
 

Recorded Lecture Basic Definitions

This is recorded because the material is
straightforward

more fun in 1st lecture

Scalars are real numbers complex in week11

Notation CE IR E means is an elementof

IR means all real numbers
EMME

Eg ca y y 2 0 1s

Vectors are an ordered list of finitely many
real numbers

Notation ve IR IR means lists of n numbers
or vectors of size n

size 3 size 4

Eg v Fe er v g er

coordinates entries

Note We usually write a vector as a column

column vector but that's just notation
v 7 it se means the same thing



Note I won't decorate vectors like

T or V because it's annoying

Important eg The unit coordinate vectors are

e e en E er

ei the vector with a 1 in the ith entry
and zeros elsewhere

This notation is fixed for the whole semester
It is ambiguous have to know n from context

e I eat
9 3 n 3

Sub eg ex 8 ez 8 e E elk

these are the unit coordinate vectors in D

Eg The zero rector is 0 8 ER

again have to know n from context

Two rectors are equal if they have the same

size and coordinates
Eg 8 8



Vector Algebra

Scalar Multiplication scalarxrectorus vector

CER scalar veld vector s ever

c Ii EE
Eg 24 E of 8 0

C 1 I E E

Vector Addition Subtraction

vector I vector vector

vowelR us vtwelR r wer

Compute coordinate wise

E g t
xx

Ea 1 1 11
YÉNB Only makes sense to add subtract vectors

of the same size

Eg 1 E E HII _X



Dot Product Inner Product
vector x rector us scalar

multiply components add

In gin X get Xayat ayn

V we R is v WEIR

Eg E 1 4 25 3 6 32 ER

NB Only makes sense to take the dot product
of vectors of the same size

Rules for vector algebra

clutw crew distributivity

V cw claw er w distributivity

war v w commutativity

u Iv Iw u renew distributivity

u v w fu v w

notdefined rw is a scalar



Vector Geometry
will be very important

We will usually draw a vector as an arrow

1
head

Components of a rector record displacements

along each axis

Eg n 1 er
1412

e d e 19 I 11

Scalar Multiplication AleathotorldlengthymM
changes the length of a rector
direction is unchanged for scalars 20

direction is reversed Ser scalars o

Eg
n it 2 k

n I



Vector Addition Adds displacements

Paralellogram Laws to draw new

draw the tail of v at the head of w

her vice versa the head of v is at
Tw

Eg n l
w E

rent I
ÉF

demo

Vector Subtraction wt Cu w h

Eg n l
w E

and

É

Linear Combinations combine addition scalar x

Vi gun E IR a GEIR is

civet crust terr E IR
coefficients weights of the linear comb



I vets
are t cut a E c y

exit cays
C X stays

out w

w E
Es
Y w

1 2x

w 2n 2 tow I
at w E
v w Ii

Like giving directions

To get to 1.50 0.50

first go 1.57 length of u in opposite
direction then go osx length of w
in w direction

