
 

Least Squares or Almost 5lung Ax b

Ego You measure 3 data points
961 401 yo

that are supposed to lie on alone i
but they don't dueto measurement error
Q What linedo they want to be on

Lime y CxtD
G C Otb 96 is on the lone
O C f t D lo
0 62 to go

3 on the lone
is on the lone

Axeb A f x 451 b Ej

Inconsistent What to do I values

key idea Axis has a solution beCol ft
solve AK 5 where DecollA is as close to
b as possible

b orthogonal projection onto f CKAI
We know how to compute 5 solve
ATA Atb us B Ae

and we have 8 too
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Upshot Replace the inconsistent system Ax b
by the normal equation AtAE Atb consistent

Es A b 8 AH 153 ATE 18

ATA Atb E 318 EE teal E E IF
G 3 D 5 E
best fit lines
ye 3 5

y values
Q What is being minimized by this line I got

y 3 5 4 13 I
a Axel idea IEEE HEI

rab f y values I wanted FK emos

Minimized II b Ell z e of

HE EEH IHH rO god
G y61kt o yCd o y

A least squares
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Procedure least squares start with matrix eqn Axis
4 Solve the normal equation AtAx Atb
A solution 5 is a least squares solution of Ax b
It minimizes HAE bk over Eek

bestapproximate solution
remember b AK is the closest redo
to b in GILA

Eg Findthe best fit parabola thru
f 1,424 I l L2 1125 3,2

Parabola y B x't Cx D
z Bl D't ch HD l l h lies on parabola
I B D CCD TD ht lies on parabola
z B 25 42 TD 2 Kd lies on parabola
2 B D t 3 TD 3 2 lies on parabola

I lait
Least squares
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I f.FIfsgo sy 5fgx2 EEox
tIab

Ax f b f
Rem G What if Ax b has a solution

beCollA b b Ax 5 b x I
least squares solutions are ordinary solutions

2 When is k unique
Ax B has a unique solution

A has full column rank
NB NalHitt NalCA

so ATA has FCR A has FCR

Orthogonal Column
Def Nonzero vectors us an is called

orthogonal Ui Uj 0 when itg
orthonormal orthogonal ai ai 1

orthogonal unit vectors
Matrix interpretation

a af 4 ata.fi uitiIEIi9uaui.u.uiiuEiiiun



orthogonal QTQ is diagonal invertible
orthonormal QQ Ia

Qs does this mean Q Qt Only ofsquare

Es is orthogonal I I o

I 4 I 1 4 onhootnomal

FEELS If I is orthonormal

NB Can always turn an orthogonal set into an

orthonormal one by dividing by the lengths

Uc

Picture on R f
uztrue

Properties Say Q has orthonormal columns
I QTQ In
2 Q has full column rank
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N I S 3
3 Qx ay x y Q doesn't change angles

Lax QD CQ y xTQ g
Xting xty Xy

4 HQxH HxH ie Q doesn't change lengths
HOME loud Qe Ex x HIP

3 If V Col Q and Pv projection matrix onto V
then pr QQT

Pr Q QtQJ QT QInQT QQT


