Final Exam Practice Problems

Answers

These are not complete solutions, only quick answers to check your work.

. 1 —1 2
a) Therrefls(0 0 0

b) N(A);{G),(_cl)z)} C(A):{(_lz)} N(AT);{G)} C(AT):{(_:l)}

c¢) The rank is 1.

); the free columns are the second and third.

d)

e) b= G), for instance.

f) The null space is a plane in R®.

-2 1 -2
g) x=(0)+x2(1)+x3(0)
0 0 1

c) dim(N(A)) =2



¢) They are parallel lines.

a) The column space is a subspace of R® and the null space is a subspace of R®.

b) Impossible.

1 23 040
c){0 001350

OOO(OOl

d) -2\ [-3\ [—4))
h ° : 1\ [0\ [0
0 0 -5 o) \o) \3
0 0 1
( (1 0 0) )
2 0 0
3 0 0
Ty . Ty .
N@A: {} ca: ol l1l 1ol
4 5 0
L \0 0 1))
2 1 2
T e D 2 DO
a)x=| x| 4 x| o
0 0 1
1 2
b) x=x; _12 + x4 _03
0 1

¢) For instance,

e)(e)e () () (2}



—2 1

1 0

6. a) o l-12
0 1

b) (7,3,1,2) is not in N(A).

-5 -2\ (1
2\_2 1| |o
—“l o 2

0 1

—2
1)

-1 2 1
1\_ 1 0
2 |7 o ]2
1) \o 1

8. a) Letw,g, and d be the number of widgets, gizmos, and doodads produced.

(5)=(5)()

9. a) The vectors are linearly independent.

b) It is all of R®.

2
C) (6):V1+V2+3V3.
—2

10. a) vy+v,+vy;—v, =0
b) 3

7. a) h=-9and k £6.
b) h # —9 and k is anything.
¢c) h=—9and k=6.

b) No.

¢) Any three of v;,v,,v;,v, form a basis.

11. a)h=10

12. h#10



a

13. Any vector (b) with a # b.

c

14. The matrix is not invertible.
1 3 =2
(—1 -5 4)
5 —6
1 1 0 O -2 0 1 0 O
01 )(0 1 —1)( 1 0)(0 1 0)
00 1 1J\o o 1/
1 0 0 1 O 1 O
( —1 0)(0 0 1)(—5 1 0 0)
01 O 0 0 01

1/2  3/2 =1\ (b, 1by+3b,— b,
) x=A"b=| —-1/2 —5/2 2)(132): —3by—2b, +2b,

1/2  5/2 =3 ) \bs 3by+3b, —3b,
0 3 -1

16. A=(1 0 O
0 —2 1

17. a) Swap rows 1 and 2; Add row 1 to row 2; Multiply row 3 by —1.

010 100 100
b) E,=|1 0 0 E,=[11 0 E;=[0 1 0
00 1 001 00 —1

¢) B=E;E,EA.
d) A=E'E;'E;'B.

1 0 O 2 3 1
18. a)L:(—Z 1 O) U=(O 1 —1)
-1 -3 1 0 0 —2
4
b)xz(—Z)
—2

15. a)Al=

it

1000 10 00 1 2 4 0
0010 01 00 0 -1 0 8
19. ar=,7 49 L=1"170 10 U=lo o0 -1 2
000 1 11 -4 1 0 0 0 -1



20. x

x-y=-81

Il = v43

21.
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O O =

— |

e) PJ_V
26. a) {(

J(2))

{3

2
0
(111 1)

27.

28. dim(Wt)=1

1
0
2

- ()

H

-3 -6 -3 =5 -3

-2 —6 -2
-1 -2 -1 -3 3

3 2 -1 -3 -1
-2 0
-1 -2 3

b) 1 unit

— | <

b)

a)

33.



2 {(0))

o) {}

34. The distance is 3v/2.

35. x=

36.

37.

