
 

Dimension

Def A basis for a subspace V as a setof vectors
rinsed on V satisfying
c f Spanhis old spans LI
GI us Rd B LI

minimal spanning set for V

Last time basis for An cob of an invertible Axn
Any basis has n vectors matrix

Facts
G Every subspace has a basis
2 Every basis for V has the same vectors in it

Def The dimension of a subspace V B
din r vectors in any basis for V

Egs dmURD n

If he we is LI dmSpanGuy we D
b c fu n ra B a basis for its span
If veto v3 is LI dimSpan43 I

a line is 1 dimensional



If y u not collinear v w B LI
dm SpanIv of 2
a plane B 2 dimensional

Q whatis dimto
dim903 0 basis is 03 Spank

points are 0 dimensional

Bases for the Four Fundamental Subspaces
A mxn matrix of rank r Crpivots

eg A
z I I FEI

Nal ft
Thm The vectors in the parametric vector form of the
Solms of Ax 0 form a basis for NulLAI

2

1 EEE 14 I I s xtzy z

OE.EE

3 EsfII slIItzH
Basis If

cheeky Spang every solution of Ax has this form
IIs I rel E of



NB This explains why
1 free variable us soln set is a lone
2 free variables Sdn set is a plane

dm Nul A free variables cads who pivot
n r

CollA
Thm the pivotcolumns of A fam a basis of Gl CA

I I I 4
2 I basis GB

pivotcolumn in A not in RREF
CA RR EF have different 61 spc

dim CollA pivots r rank A I
am

A EEE 1 I III
R

Cool 3 3 cell Had 2
Ed 5 Had l t 6Cool 2 lad 4

R Ig O R Eg O

m Aa Ig so A Eq o

led 3 3 cell Had 2
Cool 5 Had l t 66.1 2 Cad 4



R A have same lineardependence relations
among their columns

ghe
Span Col 3 c Span protocols

cool 5 C Span pivot cols
Col A Span pivotads

LI If a LC of pivotads of A is O
a LC of pivotcels of R B 0

Ei E x 8 x E o

Q Find a basis for Spain'sIta Ea I
Systematic way form the matrix with these columns

ft III 4
take pivot columns

every spoon has a basis formed by deleting
some vectors

Row A
Thm the nonzero rows of a CRJREF of A form a

basis for RaoLA

K I EEL to basis El
dim Raw A t r nonzero rows in REF

pivots rankLA



p l
why Row A is unchanged by row opsus assume A

is is REF
Span deleting zero news doesn't change thespan

I p r
xG x x o III

forward gubst

NutIAT product of elementary matrices

Thm suppose EA U for U a REF of A
Then the last n r rows of E form a basis for
NatCAT Ks zero rows of U

This allows you to compute bases for all 4 subspaces by
deing Gauss Jordan once

as opposed to row reduangAT

Tricks augment A by the man identity matrix

Iz II to 9 Etf Il's 9 basis

A Isn f EA U EIm E
zero rowof U



A mxn of rank r

Name REY dimension basis
NallA new n r vectors m Prf

A free variables

pirotcolumnsColla al rt paroteds
nonzero rows in a REERoulA row rt

nonzero news on REF
NallAt c I m r last a rods of E

C zero news on REE

Consequences

rank new rank column rank
Madam RowlA dancollA
NB A AT have different pivots

but same numberofpirate
Rank Nullify
dm Mulla dimColla n cols
dm NulfADtdinRowlf m rows


