
 

The Singular Value Decomposition

This is the capstone of the class
It's a fundamental application of linear algebra to

Statistics PCA Engineering
Data Science etc

backto
rectangular

Thm SUD outer product matrices

Let A be an mxr matrix of rank r Then

A quint taunt t torununt
where

6,262 z or O

us ur is an orthonormal set in IR

us our is an orthonormal set in IR

What does this mean

tmnsoftaedatapentsnd
n 1 let her volt be nonzero vectors

art Elin nativistvector coefficient multiplesofu

This is an mxn matrix of rank 1 ColCurt Span a



Let's plot the columns datapoints
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Upshot A rank 1 matrix encodes data points columns

that lie on a line

r 2 A muttazust mini rink rads value
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The columns are linear combinations of a us

Let's plot the columns datapoints
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Upshot A rank 2 matrix encodes data points that lie on

the plane Span a uz

But 11131117 1143311 so the E direction is less

important
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We're extracted important information

our data points almost lie on a line

In general the SVD will find the best fit Ime
plane 3 space n space for our data all at once
Not least squares the error will be in statistical
language variance

Why might we care

Data compression art is 7 numbers instead of 70
for a 2 5 matrix

Data analysis SVD will reveal all approximate Imean
relations among our data points

Statistics SVD finds more less important
correlations etc



Back to the statement of the SD

A quint taunt t torununt
where

6,262 z or O

us ur is an orthonormal set in IR

us our is an orthonormal set in IR

Def a or are the singular values ofA
us gun are the left singular vectors

Vis ok are the right singular rectors

Note I For any rector xer

Axe aunt t toranvath
quintet orcervix
Alvi x u t o t a vix ar

Note2 Taking xavi we have

Avi a lytic t a talkin uit it on luffa
So the singularvectors are related by

Avi qui and thus HAvill a



Note 3 Take transposes

At aunt t toranvatt
Quinte tauncent

Therefore

At aviate avant

ie the SD of AT

So A At have the same

singular values and

singular rectors switch right left

Note4 Nate 2 Note3 Atui avi so

Atari ATLoui a ATui o.tv
AAtar Aloni a Avi Gui

In particular

vis sur are orthonormal eigenvectors of ATA
with eigenvalues ai G

us ur are orthonormal eigenvectors of AAT
with eigenvalues ai G



This tells us how to prove compute the SUD
orthogonally diagonalize ATA

Recall Let u be an eigenvector of ATA with
eigenvalue A and let u Av

1 Hull a Hull

2 If A 0 then u is an eigenvector of

AAT with eigenvalue X

3 Let r be another eigenvector of ATA
with eigenvalue X and let u Ar If
v v 0 then u n D

Proofof SVD
Let Xp Dn be the eigenvalues of ATA
the Xi's show up multiple times if AM 21

Nate Anto because ATA is positive semidefinite

Step 1 Xm 7n O

Nal ATA NalCA has dimension n r

Nal ATA the O eigenspace of ATA

AM o GMG m ATA
because ATA is symmetric diagonalizable



So n n of the Ai's are D

Tnt Xn O

Now X Z 27 20 are the nonzero eigenvalues

of ATA
Sets

a A G far

Let vis r g Vr be orthonormal eigenvectors
with ATA via Xivi
Let us Avi ur Aur

Check
q 297 7 or 70

Vins k B orthonormal

Hurtle llavill fi tillvill 1 by fact o
Ui uj 0 for it by fact 3

Sun ur is orthonormal

It remains to show

A aunt tauavett toranvat
Let A quint taunt t toranvnt so we
want ALA

I



Choose an orthonormal basis Steyn un for
NatA Nal ATA O eigenspace ofATA so

Sus Varnes gun or an orthonormal eigenbasis

of ATA Claim Avi Avi for all its on

ikr By definition Ari oui

and we know A've avi by Note 2
ian We have Avi 0 because v.edu A

A'vie alk B u t await ur
All ri ri o because the O eigenspace of

Att is 1 the Ar eigenspace

So Avi A've for all tels on

Any yolk can be written x aint tank

Ax a Ant tan Aun
a A've tant un A x

Since Ax A'x for all xelR we have A
Ay

This alsogives us a procedure to compute the SD
It is not the algorithm used in practice

Efficient computation of the SVD is a

difficult problem



Naive Schoolbook Procedure to Compute the SVD
Let A bean men matrix of rank r

1 Compute the nonzero eigenvalues ofATA
X Z X Z D X 20

where Xi appears multiple times if AM 1

There are automatically n of them and
they're positive

2 Find an orthonormal eigenbasis for each
eigenspace get an orthonormal set us v3
with Atari Divi

3 Set a Gi ai f Avi
Then lui our is orthonormal and

A quint Quart t torununt

Eg A EF NB r 2 12 pivots

I ATA To 25 p1 3 5 50 225

A 4531 5

x 45 72 5



2 Compute eigenspaces Y

Att 4512 1
2020 Itv

ATA 512 12020 su I
3 O D Fs 355 a AEE

u Au E E Ell E fol's

untrue E ECI fol
SVD

1851 355 trot's fliers.to ELl 1

Check Hull fore 1 Hulk 34Gt I

ni us O

Summary

A quint Gavitt torununt
Avi qui ATAvi
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