
 

From last time

Thm SU outer product Som

Let A be an men matrix of rank r Then

A quint taunt t torununt
where

6,262 z or O

us ur is an orthonormal set in IR

us our is an
orthonormal set in IR

To compute
X str o are the nonzero eigenvalues ofATA
Su our are orthonormal eigenvectors ATAvading

Gi fi ni FAV
SVD ofAT
Att anuttakutt orkut

NB If A is a wide matrix meal then

Ata an AAT mem is smaller

Se it's easier to compute eigenvalues eigenvectors of
AAT

If A is wide compute the SVD of At



Eg A

ATA
50 125 50 125

sites
50 125 50

Let's compute the SVD of At instead

AAT
400
1 p X x 450 1 200

TOO

X 450 a Eso 1582 u II VitAtn É
200 a Foo lo E Us t rotate E
At 1502 nutt of rut Y ai are right

A 1552 unit t lot unit
singularvectors
of Ata left
singularvectors
ofA



SVD Matrix Form

Let

A quint taunt t toranvnt

be the SVD of A in outerproduct form

Facts
i un gurl is an orthonormal basis for Col A
4 us our B an orthonormal basis for Row A

Proof our A air nie Col A

un gurl is orthonormal linearly independent

a dim Colla rank r

Basis theorem un gurl is a basis for Col A
Fact 2 follows by replacing A by At



Let urea sum be an orthonormal basis for NalAt

us n gunUrey gum is an orthonormal basis of IR

it's also an orthonormal eigenbasis for AAT
Nut AT NalCAAT O eigenspace ofAAT

Let urea sun be an orthonormal basis for Nalla
vis na Vr Vey in is an orthonormal basis of IR

it's also an orthonormal eigenbasis for ATA
NALA NalIATA O eigenspace ofATA

Thm SVD Matrix Form

Let A be an men matrix of rank r Then

A U E VT where

U h ah is an mem orthogonal matrix

a V he d is an nxn orthogonal matrix

for o

is an mxn diagonal matrix

9292 or o are the singularvalues



Procedure to Compute A UE VT
1 Compute the singular values and singularvectors

SunnyVr ay yur G y Gr

as before
2 Fond orthonormal bases

urey gum for Nal AT

una um fer Nal A

3 u fi yuk ah refitting
Grog same size as A

Proof Use the outer product version of matrixmalt

UE.VE ui uil a EE

Find
I quit to taunt Ot to



Eg A
i A 15A unite tofu suit for

a lil n

Isl's r troll
d Nal AT 903 because em

Nalla 9

Is Span I 1 1
already
orthogonal

II at its vital vet
3 So A UE VT for

U E 71 E c

No No the



NB A UEVT contains full orthogonal diagonalizations

of ATA and of AAT

ATA V rt AAE u I o
ut

It also contains orthonormal bases for all four subspaces
on basis on basis

a
i i

Itr Avi gait Atuitivi Avi Of Atu O isr



The Pseudo Inverse

This is a matrix At that is the best possible substitute
for A when A is notinvertible

Works for non square matrices
if A is mxn then At is nxm

Atb is the shortest least squares solution of Ax b

First let's do diagonal matrices

Def If I is an man diagonal matrix with nonzero
diagonal entries as G its pseudo inverse It is
the rum diagonal matrix with diagonal entries
at or

1
H

O O O o 0

NB If E is invertible hence square then E.IE

18 5 1

Now let's do general matrices



Def Let A be an mxn matrix with SVD

A aaivitt taunt A U Evt
The pseudo inverse of A is the nxm matrix

Attnutt truant At VEtut
This has the same singular rectors switch right let
and reciprocal singular values

Eg A E 5 1502 u.v.tt tofu I

for a tf v fol
t r troll

At Ervin't fend

Er t.ro Ittsk iltfrit.l Elis
t.EE



NB If A is invertible then ramen and E is
invertible so Et E and

AAECUE.LT VEtUT

UEIFVFEnt UEEF UUEI
A is invertible A Eat

In general for ikr we have
samesingular vectors
reciprocal singularvalues

AtAvia AtLoui aAtu ai tu ri

AAtu Altar fAvi of oui ai

But for i r we have

Atari At 0 0 vie Md CA

Atta A 0 0 Lui ENLAI NalAH

ikr i r

A'Arri A'Avi 0
Attain AAU O



The Big Picture Revisited

for an mxn matrix A of rank r

Row Picture IR Column Picture IRM

Mulla Vi tahini is r
Urey sun Colla

of
É i

pay
8.1

RowA

U in
TATO Artis gum

O Ui

is r

This tells us exactly what AA and AA are when

A is not invertible

Prep A'A projectiononto RowA
AAE projectiononto Col A

Proof If Pa projectionmatrix for Row A then

Pri ve A'Avi for isr vie RowCA

Pri O Atari Ser i r vie Nala RowlAf

Now take linear combinations Same for AA



Recall A projection matrix Pr is the identity matrix
V is all of IR

Consequence

Ata In A has full column rank
RowA Nal A

t
SHIRT

Att Im A has full row rank

Colla IR

Eg f f
to 10 10 10

10 5 no s At i
1 2 0 112 O

A'A 151 11
o o o

10 5 10 5
I112 O 112 O

O 112 0 42

AAE C 1 1 1
Colla IR projection is In

Prep For any berm I Atb is the shortest
least squares solution of Ax b



Proof First note AxtAAtb projection of b onto Colla

I r a least squares solution

Note I fruit be thwart b
Gibb t tortureb u

CSpan vis r Row A us Kerala
Any other solution X has the form I x'ty
for yoNullah Note yeRan A

t x yo
Axtyll Gta ay XI 128 y y

Hetyll lately Keller
is the shortest

Ey A 2 11 fall 1

At Ifl this 41
The shortest least squares
solution of Ax b as 3
B Atb Il 1 13 As
All other least squaressolutions falls
differ by Nalla Span1 113 shortest

vector on
green line


