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ON THE INSTABILITY OF ARBITRARY BIORTHOGONAL
WAVELET PACKETS*

A. COHEN' AND 1. DAUBECHIES?*

Abstract. Starting from a multiresolution analysis and the corresponding orthonormal wavelet
basis, Coifman and Meyer have constructed wavelet packets, a library from which many different
orthonormal bases can be picked. This paper proves that when the same procedure is applied to
biorthogonal wavelet bases, not all the resulting wavelet packets lead to Riesz bases for L?(R).
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1. Short revieyv of orthonormal wavelet bases. An orthonormal basis of
wavelets ¥, k() = 29/2¢(2/z—k), j, k € Z, associated with a multiresolution analysis,
is completely determined by a 2m-periodic function mg(£). More precisely,

(1.1) 96 = e Pmo (5 +7)8(5).

with

(12) $(&) = (2m) " /2] [mo(27%9).
j=1

Here * denotes the Fourier transform, normalized by

f) = \/% / dze™i* £ (z).

Conversely, given a 2m-periodic function mg, one can define (1.1) and (1.2); if mep
satisfies a few conditions, then the resulting 1 will generate an orthonormal wavelet
basis. Which conditions? Let us assume that myg is continuous (which is the case
in all useful examples). Then in order for (1.2) to converge, we need mg(0) = 1. If
moreover |mg(§) — 1] < C|€|* for some a > 0, then (1.2) converges uniformly on
compact sets. (This is not really necessary, but satisfied in all examples of even the
remotest interest.) Furthermore, orthonormality of the v;; implies that

(1.3) Imo(€)[? + Imo(€ +m)|* =1

(see Mallat [14]). This is not sufficient to ensure orthonormality of the ; », however;
to guarantee this orthonormality we need one more (necessary and sufficient) condition
on myp, of a more technical nature: there should exist a compact set K, congruent
with [—m, 7] modulo 27, such that

e .
(1.4) nf inf |mo(277¢)] > 0.
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INSTABILITY OF BIORTHOGONAL WAVELET PACKETS 1341

If all these conditions on mg are verified, then the 1;’s do indeed constitute an
orthonormal basis for L?(R). Note that mg(0) = 1 automatically ensures that
|mo(27"¢)| > % for sufficiently large n and all £ € K (because K is compact), so
that (1.4) is a constraint for only finitely many values of n. See Cohen [4] or Cohen
[5] for a proof of the necessity and sufficiency of this last condition; the condition can
also be recast in other forms [13], [5], [6]. A consequence of (1.4) is that (see Cohen

[5])
(1.5) gng>a

The orthonormal basis {4 x; j,k € Z} generated by 9 can be interpreted within
the framework of a multiresolution analysis (see Mallat [14], Meyer [15]). Let Vo be
the space spanned by the functions ¢(z — k), k € Z (which are also orthonormal).
Define V; to be the space obtained by dilating V; by 27,

feVie= f(277) e Vy

an orthonormal basis of V; is given by {¢;x; k € Z}, with ¢; () = 29/2¢(29z — k).
Then

CVaocVaocWVhecicWCo-ery

and

Nvi={} UV =L*®).

JEZ JEL

Let W; be the orthogonal complement in Vji; of V;. Then {4;x; k € Z} is an
orthonormal basis in Wj, and

(1.6) é.; W; = L*(R).

j==o0

This is the standard decomposition of L2(R) into different “layers” of wavelets with
resolution 277. One can also choose to use only reasonably fine scale wavelets, and to
lump the coarser aspects together into one space, corresponding to the decomposition

(1.7) L*R)=Vo @ (é Wj) .

=0

2. Orthonormal wavelet packets. Given a 27-periodic function mg which sat-
isfies all the conditions in §1, one can define many other orthonormal bases, corre-
sponding to decompositions of L2(R) different from (1.6) or (1.7). They are all des-
ignated by the name “wavelet packets,” first defined by Coifman and Meyer; for a
discussion of their properties and some applications, see the two papers by Coifman,
Meyer, and Wickerhauser in [16]. Their construction can be understood easily by
using the following lemma [8].

