
 

Quadratic Optimization

This is an important application of the spectral theorem
and positive definiteness

It is the simplest case of quadratic programming which
is a big subfield of optimization so is least squares
For an example application see the Wikipedia page
for support vector machine an important tool in
machine learning that reduces to a quadratic optimization
problem There are tons of other applications

Def An optimization problem means finding extremal
values minimum maximum of a function
fix xn subject to some constraint on x Xn

In quadratic optimization we consider quadratic function

Def A quadrate form in n variables is a function

glx xn sum of terms ofthe form a Xix

Eg qlx X ExitExe xx

Non eg qlx xD xitxitx.tk is not a quadratic
form X X are linear terms



NB Thinkingof x x x as a vector

q ex qLexi Xu Iag ex xj

c'aijxix dg x

g ex Eg x

In quadratic optimization the constraint on

x x xn is usually 11 11 1 ie xp xi 1

Quadratic Optimization Problem
Given a quadratic form q x find the
minimum maximum values of q x subject
to 1111 1

Eg glx x 2xit3x

Maximum

q xox
2x 3 5 E 3 12 3 2

31 7 5 311 112 3

So the maximum value is 3 it is achieved

at xoxo I 10,1 919113 3



Minimum

q lax 2 5 3 57 2x it 2 3

xxx 211 112 2

So the minimum value is 2 it is achieved

at xoxo I lo q 11,0 2

This example is easy because glyx 2 5 3 5

involves only squares ofthe coordinates there is
no cross tem XiXz

Def A quadratic form is diagonal if it has the
form qlxy.sn sum of terms of the form Taxi

Terms of the form aijxix.li j are cross terms

Quadratic Optimization of Diagonal Forms
Let all E Dixie Order the Xi se that
X E Xa I EX n Then
The maximum value of q x is an

The minimum value of q x is a

subject to 11 11 1

NB the Ai could be negative



Strategy To solve a quadratic optimization problem

we want to diagonalize it to get rid of the
cross terms

To do this we use symmetricmatrices

Fact Every quadratic form can be written

q G IS
for a symmetric matrix S

Eg Sa I
3 5 6

us XTSx X X X I Yg

X 2 2 3 3
X X X 2x it 4 2 5 3

3 1 5 2 6 x

Xi 2x a 3xx

2x X it 4 5 Six

3X X t 5 3 2 6 32

Xi 4xit 6 5 4 xx Exist lox.x

NB The 6,2 and 12,1 entries contribute to the
Xi Xi coefficient



Given q how to get s
The xi coefficients go on the diagonal and
half of the xix coefficient goes in the is and
ji entries

q lx X X3 taxi taxi taxi
AnXXz ta Dix t Azz XX

st i
NB q is diagonal ES is diagonal the ai

are the coefficients of the cross terms

xt g g x dixie tax it taxi

How does this help quadratic optimization

Orthogonally diagonalize

q x
xtSx

Find a diagonal matrix D and orthogonal matrix Q
such that S QDQt us

qG XtQDQTx



Let x Qy this is a changeof variables

q x g ay layTQDQT a
yTQtOÉDQTQI yTDy

This is now diagonal

NB Q B orthogonal Hall HQyllellyll
so Hillel e Hyla

Eg Find the minimum maximum of

qty Xs ExitExe xx
tem

subject to 11 11 1

aunt x 5 2 5 s

Orthogonally diagonalize S QD Qt for

a T D 185
Set x Qy

I Kill II
Xi Ely ya is a

linear change
XE Yaya of variables

Then q x y 8 y 2yi 3y



Checks

q x q fly ya fly eye
Effy ya E Ily tye fly g ly tye

Ey Fyi Eff it Eye EST
Ey it fyi

Eye Ey EyeEye 2yi 3yE
The maximum value of q subject to Allally l l
is 3 achieved at

y o u x Oy IET
The minimum value of q subject to Allally l l
is 2 achieved at

y Il o x Qy I

NB The minimum value is the smallest diagonal
entry of D us smallest eigenvalue

Q 8 is the first columnof Q
B a unit eigenvector for that eigenvalue

Likewise fer the largest eigenvalue



Quadratic Optimization
To find the minimum maximum of a quadratic
form q

x subject to Axl 1

1 Write aG xtSx for a symmetric matrix S

2 Orthogonally diagonalize S QDQt for

a final D o g
Factors gnats

Order the eigenvalues so I E An
3 The minimum value of q lx is the smallest
eigenvalue X

It is achieved for x any unit X eigenvector

The maximum value of q lx is the largest
eigenvalue Xn

It is achieved for x any unit In eigenvector

NB If GM Xi 1 then the only unit Xi eigenvectors
are Ini only 2 unit vectors are on any line



Quadratic Optimization Problem Variant
Given a quadratic form q x find the

minimum maximum values of 11 11 subject to
q x 1

In general this will not work well

glx x2 Xi 2 3
there is no x such that q lx 1

g ly x2 Xi xi
there is no maximum Axl subject to glx 1

g
C F I for any huge C

Problem g lx may be O or negative

Def A quadratic form is positive definite if

q x 0 for all x O

NB If aG ext Sx then g is positive definite

S is positive definite this is the positive
energy criterion

In this case the problem is equivalent to the
previous one



NB For a positive definite

q x 1 q Ep flight f
So Axl minimized maximized subject to a 1 1 1

9 Ell is maximized minimized

Then ply maximum maximum value of glad
subject to link 1 n Ey

Eg Extremize Axl subject to

a xox Exit Ext xx 1

We know g is maximized at at It with
maximum value 3

glu 3 91 3 1

The minimum value of 11 11 subject to 911 1
is 113 It is achieved at Fsu
And q is minimized at u El with minimum
value 2

The maximum value of 11 11 subject to 911 1

is 112 It is achieved at Eu



Quadratic Optimization Variant
Given a positive definite quadratic form q
to find the minimum maximum values of Axl
subject to q x 1

1 Write aG extSx for a symmetric matrix S

2 Orthogonally diagonalize S QDQt for

a final D l g
Factors Tates

Order the eigenvalues so X E An
3 The minimum value of Alt is

1 the largest eigenvalue Xn
It is achieved for

anyunityneigenvectr

The maximum value of Alt is
1 the smallest eigenvalue X

It is achieved for

anyunityeigenvecte