Dot Product lengths angles

this is how to do problems involving
lengths angles



Special case dot a vector with itself
V E e IR

v2 v r I Y xixitxaxz xitx.IO
v v o e v o PythagoreanTheorem

it length of u
B Fr exit

Def The length of a rector v is

Hull For Hulk r v

k
definedto be

Eg A E Axtgf
Sanity Check CER vern

Norell E A ALEI.SI Kx.H t

Icl xRtxnI lol Hull

Eg Iv is twice as long as u

So is 2x



Def The distance from u to w is Ar ul two

it
length of u w is

distance from u to a

Def A unit vector is a vector of length 1

ie Hull I ie Hull 1

ie v fi then u is a unit rector

xie Xi I

v lies on the unit In 1 sphere
n 2 unit circle

If v40 the unit rector in the direction of r

is the rector

u H V Fll scalar vector

NB Hulk it hull 14 1

Eg v B Hull Ft 5

u hav E EE



NB all unit rectors in
AZ are on the unit
circle

tilde

What about no for now

Law of Cosines

Ey
c a b Zab cos

Vector Version

IF Nu ult Ault't loll 2llulllullcoso

a hull ballad cell v all

III Iits Nv all u u r w

ftp.utw.w 2v w

EEEHull't loll 2llulllullcoso

v w lulllullcoso or co Q Why if u
to



Def The angle from u fo w auto is

0 cos FIL
NB cos ETA e o I

In wls llull llull

Schwartz Inequality I v w e Hull Hull

Def Vectors v and we are orthogonal or

perpendicular it raw 0

This says that either
r O or w o or both or

Cos O O E 0 1900

if
É

a



Matrix Algebra

A matrix is a box holding a grid of numbers

A E 2 3
56

m 3 rows

n 2 columns

mxn 3 2 is the size of the matrix

3,2 entry member on 3rd row

component 2nd col

Diagonal entries are the lisi entries

1 2,2
3,3

Addition Scalar Multiplication are done

componentwise like for rectors

c Y Y EY EY

I 3 Hiiiii DKatya Xatyaz
93C Y 32



y

NB Only makes sense to add subtract matrices
of the same size

NB A vector is just a matrix with I column
Can net matrix

Def A row vector is a matrix with one row

a la matrix i s 3

Matrix x Vector a vector

on 1 Column first

1 E 1 a E altÉ linear combination of the columns

The components of the rector v
É are the weights of Ar linear
a combination of the columns of A

If 2 Row firsts do it this way by hand

1 11 L's



The its entry of Av is the
dot product of the ith now off
with the rector v

NB Only makes sense if columns of A
equals the size of r

A is mxn ve IR AveRm

mx Knx1 vs mxr

Eg I i

1 11 1181 1

I21 11 56
Eg I L
É MI ETHICAL

2ndcolumn



Fact Ae ith column of A

Matrix x Matrix us matrix 3 ways

1 Column first

A 4 HaitiÉ
distributes over cols of 2nd matrix

II

now ay a am was by hand

I 7 3 4
x u xx

y n y v y w

2 4 4 3 2 3

3 postpone for a page

NB AB only makes sense if
columns of A rows of B
mxr axp us m xp

I 2 3
Eg L a a L

2 3 2 2
3 2



1 Column firsts

1 132 7 111 a 471

L 3

2 Row first

ti ll

1 2 2 3 4 1 3 2 1 31 1

i 2 2 1474 t 3 2 1 64 l D

L 33
Def A column rector row vector is called

an outer product

pairs ofLiteral
mel la ME



Eg 3 Ks E E
3yd ways outer product for

AH YEE
En ads

n now

He us fife u s Here 3

Es I

1 I 3 3 2 I I 4 i

L I I I E

L



Def the nm identity matrix is

In L
I ith column is ei

This is a square matrix rows n Hols

Eg AI AI et É Af Aff A
Aei ith al of A

Eg Im A A

Eg The men zero matrix is 0 1
Def The transpose of a matrix A is thematrix

At whose columns are the rows of A

A L
mxn

A Ya xpxn
nm



Eg I I 17 1 I
I flip ever

diagonal

Eg If u we R ve In u I
Vtw x ta Yg Exist Kaya

w w

VTw V W
a 1 1 matrix is a scalar

Compare v WER

Tw inner dot product 1 1

nut outer product na

Def If A is a square matrix xn then

AZA A AEA A A AKA A A A
are the powers of A

Eg I E I TE E 7 15
70 22

NB A A only makes sense if men men Cmx
N



Eg What about A Week 2

Rules SerMatrix Algebra ASSUME SIZES
ARE COMPATIBLE

Associativity CAB C A BC

can write ABC

Eg If Car is a vector then

A Bu CAB V

Distributivity
A Btc ABTAC CATBIC ACTBC

Identity A is man

Im A A AI

AT
T A CATBST ATT BT

ABJEATBT BEAT

AtBT may not be defined A 2 3
B 3 4

AB 2 3 3 4 s 2 4

ABT 3 2 4 3 X
BAT KA X2 4 2



Commutativity fails

AB BA

BA may not make sense

as 89 Li

931
Cancellation fails

AB AC and Ato BE

A 89 B L I c

AB L AC Btc


