
 

Principal Component Analysis PCA
Majorapplicationof SVD to statistics data analysis

interpretation
or samples of m measurements each

mxn matrix cols samples

One measurement eg midterm scores x xn

Mean average µ ta x it t xD
Variance 5 x µ t t xn ut
Standard deviation s variance
Tells you how spacedout the samples are

a68 of samples are within IS of the mean

µ78

5 4

whence this formula Take stats



Two Measurements eg math history scores per student
Yc Ya x math yi history

Mean math scoreMitaka xD
Mean history scorepetty t etyn
Variance math 5 nth't tan Ii Xo µ
Variance history SEE Lyte ty7 Tiago µTotal variance F sits

Eg sans Kirk Ksl I'd Hal El CH IIE
subtracts Eat lights III III His
history Centered r

subtract
means 0

8 E 3 s
4 mean It

l I I gmath
8 a

store in matrices

Arty I S 4 s 3 E't
A CE E L's III

Covariance Matrix

S AAt 191 994 1 I
t

ESame C

so 4,13 entry B gentle t

12,27 entry B se I loft yt



I

1,2 is called covariance of cows 1 2

positive Ii yT usually have the same signs
above average math goeswith aboveaverage history

vice versa

negative Ii yT usually have the opposite signs
above average math goeswith belowaverage history

vice versa

In our case S IAAF Ef Iso 92 20 5 40

Covariance 2520

SVD say a a a are the eigenvals of S
a a are the singular values of A

Total variance is 1 A ATE AAT
Te sits E Tr S a'to c TrG sum of

Embufghger
eigenvals

In our case Ann 75th of 1.75
Te oft of GO 20 40 5.2 55

Let u v unit eigenvectors of S
night singular vectors of At landAT

Then

v maximizes HAIR subject to Hr11 1
Hw 12 Il lb



What is Atu for Hulk1 check mean 0

Atr III v
projection of G
onto Spank is
Eg VI V ble v r

Ig r amountof Eg in III Spanks

the v direction Length v

s KEANE I his't U if
variance of the amount of the cels
of A on the r direction

Maximize 11AM n is the direction of largest rariano
NB h AtvA _a first singular valueof AT
E variance in U direction Atv a a

v IE principal component
r e

In our case

a a
s

largest
variance

Largest variance a 256.9
mathonly variances 5,2220



Let u at Atri left singular vectors of AT
SVD of EEA is

A a unit oakuf

1st summand
anuit av.la ATvDt v AI T

futsitudu UH v In

projections of columns 4 onto Spanful
purple dots in the picture

Likewise ausuat projections of columns4 onto

spanks Spanky t
orange lines in the picture

Interpretation
Total variance is 60
922 56.9 i3 variance in the y direction
at a 3.1 is variance on the K direction

This says students do 82
560 1.48 tomes better

at history than math the standard deviation from
this rule as q2 1.75



PCA Reference Sheet
A n xn matrix cols are sampleg vows are measurements

A subtract means of news from rows of A
S AAT covariance matrix

i i entry is the variance SE of ith now

Tr s sit tsi is the total variance
fi j entry is the covariance of news i j

Nonzero eigenvalues g za's ears of S
singular values a or of A
Total variance sit greatG za't n tart

principalRight singular vectors v Vr of Ati components
v is the direction with the most variance
a variance in re direction

Va is the direction with the most variance subjee
te v v O d variance on ur direction

9

un is the direction with the least variance
hi Atri

o v ut projections of cds x onto Spanfu
o v ate Aku at projections onto Spanfund

etc
If Isay q a or are small then
A un o u cute abut
data almostbe on Span vi rat

PCA detectsall linear relations among your data