LEMMA 2.1 (the “splitting trick”). Suppose that the functions fi(z) = f(z — k),
k € Z, are orthonormal. Define f°, f* by

fo({) = m6(§/2)f(§/2)a oc=0,1,
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where mo is as above, my(€§) = e % mo(£ +m). Then the functions f2(z) =
715f° (2-k), fi(z) = 71§f1 (2-k), k € Z, constitute an orthonormal basis for

E = Span{fi}.
Remark. Note that with this notation convention, f§(z) = % f° (%) and not

fo(z).
Proof.
1. Since

(Fur fo) = / de| (&) e
= [ age0e 3 | g+ 2mmp,
0

meZ

orthonormality of the f is equivalent to ) 7 | fe+2mm)|? = 2 almost everywhere.
2. Similarly,

(18,12) =2 [ del fo(ae) peris-0¢
—2 / deek=0€ 3 | fO(2¢ + 2mm) 2.
0 meZ
Splitting the sum over m into even and odd m leads to

2 1F°2€ +2mm)? = 2imo(€)1* Y If (€ + 2nm)?

meZ n

+ 2lmo(€ + ) Y 1F(E + 7+ 2em)P = 7,

n

proving that the f? are orthonormal. Orthonormality of the f; is proved analogously,
as well as orthogonality of f? and f}.
3. On the other hand, if Y, cxfi L f§ for all £ € Z 0 = 0,1, then

27
0= <fg’chfk> = \/izak/ dgei(k_zl)fma(g)’
k k 0

ie. c(¢) = Y, cke ¢ is orthogonal (in L2([0,27])) to the e~"%m,(¢),£ € Z, 0 =
0,1, implying

c(E)ma (&) + c€ + m)me(E+7) =0 ae.,j=0,1.
Multiplying with m,(£¢), and adding the two equations gives

0 = c(€) [Imo(&)* + mo(§ + m)|?]
+ €+ ) [mo(€ +m)mo(®) ~ mo(@mo(€ + )| = <(E),

proving that ), cxfr =0, so that the {f7;¢ € Z,0 = 0,1} span all of E. 0

Modulo appropriate dilations, the splitting trick can of course also be applied
to spaces with an orthonormal basis generated by the regularly spaced translates
f(z — ak), k € Z of a single function, even if a # 1.
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If the splitting trick is applied to Vp, the space with orthonormal basis {¢o; k €
Z}, where f = ¢, then the corresponding functions f9, f! are exactly fO(z) = ¢(x)
and f1(z) = v¥(z); it easily follows that the splitting of V5 into the spaces generated
by the fP on one hand, the f} on the other hand, is exactly Vo = V_; @ W_;. One
can, therefore, view the transition from (1.7) to (1.6) as a result of infinitely many
successive splittings, where at every step the V; space with smallest index gets split
into two.

Starting with (1.7) one can of course choose to apply the splitting trick to many
subspaces other than Vp, leading to many different orthonormal bases. Every one
of the functions generated in this way can be labelled by an overall dilation J, a
translation k, and a sequence € consisting of only ones and zeros, and ending in a tail
of all zeros. Concretely,

fJ,k;e(x) = 2J/2’l/)e(2'].’l: - k)

with

1/35 6= (27")_1/2Hmej (2~j§)§

=1

if jmax is the largest index for which €;_, =1, this can be rewritten as

Jmax

$e(©) = | [] me, (277¢) | (279==<¢).

=1

The function fj ;e is the result of jmax — 1 splittings of W;_ +s—1. For every fixed
choice of a sequence of splittings the result is an orthonormal wavelet packet basis. In
applications to signal analysis, one can use entropy estimates to find the “best” basis
(Coifman and Wickerhauser [11]).

An important special case is where each W; space is split exactly j times. The
resulting orthonormal basis functions are the integer translates of all the 1), with €
ranging over all possible sequences of zeros and ones, with a tail of all zeros. This
orthonormal basis is, of all the wavelet packet bases, the closest to a windowed Fourier
transform.

