
 

Geometry of Diagonalizable Matrices

Last time an axn matrix A is diagonalizable if
it has an eigenbasis us own

Matrix fam A CDC where

d d D o

In this case every vector can be written as a linear
combination of eigenvectors so the action of A an M
is reduced to scalar multiplication

A x w t t Xnwn D X W t t Danon

What does this mean geometrically

Expanding in an eigenbasis and scalar
multiplication can both be formulated geometrically

NB Visualizing a matrix means understanding
how x relates to Axs think of A as a

function
x us Ax

input output
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Expand in the eigenbasis
at i Ithink in terms of Lcs of wows
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This is the vector for In matrix form

A CDC C l T D



Then Ar CDC't
first multiply v by C
then multiply by the diagonal matrix D
then multiply by C again
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More examples we didn't do in class
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Expand in the eigenbasis
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Eg A 1 7 I Egg has eigenbasis

wit wet of
and eigenvalues

X 112 72 2 73 3 2

Expand in the eigenbasis
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Diagonalization with Complex Eigenvalues

Dragonalization still works great even if the eigenvalues
are not real

Still can solve difference equations ODE

Stillget real number answers

Fact The complex eigenvalues eigenvectors of a real
matrix come in complex conjugate pairs

A v Ar e At IT

here É r EI

Eg Solve the difference equation

Ya Ar A I v 3 You faint
1 Diagonalize

p la X 13 3 D 310972

D 11 3 is 5 31 3 is
Find eigenvectors using the 2 2 trick two
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eigenvector forFa eigenvector for I



Check Aw 5 tx Fx
Wait is this equal to Dw

Xo x1 I Ix
Yes 5 3 37 because
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So as53 is an eigenbasis

different eigenvalues LI

2 Expand the initial state in our eigenbasis

We need to solve 3 Va x w exit
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back substitution

So Vo wi t wz

Solution Aku X wt I o

So far it's exactly the same as for real eigenvalues
but we wanted a solution involving only real s



Thankfully Hw and Ike are complex conjugates
so

Aku X wt I't 2Re Xu

RelyCx are Iii
Recall Multiplication of complex numbers is much easier

in polar form
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Euler's Formula
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The answer involves only real numbers and cosines

weird but we needed complex numbers to get it



Difference Equations with Complex Eigenvalues
To solve via Ave
1 2 Diagonalize A and expand ve in an

eigenbasis as before Complex numbers are Ok
Remember Av Xv AT IT

3 Group complex conjugate tens

Xx w Ikea L Re Xx w

4 Write X in polar form

X ret Ak rkeiko r cos kot ish ka

Multiply this by x and the coordinates of w

and take the real part
us get an answer with sines cosines

but no i's



Algebraic Geometric Multiplicity
Last we will discuss a criterion for dragonalizability
We like diagonalizablematrices because we can solve
difference equations

Recall If I is a rootof a polynomial pled its
multiplicity m is the largest power of xx
dividing p

p a
e x x

m
other factors

Def Let A be an non matrix with eigenvalue X

i The algebraic multiplicity AM of a r its
multiplicity as a root of the characteristic
polynomial pla

a The geometricmultiplicity GM of X is the
dimension of the X eigenspace
GM x din NalCA DIN

freevariables in A T In
linearly independent D eigenvectors

Eg A É É p a x 2 x is

So the eigenvalues are 1 2



7 1 AN I
AM GM

NullA 15 Span I
this is a line GM 1

7 2 AM L

NullA 21s Span I
This is a line an 1

AM AM

This matrix is not diagonalizable
only two linearly independent eigenvectors

demo

Eg B 76 p a x 2 x 1st

So the eigenvalues are 1 2

7 1 AM I
AM GM

NullB 15 Span I
this is a line GM 1

7 2 AM 2

NullB 21s Span I
This is a plane GM 2

AM AM



This matrix is diagonalizable an eigenbasis is

E Edema

Both matrices have only 2 eigenvalues

The difference is that B had AN GM 2 LI
2 eigenvectors and A had one

Thm AM GM For any eigenvalue T of A
algebraic multiplicity of A

geometric multiplicity of X z 1

NB GM I just says every eigenvalue has an

eigenvector the eigenspace can't be 03 so

its dimension B 21

NB This is one of the few facts I can't prove for
you in the notes



Upshot if p a x 2 A 1st then
the 1 eigenspace is necessarily a line

AM 12 GM Z I
the 2 eigenspace is a line on a plane

AM 22 GM I

the matrix re diagonalizable GM 2 3

then you have 1 2 3 LI eigenvectors

ThmCAN GM Criterion for Dragonalizability
Let A be an n xn matrix

A is diagonalizable over the complex numbers

AMA e GMA for every eigenvalue a

A ie diagonalizable over the real numbers

AMA e GMA for every eigenvalue X
and A has no complex eigenvalues

Eg B Iq is not diagonalizable because

AM 2 L I GM 2



Corollary If A has n different eigenvalues then

A is diagonalizable

Proof If A has n different eigenvalues then

NAMAH TAMAN AMGi 1
FAMINE GMAT I AM Ai GMGi

Eg A 2 2 real matrix with a complex eigenvalue
D is diagonalizable lover Q it has 2
eigenvalues x and I

Proof of the Theorem

First note that

peakG x im x Dmr
factors into linear factors love Q where

mi AMAi Hence

AM a t AM a n
sumof the
AM's is n

If A is diagonalizable then it has n LI eigenvectors
su n GM lade GM xn

111

AM Xist AMIan n



This forces AM Ai GMA Conversely if
each AMA GMA then

n GM He GMAnt
so when you combine eigenspace bases you get
n LI eigenvectors


