
 

Orthogonal Projections

Recall to find the best approximate solution of
Ax b want to find the closest rector 5
to b in Colla Ax xEIR

Q If V is a subspace of R and bee
which is the closest rector by to b in V
Closest means lb bull is minimized over

all brew

A b b is orthogonal to V b belt demo

Def Let V be a subspace of IR and belk
The orthogonal projection of b onto V is

the closest vector be in V to b It is

defined by
b b r e v

The orthogonal decomposition of b relative
to V is

b but but



Here but b bre Vt Note that
b but breve Vt t

so that but is projection onto Vt
In other words the orthogonal decomposition is

be closest vector by closest vector but
to b in V to b in V

b
projection of b projection of b
onto V onto Vt

demos

How to compute br

Step O Write V as a column space or

a null space

Ve Col A then Vt Nal At so

b br e Nal At At b b u o

If breColla then butAx for XEIR

Atb AX O ATAR Atb
Solve this equation for I us but At



Eg Let b b and Kcal
Find but the orthogonal projection of b to V

We set up the equations ATAI Atb

Ata Li 181 133
Atb L 8 L

In augmented matrix form ATAR Atb is

1 it Eli

so x E br Ax I 8 E g
demoCheck but I b br

A'but 8

but e Nal At Col A
t

Distance from V 1lb bulk Ilbut1 11 E At
Orthogonal Decomposition k



Procedure To compute the orthogonal projection
br of b onto Vtol A
1 Solve the equation ATAX Atb
2 Then but Ax for any solution I

Then but b by and the orthogonal
decomposition of b relative to V is

b but but

The distance from b to V is Abull

Eg Let b and F Coll I I
Find the orthogonal decomposition of b relative
to V
Los Ata 11 1 111 1

Atb I 11 E
Solve ATAX Atb

1 I 7 1



It 1 t
2 be As for any solution Let's use

the particular solution

b L I 1

NB brb what does that mean
b was already in V More on this later

Def The normal equation of Ax b is

ATAX Atb

Fact ATA Atb is always consistent

otherwise the Procedure wouldn't work

Why I claim Col AT Col ATA

From before Nal A Nal ATA
Take 1 It Nul A t Nwl ATA

Nal A
t Row A Col AT

Nal AAH RowLATA GILLATAIT
GRATA



Since Atbe CollAT ColCATA the equation

AtAx Atb is consistent

NB If I and I both solve

ATAR AI A'AT
then O ATAI AAJ ATARg

I je Nal ATA Nal A Ale y O
WAX Aj So any soln of Atx Atxworks

Now we know how to project onto a column space
What if F Nal A

Then V Nal A
t Row A Col AI

So first compute Xu projection onto a cool space

then Xr exit

Procedure To compute the orthogonal projection
Xv of x onto k Naa
1 Compute put projection onto Vt ColLAT
using the normal equation

AATFAX US Xu ATI
2 Xr X X ut



Eg Project x 8 onto f Null it
We need to solve AATE Ax

AAE 1

Axl l

1691

So x 9 xu AE 9

I I
Projection onto a Line
Suppose F Span u

Then Ve Colla where A v lone column

ATA Tv v.v is a scalar

Atx vTx v X

so the normal equation becomes

ATAXATX as luv I v x



Then I IF us xp AI EY v

Here's the formula

Projection onto the Line Spank
Xu YE v

Eg Project x o onto V Span

YEH I IN Ing
demo V

Properties of Projections recall x xu txt

I Xr X E Xu O
e V

Think the closest vector to x in V B x

x is already in V
2 Xr O E x Xu

x EV