3. Biorthogonal wavelet bases. There exist orthonormal wavelet bases with
compactly supported ¥ and ¢. The 2w-periodic function myg is then a trigonometric
polynomial. By imposing a factorization of the type

mo© = () ate)

one can construct ¢ and v with arbitrarily high degree of smoothness [12]. One
inconvenience of these compactly supported orthonormal wavelets is that they are not
symmetric. One can restore symmetry by relaxing the orthonormality requirement.
In this case one works with two 2m-periodic functions, mg and 7y, satisfying

(8.1) mo(€)mo(§) + mo (€ + m)mo(§ +7) = 1.
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There are similarly two pairs of scaling functions and wavelets, defined by

(32) #(&) =(m) 2 [[mo279e),  $(¢) = @m) 2 [] mo(2~7€)
j=1

=1

9O = o (§47)3 (), PO = ma (§+7)6 ().

The 1); x and ;1 now constitute dual Riesz bases; both ¢ and 9 can be symmetric (or
antisymmetric) and have compact support (Cohen, Daubechies, and Feauveau [9]).
(Note that there also exists a different scheme of biorthogonal Riesz bases of wavelets,
in which 9 and 1 are symmetric or antisymmetric, and one of them is compactly
supported, while the other is not. See Chui and Wang [3] and Chui [1].)

This corresponds to mg and 7o which are trigonometric polynomials. We shall
restrict ourselves to this case. In order for the whole construction to work, we need,
of course, to impose again some conditions on mg and 7y. First, we need mo(0) =
1 = 79(0); the infinite products in (3.2) then converge uniformly on compact sets.
We also need more technical conditions. One of them is similar to the orthonormal
case; i.e., we need that for some compact set K, congruent to [—m, 7] modulo 27,

. . —-n
(33) nf inf Imo(27"¢)| > 0
and
s e s e s fo—n
nf inf [o(277¢)| > 0.
Another condition concerns the spectral radius of two matrices derived from mg and

o (see Cohen and Daubechies [7]). One consequence of (3.3) (the only one we shall
use here) is that

inf ¢ inf |
nf 16 >0,  jnf pE)]>0
(see Cohen, Daubechies and Feauveau [9]).
The two pairs of scaling functions generate two multiresolution hierarchies,

e CVaoCcVaicVyecWVicVoC -
o CVacCcVacVocVicVacC ---,

and the W; = Span{v; x; k €~Z}, (9r VVJ = Spa,n{ﬁ,[;j,k; k € Z}) are still complement
spaces of the V; in V41 (or V; in Vj41), though no longer orthogonal complements.
The two hierarchies are linked via the property that, for all j € Z,

W; LV;,W; LV;.

We can again decompose L%(R) as either

(34) L*(R) = Pw;
J€EL

or

(3.5) L*R) =V & é w;,

=0
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where the direct sums are not sums of orthogonal spaces. If we define QQ; to be the
(nonorthogonal) projection operator onto W; associated with this expansion, then the
L2-norm ||u||? is still equivalent with 3, [|Q;ul|*:

LEMMA 3.1. Let jk, ﬁj,k be biorthogonal wavelet bases, as defined above, with

2
AN leinl? < || D0 cirtik]| <BY leil.
ik J kel ik
Then for all u € L2(R),
A/BY_|1Qul® < lull® < B/AY [1Qjul’.
Jj€z J€L

Proof. We can write u = 3~ ; ¢ k¥;,k. It then follows that Q;u = >k Ci kWi ks
and

llull* =

D ciktik

J,k€EL
=B} (Z |Ca',k|2) <B/AY > cintbi
J k J k

The lower bound is proved analogously. O
A similar theorem holds, of course, for the splitting (3.5).

2
<B Z lej.xl?
J-k

2
< B/AY Q%2
J

4. The biorthogonal splitting trick. A natural question is now whether wave-
let packets can be generalized to the biorthogonal setting. Let us first generalize the
“splitting trick.”

LEMMA 4.1 (the “biorthogonal splitting trick”). Suppose that the functions
fr(z) = f(xz — k) constitute a Riesz basis for their closed linear span E, with

2

> i <BY el
k k

for all square integrable sequences (ck)rez- Define f°, f1 by

fa'(g) =m0(§/2)f(€/2)’ oc=0,1,

withmg as above, and m; (§) = e~*%mo(€ + 7). Then the functions f2 = \/LE (2 -k),
fi(x)= % Y (% — k), k € Z constitute a Riesz basis for E, with

(4.1) Alexl? <

2

<B' Y [larl® + [0l

k

42) A [lal® +[Bul?] <

k

> [awfR + b fi]

k

where
B = B(ma.x(Mo, Mo) + Ao) + B—;—A(M()MQ)I/Z

B-A

A= [A"l(ma.x(Mo,Mo) +8o) +

3 -1
(MOMO)I/Z]
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and

My = sup [Imo(&)I? + Imo (€ + ) |?]
My = sup [0 (€)I? + Ifio(€ + m)|?]