1/2
38. a) Q= 1;;
1/2

0

5o (/

1

39.
b) Q=

|
0]

{(e) () )

(o

—1/v/2
0
1/v2 ) R=

1/2 0

—2/4/10 1/2 )
—1/4/10 —-1/2 R— (0
1/V/10 —1/2 - 0
2/V/10  1/2

1/V6

—1/4/30
1/4/6 5/4/30 R=

0 11/2
V10 +/10/2
0o 1/2



1

2 0

1

1 2
1
40. a) o=1[ 2 1 R=(3
3\ -2 2 0
-
1[5 4 2
c)pP=—-|4 5 2
2\2 -2 8
1 1Y ¢ 72
41. a2 1 (D): 81
31 84
90
b) %0 /
70 '
1 2 3 4
c) 91%
10\ ¢ 6
42. a) |1 1 (D): 0
1 2 0
~ (5 .
b) x= (_3), so the equation is y =5 — 3x.
43. a) (1 2 3 4 5\
1 23 45
det| 1 2 3 4 5|=0 det
1 2345
\1 2 3 4 5)
(2111 0)
02110
det|] 0 01 1 0|=—-2-2-5-7 det
00005
\0 007 1)

44. det(A)=1

y =67+ 6x
0 0
0 0):0
5 —1

-2 3

_6)20
0 -3



45.
46.

47.
48.
49.
50.

S51.
S52.

53.

The determinant is 100.

4 5 6 4
det| a b ¢ |=5 det| a
1 2 3 1

2a 2b 2c a
det[] 1 2 3 |=10 det| 5
4 5 6 1

NI S Wo O
O o
N
Il
|
92}

The volume is 1.

k=-32
k=13
det(AB) = —6 det(AC™'B)=—6/5 det(BTC?)=-75
det(A*B~'CcT)=—40/3 det(4C) = 1280.
a=-3

a) Ais a 6 x 6 matrix.

b) det(A) =—192 and Tr(A) = —7.
c) 3,1,—4

d) The rank is 6 and dim N (A) = 0.
e) No.

1 00
ForA=(0 1 0O |:
0 01

a) The eigenvalue 1 has algebraic multiplicity 3.
b) The eigenvalue 1 has geometric multiplicity 3.

) X=A=A=1,.

1 0O O
ForA=| -1 -1 1 |:
1 -1 1

a) The eigenvalues 1 and 0 have algebraic multiplicities 1 and 2, respectively.
b) The eigenvalues 1 and 0 have geometric multiplicities 1 and 1, respectively.

¢) Not diagonalizable.



1 0 O
ForA=| -1 -1 -1 |:
1 -1 1

a) The eigenvalues are 1 and £+/2. They all have algebraic multiplicity one.

b) All eigenvalues have geometric multiplicity one.

1 0 0 1 0 0
19) x=|1 1 1 A=|0 v2 0
—3 —v/2—-1 Vv2-1 0 0 —v2

4 2 —4
ForA=| 0 2 0 |
2 2 =2

a) The eigenvalue 0 has algebraic multiplicity 1, and the eigenvalue 2 has alge-
braic multiplicity 2.

b) The geometric multiplicities equal the algebraic multiplicities.

1 20 0 0O
c) XZ(O 0 2) Az(O 2 0)
1 11 0 0 2
1 2 10
4. (12 a=(39)
1
1

—142/27 (-
> Ao = (—1 : 352”) - (—

c) /

u,(t) = —et + 2e'/?

d) u,(t) = —et + 3e'/2.



S5.

56.

57.

58.

59.

60.

61.

0 1
a) A:(6 5)

-1 1 ~-1 0
% =1 e) =0 6)

N 1 (_1)n+16 —6" (_1)n —6"
C) A" = _; ((-1)“6 _ 6n+1 (_1)n+1 _ 6n+1 )
1 n__gn
d) a, =—=((=1"-6")

uy(t) = 4e3 4+ 3¢
u,(t) = —e3 — e,

Both u;(t) and u,(t) approach 0 as t — 0.

u,(t) = cos(t) + sin(t)
u,(t) = cos(t) — sin(t).

a) A =—2v34+2i A, =—24/3-2i
5 5
b) Vi= (1+2i) V2= (1—21')
5 5 —24/3 +2i 0
© X_(1+2i 1—21‘) A‘( 0 —zﬁ—zi)

u,(t) = 10e72V3t sin(2t)
u,(t) = 2e72Y3sin(2t) + 4e 23 cos(20).
Both u;(t) and u,(t) approach 0 as t — oo.

