
 

Systems of ODES

Tay Example Here is an extremely simplistic model

of disease spread
Alt healthy people at time t in years

Il H infected people at time t

DIG dead people at time t

Assumptions

i Healthy people are infected at a rate of
03 x healthy people

2 Infected people recover at a rate of
0.9 x infected people

3 Infected people die at a rate of
oil x infected people

In equations
recovered

i 44 18.34 0.9 I
infected recovered dead

2 If OBH O 9 I O II
dead

13 d4 O I I



Matrix Form let ult Alt Itt Dlt

0.3 0.9 0.1dat att Jules

Def A system of linear ordinary differential equations lodes
is a system of equations in unknown functions
alt an t equating the derivatives ai with a
linear combination of the Ui

Ui f anu t t tainan t

an t anchiltle tann Un It
Matrix form writing alt ult unto and
wilt wilt g un tt a system of linear ODES
has the form

Nlt Ault
for an non matrix A

with numbers in it not functions of t

If you also specify the initial value u lo no

this is called an initial value problem some
rector



How to solve a system of linear ODES
Diagonalize A

Eg Suppose no is an eigenvector of A Au Xue
Then the solution of the initial value problem

at Au u lo no is ult ext u

att getitititia
Ault Attu e Au Delta

scalar woke tu he

In general we expand no man eigenbasis as for
difference equations

U X wit t Xen Awi Tiwi
us a f a edits wit text yawn

is the solution of W'Au u lo u

Checks
u f X edits wit then tx wa
Ault exit Au t tenth Aun

Hetty wit t the tawnyu o eotx wit teotxnwn no



Eg In our infectious disease model suppose

no z 10091,0 1000 healthy people
I infected O dead

Eigenvalues of A 88 I are

X I 0235

72 I 1.28
73 0

Eigenvectors are

with w F.EE w 1
Solve Uo Xist XzWat X 63

a f I 18.70 We 1019.700241001cg

Solution is

u f é
0235 t

18.70W e
t.tt
1019.70wat lool u

17 f 220 e 02356 780 e 1.28
t

I f 238 e 0235 239 e
1.28 t

D t 18.7 e 0235 1019.7 e
1.28 t 1001

Looks like the human race is doomed



Procedure for solving a linear system of ODES
using diagonalization

To solve u Au u o n when A is
diagonalizable

1 Diagonalize A got an eigenbasis us sun

with eigenvalues Xosa Xn
2 Expand u in the eigenbasis

solve hat X w t i t Xnwn

Solution
w f a edits wit te yawn

Compare to

Procedure for solving a Difference Equation
using diagonalization

To solve Va Ave no fixed when A B
diagonalizable

1 Diagonalize A got an eigenbasis us gun

with eigenvalues Xosa Xn
2 Expand Vo in the eigenbasis

solve to X w t i t Xnwn

Solution

Va Six wit thkxnwn



This works fine with complex eigenvalues As with
difference equations you can write the solution with
real numbers using trig functions

Eg wilt uz wilt 4m
4,10 2 Az o O

a Aa for A 14 uco

Eigenvalues are D Zi 5 25

Eigenvectors are we 2 wtf's
Solve 8 X we X at us xixel

Solution is p
excl

ult e'tweet to 2Relettw

2Re Leith 2Re Coste sin 4 Ii
cos a tism Zt

12ns
2t

2Re sin12th2icos at 4m Rt

Check Ui cos at 4m at us

us 45in 24 8cos 24

44g4 o 3 Uz o 0



This method can also be used to solve linear

ODES containing tiger order derivatives

Eg Hooke's Law says the force applied by a

spring is proportional to the
amount it is stretched on Illallelle
compressed

equilibrium

Flt k plt k o

Fema a acceleration p replace k by Ifm

p Itt Kp t

Trick Let up as p Then
u the Us Kui

This is the system

att k o
ult

We solved this before for 1 4 u lo eco

p
t 26 at oscillation

pit Ksm Zt



The Matrix Exponential

There are 2 features missing from the ODEs picture
that we had for difference equations

1 Matrix Son Via D c r

2 Existence of solutions
it's obvious that Vita no has a solution

it was not obvious how to compute it
Both can be filled in using the matrix exponential

Recall UsingTaylorexpansions you can write

ex It x X t Xx convergent sum

Def Let A be an nm matrix The matrix
exponential is the nun matrix

et Int Atf At f A'to convergent sum

Eg A us to so

eat I At tot d f



Eg A E us A 8 Fi so

eat 9 t o
it

e Midget
L

Why do we care about eat

Fact Fett Aett
Consequence ult eat no solves the linear ODE

Nlt Ault u lo n

In particular a solution exists

The equations
ult etta and Va A v

are analogous they both show a solution exists
but give you no way to compute it

Eg If A CDC is diagonalizable then

eat Cept c É g C

This is computable



The equations

eat Certo and Ak CDKC

are also analogous they are computable

In fact if you expand out

ult Centeno
you exactly get the rector form

a f a edits wit text yawn
where xenon no

Difference Equation Dictionary Initial Value Problem

ViceAva to fixed Problem ult Ault uld fixed

Aku Uncomputable ult ettuloSolution

Vittiwit a Ikaw Computable ult ettx.at texatxnwa
forVo Xiu t Xnwn Solution for uld Xiu t Xnwn

when diagonalizable

Matrix
A C1 C pom eat Cette