Ao = sup |mo(§)mo(€ + ) — mo(§ + m)o(€)] -

Remark. If the fi are orthonormal to start with, and if 79 = mo (orthonormal
filter case), then My = My =1, Ag =0, B= A = 1, and the new bounds B’, A’ are
also equal to 1. The estimates below can also be used to prove bounds of the type
(4.2) where the constants B, A” are simply proportional to B and A respectively,
namely

B"=B [max(Mo, Mo) + (M()Mo)l/z]
(4.3) .

A=A [maX(Mo,Mo) + (M0M0)1/2] ;
these “simpler” bounds are less sharp, in the sense that they do not collapse to 1 if
everything is orthonormal.

Proof.
1. For (ck)rez € €2(Z), we denote by c(£¢) the 2m-periodic function c(§) =

>k cke~*¢ € L2([0, 2x]). Then
2
(o 0]
> ekl = / d¢
k —00
2w

= [, O D _1F €+ 2mh)P,
k

2

> ke f(g)
k

so that (4.1) is seen to be equivalent to A/2r < 3", |f(€ + 27k)[2 < B/2n.

2. Define f € E by (f, fc) = 6o,k Then the fy(x) = f(x — £), £ € Z constitute
the dual Riesz basis for the f. In particular,
Z cefr

k

2
(4.4) B jel? < <ATY exf?
k k

and
(Fe, fi) = B

(Both can easily be derived from f (€) = 2= f(€)[X2, | £(€ + 27k)[2]~1.)

3. We start by proving that the f7, f; span all of E. Assume that u € E is
orthogonal to all the f7, £ € Z, 0 = 0,1. Since the fx constitute a Riesz basis for E,
we can write u =Y, c frx. We have then

0=(u,f7)=V2 /_ " dETET (©F©mo(©)e
= \/5/07r dee 2% Z Mo (€ + nm)e(€ + nm) f (€ + nﬂ)}:(ﬁ + nm).

neZ
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Because m, and c are 2w-periodic, and ), F(€+2em)f (€ + 20m) = 3, this implies

My (€)c(€) + mo (€ +7)c(E+m) =0 ae.

Multiplying with 7, (£), and adding the two equations (¢ = 0,1) leads to (again,
almost everywhere)

0 =2() [mo()ia(®) + o€ + mmo(§ + )]
+ o€+ ) [mo(€ +m)ia(®) — Mo @mo(€ + )| = <(E),

which proves that u = 0.
4. Next we derive an upper bound on ), [a,;c 2 +b f,%] With the notation

F(£) = X | (€ +27k)|?, we have
2

2
S [of0 + befl]]| =2 /_ de| (&)

k
<2 / " dt [|a(26)[2 (F(&)Imo(©) + F(€ + mlmo(€ + m)P)

HBEE? (F(E) o€ + ) + F(€ +m)lo(€)?)

+21a(26) 1B(28)|LF(€)mo(E)mol€ + ) — F(E + mImo(€ + m)mo(E)

<2 /0 dg [Ia(zs)lz (%Mo + EO T FCH™ | eyino(€ +m) — mol€ + m)ino(€)]

Z are 2*emy(¢) + Z bre™2kem, (€)
k k

2

F - FE+m)
o= ren

(M0M0)1/2)
+ ol (it + LEETELD,,

FE) - F(E+m)
2

0(§)Mo (& + m) — mo (& + m)mo(§)]

‘|

)
< [B(Mo + Ao) + PE—A(MoMo)l/z] > laxl?
+ [B(Mo + Do) + 2_2-—A(M0M0)1/2] > 1ol

which implies the upper bound in (4.2). L
5. To derive the lower bound in (4.2), we introduce a dual family f?, f1, defined

by f(z) = %fa £ — k), with

7€) = mo(e/2F (€/2),

where 7i9(£) is as above, and 7, (£) = e~*%mg(€ + 7). One easily proves (f7, f.) =
06,70¢,m. For 0 = 7 = 0, for instance,

