
 

Algebraic Geometric Multiplicity
Recall We like diagonalizable matrices because then we
can solve difference equations

if us Wn is a basis of IR of eigenvectors
then any veld is a linear combinationof wi's

Vo TX w t r t Xnwn

Atv Xx w t Xx nun

Today we will discuss a criterion for dragonalizability

Eg A If E p a x 2 x 1st

So the eigenvalues are 1 an 2

7 1 NulCA 15 Span I
this is a line dimension 1

7 2 Nal A 21s Span I
this is a line dimension I

demo
This matrix is not diagonalizable

only two linearly independent eigenvectors



Eg B 76 p a x 2 x is

So the eigenvalues are 1 an 2

7 1 Nal B 113 Span I
this is a line dimension 1

7 2 NallB 21s Span I
this is a plane dimension 2

This matrix is diagonalizable B CDC for

a D f Edema

Both matrices have only 2 eigenvalues

The difference is that B had two LI
2 eigenvectors and A had one

Recall If I is a rootof a polynomial pled its
multiplicity is the largest power of xx
dividing p



Def Let A be an non matrix with eigenvalue X

i The algebraic multiplicity AM of a r its
multiplicity as a root of the characteristic
polynomial pla

a The geometricmultiplicity GM of X is the
dimensionof the X eigenspace
GM x din NalCA DIN

freevariables in A T In
linearly independent D eigenvectors

Thm AM GM For any eigenvalue T of A
algebraic multiplicity of A

geometric multiplicity of X z 1

NB GM21 just says every eigenvalue has an

eigenvector the eigenspace can't be 03 so

its dimension B 21

NB This is one ofthe few facts I can't prove for
you in the notes



Eg A Ig E p a x 2 A 1st

7 1 NulLA 113 Span is a line

AM I GM 121
7 2 Nal A 213 Span9 3 is a line

AM 2 GM 121

Eg B 76 p a x 2 x is

7 1 NulLA 113 Span is a line

AM I GM 121
7 2 Nal A 213 Span B is a line

AM 2 GM 221

Upshot if p 7 x 2 A 1st then
the 1 eigenspace is necessarily a line

AM 12 GM 21
the 2 eigenspace is a line on a plane

AM 22 GM I



If this matrix is going to be diagonalizable you
need 3 LI eigenvectors This means

GM 1 GMG 3

Since p 7 x 2 A 1st has degree 3 we have

AMA AMG 2 1 3

Hence the matrix is only diagonalizable if

AMAKGMA AMA GMG

NB Any peakG x im x Dmr factors into
linear factors where mi AMbi Hence

AM a t AM a n
sumof the
AM's is n

NB This also holds for complex eigenvalues

If A is diagonalizable then it has n LI eigenvectors
su n GMlade GM xn

111

AM Xist AMAn n

This forces AM Ai GM Ai so we're shown



ThmCANGM Criterion for Dragonalizability
Let A be an n xn matrix

A is diagonalizable over the complex numbers

AMA e GMA for every eigenvalue a

A ie diagonalizable over the real numbers

AMA e GMA for every eigenvalue X
and A has no complex eigenvalues

Eg B Iq is not diagonalizable because

AM 2 L I GM 2

Corollary If A has n different eigenvalues then

A is diagonalizable

Proof If A has n different eigenvalues then

NAMAH TAMAN AMGi 1
KAMAI Z GMAT I AM Ai GMGi

Eg A 2 2 real matrix with a complex eigenvalue
D is diagonalizable lover Q it has 2
eigenvalues x and I



Differential Equations Difference Equations

So far our major application of eigenvalues
dragonalization has been to solving difference equations

compute Va Ak r for any k

There is a completely analogous application to systems
of ordinary differential equations

find ult Ings such
that It Au uco n

We'll spend the restof this lecture discussing how to
get ODE's from difference equations

One Dimensional Example
I have a savings account that earns 2
interest per year I wish and has 10,000
in it this year How much will I have after
k years Let rn amount in year n la scalars

Une 1.02 Ye f Vat 2 of Va

So V 1.02 no Val Ozu 11.0232g e
y

Vez 1 02 Vo f hatntfnatrix

think i is an eigenvector of 1 02



Actually my interest is compounded monthly
This means every month I earn 32 interest

Ye 1 07 Va

Nye it 8 Vo Van It E ra

U v I E Jk.v
I 11.02018 kno 2.018 APR

What if its compounded daily

Un it Esp's v

I 1.0202007 To us 2 020079 APR

What if it's compounded every minute

365 24 60 525,600 minutes per year

Un its say
I 11.020201 3 no m2 02013 APR

What if it is continuously compounded

pls lit ESP



Theorem pls it f P et

So for continuously compounded interest

Vez 7 Vo e 1.020213400

More generally if t is any real number like
1.35 years

Ve e't r
This solves the ordinary differential equation

U t Xult u lo no 10000

Makes sense it says the in my savings
account is increasing at a rate of 2 year
times the amount in the account at the moment

This is the I D situation Increase the dimension
Veer Arn difference equation VeerAve
u's Au us systemof ODES u's Au

There is a similar relationship between difference
equations systems of ODES

Difference equations systems of ODES
as the sampling time O