d)

2/3 1/v/2 —1/V/18 —2 0 0
Q= 1/3 0 4/4/18 A= 0 7 0
-2/3 1/4/2 1/4/18 00 7
a) A, =50, A,=-25
174 3 50 O
> Q‘E(S —4) A‘(o —25)
) x(t) = 4e°° + 3¢72%¢
y(t) = 3% — 4e72°,
d) A — 1 (16-50"+9-(—25)" 12-50"—12-(—25)"
~ 25\ 12-50"—12-(—=25)" 9-50"+16-(—25)"
a) The eigenvalue A = —1 has algebraic and geometric multiplicity 1. The eigen-

value A =1 has algebraic and geometric multiplicity 2.



1 10 -1 00
b) X:(O 0 1) A:(O 1 0)
-1 10 0 01
C) A114 — 13 A115 :A
L[ 2 -1 =2 3 0 0
62. a) Q:—(—l 2 —2) A:(O -3 0).
2 2 1 0 0 O
b) S is neither positive-definite nor positive-semidefinite.
1 2 1 =2\(300\,/ 212
) S:—(—l —2 —2)(0 3 0)—(—1 2 2)
3SU2 2 1J\ooo0/3\—2 —2 1
(-1 2 =2 -3 00
d) For instance, Q’:—( 2 —1 —2) A:(O 3 O).
SU2 2 1 0 0 0
9 2 -2
63. a) s:( 2 10 o)
-2 0 8
2
1 1
b =—(-1 =
) 3\/6(2) 1| =
64 0 0 1 0 0 1\/7 0 0\/1 0 0\"
(o -3 o):(o -1 0)(0 3 0)(0 1 o)
-7 0 0 -1 0 0o/\o o0 1/\o0 0 1
1 2 2//8 1/4/6 1/V3 V8 0 0 1\
(2 o): 0 2//6 —1/43 0 V6 (1 0)
1 -2 —2/4/8 1/46 1/43 0 o0
2/3 —1/v2 1/¥18 \
-1 10 0 1\/3 0 O©
(2 2 1):(1 0)(0 V2 0) 2/3 1/v2 1/V18
1/3 0 —4/4/18
1 2 3/4/34 —1/v/2 2/4/17 J1_70111T
(2 2): 4/4/34 0  —=3/417 0 1 —(1 _1)
2 1 3/v3% 1/v2  2/V17 0o o)v2
T
12 2 1 (1 1\(v17 0 0 3/¥/34 —1/v2 2/V17
(2 2 1):7(1 —1)( 0 1 0) 4934 0 - —3/V17
2 3/V34 1/vV2  2/V17



65.

66.

67.

a) Ais a 4 x 3 matrix of rank 2.

b) 1 1 1
1 =2 1 (3
e o N F ) B

e
d) X=7 (—11) llAx|[| =
e) 1/4¥/10 1/¥/15 1/¥/2 —1/4/3\ /1 0 0
p_| —2/¥10 3/V15 0 offo 10
| 2/4/10 2/4/15 0 1/¥/3]{0 0 0
—1/¥/10 —1/v/15 1/¥2 1/4/3J\0 0 0
1/¥V10  1/¥15 1/¥v2 —1/v/3)\
—2/4/10 3/4/15 0 0
2/4/10 2/4/15 0 1/v3

a) A has rank 3.

b) [|Av,|| =4

) N(A) : {vy,vs} C(A):{u,uy,u;} N@A"):{u,} C(A"): {vy,v,,v3}
d) AT=vxTU"

1
a) v, = E (}) is a basis for the row space.
1
b) o1 = [|Av|| = v20 u, = —Av, =

o veml ) =00 e) vl )

0
a a=o



68.

69.
70.
71.
72.
73.

74.

75.

76.
77.
78.
79.
80.
81.
82.

83.

84.
85.