(72,72 =2 [ demo(@ o FOF (-
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[ dgmo (€)mo(€)er—m)¢
0

=qx1 / i d¢ [mo(ﬁ)fno(f) +mo(§ + w)m] 2i(t—m)E
0

= 6Z,m'

6. The same arguments as in point 4, together with (4.4), prove that

2

> afy +bifi
k

A—l _ B—l

< [A_l(ma.x(Mo, Mo) -+ Ao) + 2

=41 Z [|ak|2 + |bk|2].
k

(MOMO)I/z] ™ [lasl? + Ioel?]
k

The lower bound in (4.2) now follows from a simple duality argument.
Z [lakl? + [b&[?] = <Z [an fR + bk fi] )Y [akflg + bkﬁ]>
k -k k
1/2
A-1/2 (Z [lak|2 + lbklz]) . 0
k

<

Z [ax SR + b fi]

k

An immediate corollary is the following.

COROLLARY 4.2. We assume the same as in Lemma 4.1. If u = ug + u; is the
unique decomposition of u € E into u, =Y, cq ff, then

A’ 2 2 2 B 2 2
o Uloll® + [l ] < Jlull® < =5 [lluoll® + flua 7).

Proof. By the same argument as for Lemma 3.1. 0

5. Biorthogonal wavelet packets. We can now apply the biorthogonal split-
ting trick to the spaces Vp, W; in the nonorthogonal decomposition (3.5). We start by
choosing, among Vy and all the W;, an arbitrary subset of spaces to be split, and we
apply the biorthogonal splitting trick to all of them. We end up with a different de-
composition, in which all the “split” spaces are replaced by their two offspring. We can
then repeat the procedure: choose an arbitrary subset, and split again. Every splitting
corresponds to a replacement of the basis vectors as well. If, after L splitting steps,
the subspace W; has undergone J < L splittings, then the 1; x(z) = 29/2¢(27z — k),
k € Z, will have been replaced by 17 =20-D/2pt (P Iz—4),en =0

.7 €1,. )ekle(z) - €1,

or 1, £ € Z, with 1/151,'_',”(5) =me, (£/2),...,me,(277€) P(2™ J£). The following the-
orem tells us that as long as we confine ourselves to a finite number of splitting steps,
the result is still a Riesz basis.

THEOREM 5.1. Suppose we start from the decomposition (3.5), with
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2

Z ordok + Z E Bi ki

keZ Jj=0 keZ

A !Z lol® + |ﬁj,k|2] <
k ok

(5.1)

<B [E lowl? + |ﬁj,k|2] :
k 3k

Let us denote by \Ilf the vectors obtained after L splitting steps, as described above
(the label X stands for J,j,€1,...,ex and £). Then the \Ilf" still constitute a Riesz
basis, and

2
(5.2) AL Z Iml? < <Bg Z Iyl
) x

> g
)

The constants By, Ay, are defined recursively by

Bo = B,Ao = A,ﬂo = B/A,ao = A/B,

and
(53) Br = Br-1[Br—1po + (Br—1 — A1) v)
’ _ _ _ -1
Ap =ap_1 [ApL mo + (ALL; — BLL)) w)
with
(5.4) Br = Br—1[Br—1po + (Br-1 — Ap—1) vo] [Az2 1m0 + (AZ, — BL1,) vo)
ar =ag_1 [Atpo + (ALY, - BEL,) Vo]_1 [Br-1p0 + (B—1 — A1) vo) "

and

Mo = ma.x(Mo, Mo) + Ao
vo = 3(MolMo)'/?
(Mo, My, Ay as defined in Lemma 4.1).
Proof.
1. We will work by induction on L, the number of splittings. Suppose that we

have gone through £ splitting steps, resulting in a (nonorthogonal) decomposition of
L?(R), i.e.,

