
 

Orthogonal Complements

We are now aiming to find the best approximate
solution of Ax b when no actual solution exists

Eg find the best fit ellipse through thesepoints
from the 1st lecture

Q How close can Ax get to b
Col A Ax XER

so this means what is the closest vector b in

Colla to b

A b b is perpendicular to Collis demo

So we want to understand what vector are

perpendicular to a subspace

Recall r is orthogonal to w if v w 0
Notation VW

NB r w lull Hall cos O Eons
So this means 0 190

NB v w Tw E E adtbetcf lab c f
NB Otv for any vs O v0



Eg Find all rectors orthogonal to r l
We need to solve v x 0

Tx 0

This is just Nail rt

I 1 I X tx Tx D

X XE 73

IF Xa

Xz X 3

et x x f x 9
demo Span E plane

Check I 0 I i o

Eg Find all rectors orthogonal to 1 ref
We need to solve ut x 0

VI X O

Equivalently EYE x II 0



So we want Nat II
REF 9

X X2

IF Xz X2

Xz 0

ME x a

a

Span I line

Check I i 0 I d 0

demo

NB If xtra and xtra then
x Cartbra a x ut bx a a Otb 0 0

so x is orthogonal to every rector in
Span rave demo again

More generally



heRn
is orthogonal

to every vector Nal IIIin Span us sun

Def Two subspaces V W of IR are orthogonal if

every vector in V is orthogonal to

every vector in W
EV wow v w 0

The orthogonal complement of V is

Vt wenn
w is orthogonal to
every vector in

NB Mete the difference in notations

Vt is the orthogonal complement of a subsp
At is the transpose of a matrix

Eg V Span l Vt Nal ti i n

Eg V Span i d rt Nall
NB If V W are orthogonal and x is in both
V and W then x x 0 x O



Translation of the red box above

Span un int Nal III
Eg 903 IR and Rn t 03

NB Vt is also a subspace of R

Every subspace is a span and the orthogonal
complement of a span is a null space which
is a subspace

NB F Span I and W Span I are

orthogonal subspaces but W is not the
orthogonal complement of V

Vt Span I E Span I
Facts Let V be a subspace of IR

1 dim V dim Vt n

2 rt t p
demos

2 says V and Ut are orthogonal

complements of each other



Orthogonality of the Four Subspaces
Recall If someone gives you a subspace
Step 0 is to write it as a column space or

a null space So we want to understand

CalLAH Nul last

Let A Hank Then

Col A t Span vis sunt Nal III Nal At

CalLAH Nal At

Taels Col A Cola Nal ATH

TEA Row A Col AT NalLA
by AT

and Row A
t NalCA

Orthogonality of the Four Subspaces
Col A t Nal AT Nal At Col A

NullA
t Row A Row Ast NalCA



This says the two new picture subspaces
Row A Nal A are orthogonal complements

the two column picture subspaces Col A Nal At
are orthogonal complements

Eg Ve x op xt2y z

xty z o What is Vt

Step Os K Null 7 V Rao i 37
Vt Span I no work needed

Eg A i 3

1 21 91 1851
Nalla San T NulAT Span T
Col A Span I RowA Span E

Row Picture Column Picture

Rowla Colla
Nullity

Mulla

Here's the picture to have in your head



The Big Picture
for an mxn matrix A of rank r

Row Picture IR Column Picture IRM

Nulla ay
dim n r WI

Collasby A Ap dimer

RowA NalAt
t Ax

dimer dim m r

NB The dimensions match up with dimUdon n

dim Nal A dimRow A m

dm Nal At dimColla n

As an application we can prove an

Important Fact that we will use many times

Nal ATA Nal A



Proof Nul LATA contains NulCA
XENA A AKO A TAXI IS XENACATA

Nal A contains Nwl ATA

XENACATA ATA O AXENUCAT
AxeCol A and Nal At

Ax Ax O AKO XENA

M If A has columns vis gun then

A II I 4 I
in viii win

This is the matrix of column dot products

Implicit Equations Revisited
Recall Nul A Its span us over
takes the implicit equation Ax o

and generates the parametric form

x am t tan Va n

Orthogonal complements let us go the other way



parametric Col A Nal ATH
Nal At Is span us on Van

Colla Span no van
t

Nul III implicit

PUF
W space

FLEE
fi

EEImimplicitly
1 St thenPUF

Like easy to check
then1 t Like can produce

if xer Ax 0 ME p air

Eg And an implicit equation for the plane
F Span i 613

rt Nall 8 E Span I
V Span I

t
Null i i o

1 xxx 07


