
 

Applications Constrained Optimization Canttd
Recall a quadraticform is
qlxy.mn a Xi Xi q 4 XTSx S symmetric

Eg q XyX 3 AnXp AzzXE 1933 5 aczxixztaisxoxs aszxz.kz

then gkdextsx for 5 128 EE zag
3
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Quadratic Optimization Problems

Find minImax values of qld subject to 11 11 1

Procedure for Solving a Quadratic Optimization Problems
1 Write qW xTSx for S symmetric

orthonormal2 Orthogonally diagonalize 5 eigenbasis

S QDQT Q fl w orthogonal D
Order so that Xia a Zin

Set y QTx Then

q x xTQDQTx QE DlQtx yTDy
X y t thuya

q is diagonal in the y coordinates
3 The maximum value of q is the largest eigenvalue Xi
glue D b c QTae I ie y ga gn 0
The minimumvalue of g B the smallest eigenvalue dn
q un D n bk QTwn49 ie ye yn EQyn



Eg from lasttime qlxioxd ECxftxil
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max is q KE KE 3
mis is g l Yak 4oz 3

Ellipsoids
Suppose all hi O Then
qCx digit n t X yE 1 is an ellipsoid
If you takethe Cn H sphere

lift c xp L
and change words Yi Fi Xi
then n 2 you get an ellipse com

E.fi xE5 1 fans

when you diagonalice gland y Qtx x Qy
XZha 911ha QT Kkk

Etfs lk so CT true
A HI rekha

dy t XzyE 1
Q
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Relation to Quadratic Optimization
Minimize 11 11 subject to qCxJ 1 us KA w

glue q 411 11 411 11
71 4 maximized
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Maximize 114 subject to qlxS I x KE wz

g wa q 411 11 1 11 1129 ex minimized

Positive Definite matrices
The condition all Xi O is special andvery common

Def A symmetric matrix is
positive definite if all eigenvalues are 20

positive semidefinite if all eigenvalues are 30
Likewise for negative definite negative semidefinite
Indefinite otherwise
1 redef t ve semidef re def indefinite
QC E Qt QC 8 Qt QL Qt QB at

positive definiteness is an important condition Want to
check without computing eigenvalues

Conditions for S to be Positive Definite
The following are equivalent for a symmetricmatrix S
A AH eigenvalues are 70 toe def
2 xtSx SO for all xEO tee energy
3 All n apperteft determinants are 20

S delG so

defG so etc



4 S ATA for a matrix A with full cot rank
5 5 LU no row swaps and diagonal entries of U
are 70 fastest Celinination problem

Es S pas x DG Acta

l Eigenvalues are 3 6,920
2 xtsx 9y.atGyEt3yE O S QDQty Qx

1 1 matrix whenever 1 0 QTx y to

3 deff 7 0 Det ZZ 38 0 def 3 490

t Cholesky next
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Whence these conditions
l is the definition
2 xTSx X yet tiny f All Xiao
this B 20 when x to y QTx O

3 Determinants magic
4 If 5 ATA for A with full cool rank

xtsx xtATAx CAxttftx ftd.CA HAxlf
If A has FCR then x 0 Ax 40

5 From S LDLT next



LDLT and Cholesky
Basically LU for ve def symmetric matrices

Thm A positive definite symmetric matrix 5 can be
uniquely decomposed as

5 LDLT and S L Lf c Cholesky

where
D diagonal w positive diagonal entries
L lower unitriangular
L lower triangular with positive diagonal entries

Pf supplement

NB LT has full col rank fit's invertible and
f ATA for A hit So thisjustifies condition 3

NB If D diff set D

Define L L scales ads of L dy Md Fdn

Then L.LT LFDfbtht LD.LT
So LDLT Lint are interchangeable
We'll focus on LDH

NB If S LDLT set U _DLT scales news of
Lt by entries of D Then 5 LU is the
LU decomposition



Procedure to compute 5 LDLT S symmetric are def
l find S LU
Magre never need row swaps

2 L L D diagonal entries of U S LDLT
Magic Diagonal entrees of U are 20

Magic DLT U ie D U Lt

Why LDLTIL.LT
Solve Sx b by forward back substitution
same reason you want Lu
Can compute DLT about twice as fast as LU
with half the memory
LU 43h3 flops LD.LT 43h3 flops

supplement