L*(R) = @D Eem;

in each Ey ., we have a Riesz basis Fy .k, k € Z. Assume that

2
A lemil? <
m,k

> emrFemikl| <Be) . leml?
m,k m,k
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and that for arbitrary u € L*(R), u = Y, Ug,m, With Ugm € Egm, we have
(5.5) ae Y lluemll® < Jull® < Be Y lluemll®
m m

We now choose an arbitrary subset of the {Ey,,;m € Z} of spaces to be split, and
we apply the biorthogonal splitting trick to each of them. If E,, is a space that gets
split into Ep,, @ E},, then for arbitrary

— 0 1 1 — .0 1
Ugn = Z cn,szn;k + Z c'n,kFl,n;k = U + Ug,ns
k k

applying Lemma 4.1 leads to
[A7 o + (47 = B ) wo] ™ D> Il
o=0,1 k

< lugnll® < [Beo + (Be — Ae)vo] D Y Ie kl*.
0=0,1 k

Bringing all these inequalities together, combining with (5.5), and relabeling the Fi ik
as Fgy1,m; k', We obtain

2
- _ _ -1
ar [A7 o + (A7 - By ) wo) Z lemkl* < (| em ok Fes,mik
k m,k
(5.6) < Be[Beto + (Be — Ag) vo] Y lem .
k
2. From Corollary 4.2 and (5.5) we also obtain
(5.7) ae1 ) l[ueriml? < el® < Besr D lluers,mll,
m m

with

Bes1 = Be[Bupo + (Be — Ag) vo) [Ay 'po + (A7 — By V) wo]
agy1 = oy [Bepo + (By — Ag) '/0]_1 [At_ll‘o + (Ae—l - BZI) VO] -

(5.6) and (5.7) can be used for the next induction step.
3. To start it all (at L = 0), we need (5.1), together with Lemma 3.1, which
leads to

Ap = A, By=8B
Qg = A/B, Bo = B/A

Remarks. _

1. f A= B =1 and mg = g, then My =My=1, Ag=0,and Ay, = B =1
for every L; in the orthonormal case we recover the exact estimates for orthonormal
wavelet packets.

2. In the nonorthonormal case, By, and Azl increase very rapidly with L: one
easily checks that (5.2) and (5.3) imply that B, ~ CM 2 for large L. In Chui and
Li [2] a different technique is used to derive bounds similar to (5.2), with log By, ~
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const. L, i.e., only exponential growth for By. The bounds of Chui and Li do not
seem to collapse to the optimal bounds 1 in the orthonormal case, however. They
also restrict themselves to the case where one chooses, at every splitting step, to split
every available subspace; this is probably not a crucial restriction. The estimates in
the next section show that By, grows at least exponentially with L.

3. For every possible choice of splittings, the dual basis of the resulting Riesz
basis can be constructed by applying exactly the same choice of splittings on the
original dual decomposition (with the ;s instead of the v;x), and using 179,
instead of mg, m; at every splitting step. This follows from the constructions in §4;
see also Chui and Li [2].

6. Instability of arbitrary biorthogonal wavelet packets. If we choose to
restrict to at most L splittings, then the previous section tells us that we will still have
a Riesz basis, even though the constants involved may be large. In the orthonormal
case, a very beautiful special wavelet packet basis resulted from splitting every W;
exactly j times. In this decomposition, the total number of splitting steps is not
limited, and Theorem 5.1 does not guarantee that the biorthogonal analog leads to
a Riesz basis. We shall show in this section that in fact we don’t have a Riesz basis
(except in the orthonormal case). Define, as in the orthonormal case,

N
Pe(®) = | [[ me; (2776) | 27 Ne),

J=1

where € = (€1, . ..,en) is a sequence of length N (|¢| = N) consisting of only zeros and
ones. We start by proving several lemmas about the ).
LEMMA 6.1. There exists a constant C > 0 such that

N
h 2 —j V)2
(61) [deier=c /I£|S2Nwdsj_r_[1|mej(2 )

for all N and € with || = N.
Proof.
1. Remember (see §3) that there exists a compact set K, congruent with [—, 7]
modulo 27, so that |¢(¢)| > C2 > 0 for all £ € K.
2. We have

N
[$e(©) = [T Ime, @770 11627"¢)I,

Jj=1

hence

N
Jaiorz [ alim,eoome "o
Jj=1

N
>C d¢ [ Ime; (277¢)?

fe2VK G

N
=C d¢ [ Ime, 27717,
j=1

|§1<2N
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where we have used the congruency of K with [—x, 7], and the 27-periodicity of the
Me; . 0
LEMMA 6.2. Define p(€) = |mo(€)|? + |mi1(€)|?. Then for some C > 0,

N-1
(62) > =2y [ ae I o),
where Sy s the set of all sequences € = (e1,...,en) of length N and consisting of only

zeros and ones.