1 1
e) ’)Z:A+( ):—
1 5

(D) @i
Line; Plane
1), (2), 4
(1), (2), (3), (5), (6), (12)
(1), (3), (4), (5), (6), (8), (10), (11)
1), (2), (4), (5), (6), (9), (10)

o) ()}

rank(A) + dim N(A) = 60
N(A) is a 4-dimensional subspace of R°.

(a) and (c) only.

You need to explain why they span V and are linearly independent.

(1), (2), (4, (5), and (6).
(1), (2), D, (5), (6), (8)
(2), (5), (6), (8), (9)

1 2 1
A=[1 2|; b=[o0
1 2 0

1, D

a) An eigenvector of A is a nonzero vector v such that Av = Av for some scalar A.




86.

87.

88.

89.

90.
91.

92.

b) An eigenvalue of A is a scalar A such that Av = Av has a nonzero solution.

A1 has eigenvalues 1/2,1/3.
A—7I, has eigenvalues —5,—4.
2A has eigenvalues 4, 6.

a) The eigenvalues satisfy A2 = A.
b) The 0-eigenspace is N(P) = V* and the 1-eigenspace is C(P) = V.

¢) P is similar to the diagonal matrix with dim(V') ones on the diagonal and n —
dim(V') zeros.

Only (; g)

a) The rank is 2.
b) det(A) =0.
¢) det(ATA)=o0.

d) The eigenvalues are 0,1, and 4.
None of these are defined.

(1) True (2) True (3) True (4) False (5) False (6) True (7) True (8) True (9) True
(10) True (11) False (12) True (13) True (14) True (15) False (16) False (17) True
(18) True (19) False (20) True (21) True (22) True (23) False (24) False (25) True
(26) True (27) True (28) False (29) False (30) True (31) True (32) True (33) True
(34) False

(1) True (2) False (3) True (4) True (5) False (6) True (7) True (8) True (9) True
(10) False (11) True (12) False (13) False (14) True (15) True (16) True (17) True
(18) False (19) False (20) True (21) False (22) False (23) True (24) False (25) True
(26) True (27) True (28) True (29) False (30) True (31) True (32) True (33) True
(34) True (35) True (36) False (37) True (38) True (39) True (40) False (41) True
(42) True (43) True (44) True (45) True (46) False (47) True (48) True (49) False
(50) True (51) True (52) True (53) True (54) True (55) True (56) False (57) True
(58) True (59) False (60) False (61) True (62) False (63) True (64) True (65) False
(66) False (67) True (68) True (69) False (70) True (71) True (72) False (73) False
(74) False (75) True (76) True (77) True (78) True (79) True (80) True (81) False
(82) True (83) True (84) True (85) True



0010 2 0
0 001 31 30 .
93. (1 000 0 (2) (8 (1)) 3) (O 3) (4) (O 3) (5) Impossible.
0 00O
1 0 0O
1 1 1 0 1 0 01
o(s 1) o (b 8) @3 ) @3 3) awa-(0 10 0):a-
01 00 01 00 0010
é (1) 8 1 0O 1 1 1
00 1 (11) Impossible. (12)(0 1 O) (13) Impossible. (14)(1 —1 1)
00 0 0 00O 1 -1 -1

-1 5

(15) Impossible. (16) Impossible. (17)( 3 _1s5

) (18) Impossible. (19) Im-

1 00
possible. (20) Impossible. (21) (_01 (1)) (22) Impossible. (23) (O 1 O)
0 0 2
0100
10 10 . 4 6 0 010
(24)(0 2) (25)(0 1) (26) Impossible. (27)(_1 _1) (28) 000 1
1 000
1 00 10
1 (1 1 0 00O . . 01
(29)5(1 _1) BO oo of G Impossible. (32) Impossible. (33) 0 0
0 0O 00

(34) Impossible.

94. x, = (é) and x, = (—342)

O95. The areais 5.

N(A) C(A)

00
96. a)A=(0 0)

o= OO0



97.

98.

=
L
oy
Il
VR
O =
[N«
N——

10
<) C=(0 1)

N(B)

N(C)

C(B)

a)

b) The rank of Ais 1.

N(A)

Cc(C)




N(A")

99.

100.

2-eigenspace

—1-eigenspace



101. a)

b)

102.




