functions (1.1):
the only difference is the alternate use of sines and cosines instead of complex
exponentials. This trick is sufficient to beat the no-go Balian-Low theorem.
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