Proof. The proof follows immediately from (6.1) by summing over the 2V se-
quences € with length IV, and by changing the integration variable. ]

The following lemma will allow us to compute a lower bound for the right-hand
side of (6.2).

LEMMA 6.3. The function p(§) = |mo(€)|? + |m1(€)|? satisfies

p(Op(€ +7) 2 1.

Moreover, if mg # ™o (nonorthogonal case), then

pE)p(E+7m)>1 a.e.

Proof.
1. We know (see §4) that
(6.3) mo(€)io(€) + mo (€ + m)o(€ + m) = 1.
By Cauchy-Schwarz, this implies
(6.4) [Imo(€)I? + Io(€ + m)[?] [I7io(€)I? + Imo(€ +m)|?] 2 1

or
POPE +) 2 1 (use mo(€) = e 4T, €+ 7).
2. Equality in (6.4) is only possible for those & for which
mo(§) = a(§)mo(§),  mo(€+m) = a(§)me({ + )

for some a(£). For such &,

(6.5) g (§)mo(§ + m) — mo(€ + m)mo(€) = 0.

3. Suppose that (6.5) were true for all £&. If we extend the trigonometric poly-
nomials from z = e~% on the torus to all z € C (extending My(e~%) = mo(¢)), then
the identity (6.5) would still hold for all z,

(6.6) My(2)M (~2~1) = Mo(2)Mo(—2"1) = 0,

where for A(2) =Y, anz", we use the notation A(z) =", @»,2". On the other hand,
extension of (6.3) gives

Mo(2WWo(2™1) + Mo(—2)Mo(—2"1) = 1,

which means that My(z) and M (—z"1) share no zeros. It then follows from (6.6) that
Moy(z) is zero whenever Mo(z) is. Similarly one concludes that Mpy(2) is zero whenever
Mjy(z) is. Since both are polynomials (up to multiplication by an integer power of z),
My = M, follows.
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4. If My # mo, one finds therefore that the left-hand side of (6.5) is a nontrivial
trigonometric polynomial. It follows that (6.5) can only hold in a finite number of
&;. Consequently, (6.4) is a strict inequality except in this finite number of ;, which
implies that p(§)p(§ + 7) > 1 almost everywhere. 0

We are now ready for the following theorem.
THEOREM 6.4. There exist C > 0, A > 1 so that, for all N e N, N > 1,

(6.7) D lell® > 02VAN.
le|=N
Proof.
1. By Lemma 6.2, we only need to prove that
n N-1
[ a Il so=cnm.
-l

2. By Jensen’s inequality,

x N-1 - N-1
log [—2{; [ e 11 p(zfe)] > 5 [ deng [H p(zfs)]

=0
1" N ["
_1 jgy = 2V
o ]Z:O /_ dglogp(YE) = 5 /_ _dglogp(¢).
3. Since p(&)p(€ + 7) > 1 a.e., it follows that

%ﬁ:dg logp(¢) = 51,“, '/07r d¢loglp(§)p(é + 7)) =~>0. O

Consequently,

1 T N-1 )
o) I o0 > e

Remark. The argument in this proof is borrowed from the proof of Theorem 3 in
Coifman, Meyer, and Wickerhauser [10].
This suffices to prove the instability claimed above. If the collection

C={$(- — k);k € Z}U{o.(- — k), k € Z and |e| = N,en = 1, N € N\{0}}

were a Riesz basis for L?(R), then it would follow that the L2-norms of all these
functions could be bounded uniformly by some constant C. (A Riesz basis is the

image of an orthonormal basis under a continuous map.) In particular it would follow
that, for all N € N,

3 llell® < C#Sn = C2V.
€ESN

This is contradicted by (6.7); the collection C does therefore not constitute a Riesz
basis.
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