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Thorn SVD LetA be an mxn matrix of rankon Therethere
exist 92 Z or E O and orthonormal sets
um ur in IR and u our in IR such that
A Quirt quiet t orUNI

AFav uttav.ua t tamar is the SVD of AT

Ax o ly x cut ElvaHuat torture x ur

Avo Qui HAVREg

Naive Schoolbook Procedure to Compute SVD
let A be an mxn matrix of rank r
1 Compute the nonzero eigenvalues of ATA

THI r 0 counted w multiplicity
automatically r of them they're positive

2 Compute orthonormal bases of eigenspaces of ATA vs

orthonormal set us ur st Atari ivo forall i
3 Let a exit and ui o Avi Then u art is
orthenonormal and

A a unit equarft tour VI
I from

NB If A is a wide matrix n m then ATA is nxn

but AAt is man So compute the SVD of AT instead
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Why does this work
Nonzero eigenvalues ofATA are positive there are r off
ATA B positive semidefinite if AtAx Xx x O
HAH AMA x xt AtAx Xx 111 112
LEO

NoelHIAS Nal A mxn

rank
LAHAT

n d.mvulfttAH n d.inNullA rank
spectral

ATA symmetric dragonalizable over IR all AM GM
0 is an eigenvalue of malt n r din NalIATA
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Xc Sr to
there are r nonzero eigenvalues with multiplicity
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Get his ur orthonormal eigenvectors st Attu Hori
Set a Fsi a Avi

Orthonormality of ai ar's

Uo ai Avi Ay.to viTfAtAvjl

a.tg.vitfg2vj ffy vj E
orthonoomality

Outer Product Formula
et San Mr

Let A quite taunt We'll show AIA by
showing A ri Avi for vi un a basis of ID
the means vy.mnENNA A NwlIA A Rh A A 0
Let viI bean on basis fer Nalla NuHAtA
O eigenspe of ATA

us rn is an om eigenbasis of ATA
In vn is a basis of IR

Ee
Io.w i e a.lu 5iit taCrFii5ar
oiUi Avib cui qtAri by definition

Fo ien

Abi 0 because Vivi 0 Ser j Ei
Ari 0 because vie Nulth

This justifies the SVD



SVD Matrix Form
NB air sun is an o n basis for GMA

Ui Ari E GlCA Eu our LI dimColIA r

NB y ur3 is an an basis for Rao A
replace A by At 9

Let Eur um bean on basis for NalIAT NakAAt
a um B an o n eigenbasis for AAT

Let Sure rn be an a n basis for Nal A NulIATA
r un is an o n eigenbasis for AAT

Thm SVD lot A be an mxn matrix of rank on Then
A U E VT where

ctfu aim InIw V hi on gonal

IEA E fo diagonal

check UE.vtvi Udei fua.e.FI I foa Ari
orthogonal diagonalrations to

Compare ATA V
Q

VT AAT U
Q
orE UT

Combine both diagonalize A Ul one VT
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SVD the FourSubspaces
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Hui avi ft Av
f ftp vn vi Yn

on basis o no basis
forRawA for NullA

NB SVD ofAT is AE VETUT

Procedure for A U VT
1 Compute or u ur as for outer product version
2 Compute Sure um o n basis for Nut AT

key vn on basis for Nal1A
d elimination run Gram Schmidt

ufi.nu v fly y El E
A UE VT


