
 

Solving Systems of Equations using Elimination

Here's a system of 3 equations in 3 variables

Xi 2 2 3 3
6

2x 3 2 2 3 14

3 x t X2 X 2

How to solve it
Substitution solve 1st equation for x substitute

into 2nd 3rd continue
Elimination combine the equations to eliminate
variables

Elimination turns out to scalemuch better to more

equations variables so we'll focus on that
replacethe2ndequation
with the 24 minus 2xthe 1st

Eg Xi t 2 2 3 3
6

Rap X t 2 2 3 3
6

2x 3 2 2 3 14 7 2 4 3 2

3 x t X2 X 2 3 x t x2 X 2

EIR Kt 2 2 3 3
6

7 2 4 3 2
5 2 10 3 20

Now we have eliminated x from the 2nd 3rdeq s



These now form 2 equations in 2 variables simple

Xi 2 2 3 3
6 Rz ER Xi 2 2 3 3

6

7 2 4 3 2 7 2 4 3 2

5 2 10 3 20 57 3 17
We eliminated X from the last equation notwisdated

it's one equation in one variable Easy
We can now solve via back substitution

Ex X 3

Substitute into 2nd equation

7 2 4 3 2 4 7 2 4 3 2

isolated

Now solve for Xz

7 2 12 2 3 7 2 14 3 2 2

Substitute both into 1 equation

Xi 2 2 3 3
6 4 1 2 1 25 3 3 6

isolated
Now solve for X

x 4 9 6 x 1

Check's I 42,4393
3 I 2 3 2

NB In this case there was onesolution since we could



isolate each variable all values were determined

Does this always work

Eg 4 2 3 3 22 X is already eliminated

x TX X 3 from Ri Fix Swap
2x 3 2 6 3 3 the 1st 2 ears

X TX X 3

Let 4 2 3 3 2

2x 3 2 6 3 3

Now eliminate as yep
X tx x 3

4 2 3 3 2
before

5 2 4 3 9

BEER XI X2 x 3

4 2 3 3 2

I X 13

Solve using back substitution

isolated Y 12 7 26 NB again
there is

Substitute into 2nd equation 4 one solution

isolated 4 31261 2 3 X 19 each variable

was isolated in

Substitute both into 1 equation me equation
solated X 19 26 3 I 48



Check 4 2 3 3 2 41 19 31261 2

x tx x 3 0748 19 26 3
2x 3 2 6 3 3 21481 31 19 61267

2
Eg x t 2 2 3 3 1 R R X t 2 2 3 3 1

4 1 15 2 6 3 0 s 3 2 6 3 4

7 8 2 9 3 1 B FR 6 2 12 3 8

can't isolate Ezra
X 2 2 3 3 1

3 2 6 3 4Xs
0 0

Are we done Yes choose
any value for x then

back substitute to find xy xs

3 2 4 6 3 2 43 2x

x I 2 2 3 3 1 8 4 53 3

x 513 x

Eg x I Xp 43 Xz 43

Check 43 413 3 1
8 3 193 6 0

14 3 1613 9 1

In this case there are infinitely many solutions
We'll deal with this in Week3



Eg x 2 2 3 3 1

4 1 15 2 6 3 0 IFR Xi 2 2 3 3 1

6 2 12 3 7
tweak
previous
example 1352Ra

Xi 2 2 3 3 1
3 2 6 3 2

0 1

If our original equations were true then 0 1

Thus our system has no solutions

last 2 cans are parallel planes

Row Operations are the allowed manipulations we

can perform on our equations

I Xi 2 2 3 3
6 Rs P Xi 2 2 3 3

6

7 2 4 3 2
2x 3 2 2 3 14 MY

3x t X2 X 2
3x t X2 x 2

row replacement
replace Ra by R2 2k

2 x 2 2 3 3
6

2 1 3 2 2 3 14 IF 2 1 3 2 2 3 14
Xi 2 2 3 3

6

3x t X2 X 2 3x t x2 X 2

now swap
change order



3 x 2 2 3 3
6

R x 2 2x 4 2 6 3 12
2x 3 2 2 3 14 2x 3 2 2 3 14

3x t X2 X 2 3x t x2 X 2
scalar multiplication
by nonzero scalar

Obviously if xoxoxo is a solution before doing a

row operation then it is true after Eg row

replacement

2x 3 2 2 3414 14
KSR 442 2 3 3 6 6

x 12 2 3 3 6 6
7 2 4 342 2

Fact All these operations are reversible if you
have a solution xoxo x after doing a row

