
 

Symmetric Matrices
Lets be a real symmetric matrix 5 5
Eigenvectors eigenvalues Eg SATA

Egs 5 4 Ig 1 Q whatdo you notice about
the eigenspaces

Spectral theorem
A real symmetric matrix has an orthonormal eigenbasis

of real eigenvectors
S QD OT Q orthogonal D diagonal

T Q

This means
1 Eigenvectors with different eigenvalues are orthogonal

Say Sr r Sri X'r Ntl
v Sui v X r X v v

ai v Sri v Tsu Str Tvc Sr Trl du'T Xu v
Tubtract O IX X v.v X Ho v r 0

2 AH eigenvalues are real
Say Sv Xv Sir It
F Sir Hit v as above SEIR
T Sr Iff v as above
Hiv Thi v t v Eirik O 5



C

3 A symmetric real matrix is diagonalizable
Need abstract linear algebra

Egs Saf Tg Yi E p D H Hinsch 2

Compute Nal A X Is orthogonal
eI E se i E HI is wi HI

s about Q s II E D I E
Procedure to Orthogonally Diagonalize a SymmetricMatrix
c Diagonalize S thiswill succeed
2 Normalize your eigenvectors run Gram Schmidt
if GM 72

3 Put them all together 1 orthonormal eigenbasis

Eg S ELIF p x K 5 6 1 24 3
1 2 u Eli 1 3 we IT
S QDQTQ fzfi it sc.msEE EYED D435

stretch DO'T

YQtv by450 way w

I
rotate Ccw
by 450



Same picture as before but simpler Q Ot preserve
lengths angles

Exercise Outer product form of S Q l QT
5 X qq.tt t lingngat Q dingo D I E
compare Pr QQ't e p qq.tt gdqatK

Application Constrained Optimization
Def A quadratic form is a function

qka Xn sum of terms of the form arj Xix
eg ginxD Exit Ext x Xu II'm

A quadratic form a diagonal if there are no cross lens
9ha xn anX t tannin

eg glx xD 2 2 3 5

NB g lax axn a'qCxc xn

Quadratic Optimization Problem
Find m.sn max values of glx xn subject to the
constraint x t XE L ie 11 11 1

Equivalently
Fmd min Imax value of site txt 11 112 subject to
the constraint q Xy xn L



Why are these the same

qlx L q Fau I qlxI A qf'S t

shortest x at qlxS I max value of q 411 11
longest x A qG L c mis value of g Mw

Arises in Lagrangian mechanics g kinetic energy
finding minimal maxima of functions g comes from
Hessian matrix

Easy case q is diagonal

Eg g x xa 2xft3xE
Let's plot qlx.ua 1 ellipse L e 5 I

j ur o caos

Shortest x itf 9 Longest x I felt
Max values 1 11112 3 Mm value 1 11 112 2

Whatif g is not diagonal

Eg q xoxo ECxietxe x Xz II



Relation to Symmetric Matrices
qbs xn Iag Xix XTS x for

fins Ella c it It
In our cases qlxyxjxtsxsnECEIHCIED I.si's
check

x x i ELIF It
5xf Xix Xix 5 5

Orthogonally Diagonalize
S QDQTQ fzfi isfgntfs sin.IE D435

ChangeCoordinates y QTx y fz x.txdyz fd x.tn

q x xTQDQtx CQTDTDIQTD yTDy
G.gs I 5 Ys ES 2yft3yE

Picture n.LIryQtxx Qy

Qu

25435 1 Hg
Yy Island Ekitxt x I

fxitxz



Answer
I 1

Shortest x Boz Lengests raw
Max value 3 Mmvalues 2


