
 

the Methodof Least Squares

Setup you have a matrix equation Ax b which
is generally inconsistent What is the
best approximate solution

What do we mean by best approximate solution

Def is a least squares solution of Ax b
if 1lb Axl is minimized over all vector X

This means Ax is as close as possible to b

NB Col A Ax E R so Ax is just the
closest vector to b in V Col A

This is the orthogonal projection

Anbu for Kcal A

How do we compute br and I
If I is any soln of ATAX Atb then
Ax by

So X is a least squares solution



Procedure Least Squares
To find the least squares solutions of Ax b
1 Solve the normal equation ATAX Atb

4 Any solution I is a least squares soln
and bu Ax for V Col A

NB The error is the distance from AI to b

error 1lb AH lb but Abull
Recall that 1lb Axl Abull is minimized
if but E then astbate or equivalent

a t b'd is the minimized quantity

This is why it's called a least squares solution

we're minimizing the sum of the squares of
the entries of b Ax

Eg Find the least squares solution of Ax b

for A b f



I ATA I Atb E

8 it 18913
z x 7

the least
br Ay Esquares soln

The error is I V61 A

Bull lb bull 111 IHNEN
ALPHA V6

demo where is I

Eg Find the least squares solutions of Avb
for A I I and b

I ATA Atb E
I E 1

2 4 1 3 x



In this case there are infinitely many
least squares solutions

but Ax for any X Take 5 1 3

bit I

but b b r o

So the error is zero the equation

Ax b was consistent after all

Compare 0612 pp 4 5

Observation 1
Ax b has a unique least squares solar

A has full column rank

This is exactly when ATAFAtb has
a unique solution ATA is invertible

Otherwise there are infinitely many least

squares sole This means Ub Axl B



minimized for any such X

but Ax for any solution X

there can't be zero least squares solutions
ATAX Atb is always consistent

Observation 2 If Ax b is consistent then

least squares ordinary
solutions solutions

Indeed a least squares soln is just a
soln of Ax br Kcal A and

b bra bed A Avb is

consistent

Least squares is often useful for fitting data
to a model

Eg linear regression
Fmd the best fit Ime g xD

thru the data points 0,61 110 12,0



If 10,6 lies on yeCxtD
then substituting x 0 y 6 9 3 5

would give G C Ot D So
we want to solve
1961 G C O D

in the
11,0 O C l D unknown

CID

12,0 O C Z XD

ie Ax b for A 1 5 by
NB the data points are not collinear us

no exact solution maybe measurement error

We found a least squares solution before

I us best fit line y 3 5

demo
Important Question

What quantity did we minimize

We minimized Il b Axl
b 8 y values of data pts

Ax E IEEE
y values of

y 3 5
at x values 0,112



So bub Ax I
vertical distances thy 3 5

from y 3 5 to

the data points Hq

We minimized the sum of the squares of the
vertical distances the error

Eg best fit parabola
Findthe best fit parabola ye Bet Gtd
thru the data points Floyd 11 1 3 1 2 13,2
Substitute the data points for
x yes want to solve
1 5K E Bl DH CC 1 D
i 1 I B D't c DTD
H2 E B z t CK TD
3,2 2 B 3 t CGI D

Ax b for A x f by4 2 I

Let's findthe least squares solution



15 5ATA 9 I Atb

Gf
35 15 3112

379440
is 7 Is
5 34,9 us y 58

2 Efx It
demo

Question What did we minimize always A b Axl

b II y values of data pts

5388 17 37 1 1 4444

Axe I 5314 153
88117 3 D Ya
5388 2 4 37,4 2

4444

5388 324 372 13
4444

y values of

y 38
2 Efx If at x values I

S but b Axe vertical distances from the graph
to the data points like before



This same method works to find a best fit function
of the form y Aft Bg Cht where fg.ly
are really any functions Just plug the x values
of your data points into f g has linear equations
for A B G

Eg best fit trigonometric function
see 86.5 in ILA for an example

This real life example of Gauss was in the first
lecture

Eg An asteroid has been observed at coordinates
0,2 2,1 1 1 1 2 L 3,17 C l 1

Question What is the
most likely orbit
Will the asteroid
crash into the Earth

Fact The orbit is an

ellipse
Equation for an ellipse

X Byz Cxy Dx Ey F 0



For our points to lie on the ellipse substitute
the coordinates into G g us these should hold

x y

dis Ot 4 Bt o tot ZE F O

131 4 t B 2C 2D Et F O

1 1 I B C D E TF O

1 1 2 I 4B 2C D ZE F O

13,1 9 B 3C D ZE F O

1 1,1 I B C D TE TF D

t constants

Move the constants to the RHS us this is Avb

foray 14 EM
1147

Least squares solution demo

9

x EEy 3xy 353 x Ey 45 0

What quantity did we minimize 1lb AH o Ar bl
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µ gym gym g
This was what you get by substituting the
x and g values of the data points into the

LHS of

x IF y Ezxy 353 x Ey 953 0

It's the distance from zero demo

Upshot You're minimizing 1lb Axl it's up to
you to interpret that quantity