operation then it's also a solution before

systems are
s

É Ins of
equations

R SAME
SOLUTIONS J

This was the whole point we wanted to solve
our original system of equations

Questions Howdo you undo reverse

R Ra R R
Ri x 2 R 5 2 R Ra RAR



The variables xoxo are just placeholders only their
coefficients matter let's extract them into a matrix

Three Ways to Write System of Linear Equation
1 As a system of equations

Xi 2 2 3 3
6

2x 3 2 2 3 14

2 As a matrix equation Ax b

f
I 2 3

2 3 231 E

If you expand out the product you get

Xi 2 2 3 3 6

2x 3 2 2 1114
which is what we had before

The coefficient matrix A comes from the

coefficients of the variables

2 3 2
a 4 2 2 3

1
I 2 3

2x 3 2 2 3



The rector x 1 contains the
unknowns or variables

NB A is an mxn matrix where
m equations be IRme size m

n variables x e Ine sie n

3 As an augmented matrix
This is a notational convenience just squash
A b together and separate with a line

I
I 2 3

2 3 2 4 a
14 2 2 3 3

6

2x 3 2 2 3 14
11

A I b

Augmented matrices are good for row operations
which only affect the coefficients not the variables

X 2 2 3 3
6 REAR X 2 2 3 3

6

2x 3 2 2 3 14 7 2 4 3 2
111

13 3 E E 1ER I
2 3 160 7 4 2



Eg Let's solve the system from before using
augmented matrices

Xi 2 2 3 3
6

2x 3 2 2 3 14 2 E
3 x t X2 X 2

I em
as a

o pile
ie I I a0 5 10 20

0 7 4 2REEF II
Xi 2 2 3 3

6

us 7 2 4 3 2

Ex
Now use back substitution like before



What does it mean to be done
in terms of augmented matrices

Def A matrix is in row echelonform REF if
1 The first nonzero entry of each now is to
the right of the new above it

2 All zero rows are at the bottom

nonzero

o tht
anything

o o att
O O O o

I s i 4
0 7 4 2REF o o 3 12

s

Not REF I
l 4

o o o oo o

Important When checking if an augmented matrix

is in REF ignore the augmentation line

2

I
t REE

I 2 I 4

0 3 12 0 0 3 12
delete



Think REF means there's nothing left to eliminate
Each variable is eliminated in later equations or

can't be isolated

Upshot The elimination procedure terminates when

your augmented matrix is in REF

Solving a Patting an

LnearsystemIaugmente.d matrix
into REF usingwww.yyggP

Def The pivot positions pivots of a matrix
are the positions of the 1st nonzero entries of
each row after you put it into REF

I s 1 4
o 7 4 20 0 3 12

a 3 6 41
pivots



Remarkably this is well defined

Def The rank of a matrix is the number

of pivots it has on REF

0 7 4 21 L
rank 3

4 5 6 0 3 6 41 I
rank 2



Number of Solutions in terms of pivots

The most basic question you can ask about
a system of equations is how many solutions
does it have This is entirely determined by
the pivot positions pint columns columns with a pivot

4 The systempivot columns

im

had one solution It has a pilot in
every column except the augmented column
This means every variable will be isolated when
doing back substitution

o The system

1 I 9 G s

had no solutions It has a pilot in the
augmented column which leads to the equation
0 1



a The system

18 3 I I p 4
O O o O

had infinitely many solutions It has no pivot
in the augmented column and no pinton the
column for the variable Xs You can't
isolate Xs So you can choose any value

NB You have to put the system on REF to find
its pints so you have to do work to know how
many solutions there all

Def A system is consistent if it has at least 1
solution so 1 or as It is inconsistent otherwise


