
 

Invertibility Revisited

Recall

A has full column rank if it has a pivot in
every column ren

A has full row rank if it has a pivot in
every row ram

If A has full column rank and full row rank then
part m

A is square and has n pivots invertible

Mm For an non matrix A TFA E
1 A B invertible
2 A has full column rank
3 A has full row rank
4 RREFCA In
5 There is a matrix B with AB In
6 There is a matrix B with BA In
7 Ax b has exactly one solution for every b
8 At is invertible namely b A x

row rank colrank



Ig If A is invertible then its columns

span IR full row rank
are LI full cot rank

basis for IR

Conversely any basis for IR are the columns
of an invertible matrix

spans full row rank
a LI full Col rank

Basis of IR I cols of an invertible
nxn matrix

So IR has many basest not just es yes

NB for an n xn matrix
full cot ranked invertible full row rank
In terms of columns n rectors m IR

spans Rn I linearly independent

this is a special case of the basis theorem

Basis Theorem Let V be a subspace of din d
1 If d vectors span V then they're a basis

2 If d vectors in V are LI then they're a basis



So if you have the correct number of vectors

you only need to check one of spans LI

Ig Two noncollinear vectors in a plane
for a basis

Two vectors that span a plane form a basis

Geometry of Dot Products

Recall v In w In is now ay t txnga vTw

Dot products measure length angles
geometric questions about length angles
become algebraic questions about dot products

Recall If r xoxo xn elR then

v r X it Xt xp ZO

Def The length of v B

Hull a m ie Hull v.v

This makes sense by the
Pythagorean theorem r 5 w5ÉÉ

4
T



Sanity Check CER vern

Nordell E H JLEI.SI Kx.H t

Icl xRtxnI lol Hull

Eg Iv is twice as long as u

So is 2x

Def The distance from u to w is Ar ul two

it
length of u w is

distance from u to a

Def A unit vector is a vector of length 1

ie Hull I ie Hull ru 1

If v É then u is a unit rector

xie Xi I

v lies on the unit In 1 sphere
n 2 unit circle

unitvectors
in tie unitvectors

n R



If v40 the unit rector in the direction of r

is the rector

u y y Fll scalar vector

NB Hulk it hull Yy 1

Eg v B Hull Ft 5

u hav 5 E EE

NB all unit rectors in
R2 are on the unit
circle

Yide

What about no for new

Law of Cosines

Eyc at b Zab cos

Vector Version

ifHu ult Ault't loll 21611lullcos 0

Catlull ballad cellv all



Algebra

Ihde Uts Iu all v o r w

ftp.vtw.w 2v w

I v11 t Hull 2n w

right
handed RAS Hull't 6112 21lulllullcoso

cancelus

v w lulllullcos or co Q Hyun if unto

Def The angle from u fo w auto is

0 cos FIL
NB cosOYLY e o I

In wls llull llull

Schwartz Inequality I v w e Hull Hull

Def Vectors v and we are orthogonal or

perpendicular written uto it rn 0



This says that either
r O or w o or both or I

a
Cos O O E 0 1900

NB The zoo rector B orthogonal to every vectors
O r O for all v

Orthogonality

We are now aiming to find the best approximate
solution of Ax b when no actual solution exists

Eg find the best fit ellipse through thesepoints
from the 1st lecture

Q How close can Ax get to b
Col A Ax XER

so this means what is the closest vector b in

Colla to b

A b b is perpendicular to Collis
demo

So we want to understand what vector are

perpendicular to a subspace



Eg Find all rectors orthogonal to r l
We need to solve v x 0

Tx 0

This is just Nail rt

I 1 I X tx Tx D

X XE 73

IF Xa

Xz X 3

et x x f x 9
demo Span f E plane

Check I 0 I i o

Eg Find all rectors orthogonal to 1 ref
We need to solve ut x 0 x.txatx.to

VIX 0 X tx D

Equivalently EYE x II 0



So we want Nat II null o

REF 9
X X2

IF Xz X2

Xz 0

ME x a

a

Span I line

Check I i 0 I d 0

demo

NB If xtra and xtra then
x Lar t bra a x ut bx a a Otb 0 0

so x is orthogonal to every rector in
Span u u

demo again



More generally

heRn
is orthogonal

to every vector Nal IIIin Span us sun


