
 

Quadratic Optimizations Variant

Last time we discussed finding the extremal minimax
values of a quadratic form

q x E aijXiXj
subject to the constraint fllxtt x.to txt

Procedure q x x'Sx for S symmetric

orthogonally diagonalize S ODOT D 8 g
change variables x Qy

glx digit tags
tidied

Answer
maximum hi achieved at any unit X eigenvector
maximum D achieved at any unit In eigenvecto

Here's an almost equivalent variant of this
problem that you can draw

Quadratic Optimization Problem Variant
Given a quadratic form q x find the minimum

maximum values of 11 11 subject to glx 1

So we switched the function we're extremizing
11 112 and the constraint ahh



How to draw this problem

q x l this is a level set of the functiongCx

Extremism Axl just means finding the shortest longest

vectors on this level set

Bad Eg g ly x2 Xi Xi l defines a hyperbola

Shortest vectors are i

qua1,0 and C lol
So the minimum value of Axl
B 114 d l

Here no maximum pp
subject to glx 1 there are

arbitrarily long vectors on the
Y

Laser
hyperbola

Good Eg An equation of the form matey late
Xxi taxi I AM O

ftp.uol to
defines an ellipse

mayor

This is a circle horizontally stretched ate
by Ya vertically stretched by YA



If X he then I s t The vectors

It e f O and Exes lo Ie
both lie on the ellipse Xxi taxi 1

are the shortestTie rectors on the ellipse

1Exel E f minimum length 1
I are the longest
Tees vectors on the ellipse

I Felt maximum length

In general glx Dixit taxi all Xi o

defines an ellipsoid egg extremizing Axl

subject to glut 1 means finding the shortest
longest vectors

are the shortestTie rectors on the ellipsoid

I Ex e E I minimum length

I are the longest
ten vectors on the ellipsoid

1Fent E In maximum length



What if alx is not diagonal

Westill need the condition All Xi 0 otherwise a

min or max may not exist

Def A quadratic form is positive definite if

q x 0 for all x O

NB If glx xtSx then

g is positive definite S is positive definite

This is the positive energy criterion

Suppose that gal xtSx is positive definite

Let X 12 0 bethe eigenvalues of S and
Ui Uz orthonormal eigenvectors

Change variables X Qy Q 4K

digitday I q x 1

ly ya plane o
z

xoxo plane
multiply

byQD.EECEu0 III t
Eide



Upshot If g is positive definite then

q lx I defines a rotated ellipse

The minor axis is in the u direction

The shortest vectors are It U
The major axis is in the uz direction

The longest vectors are I fear
Orthogonally diagonalizing S QDQt found the major

minor axes radii

Ig glx a Exit EXE XXL TSX

S ICI I QDQT Q EG DIE
x Qy g 3yFt2yz
3yet 2,5 1 91 5 1

multiply
Lo uefa
iEgg too Eru usted

Eide

ly ya plane x Xz plane



shortest rectors Ifa I Y length 43
longest vectors Isu It length 1 2 23
subject to glx l

The orthogonal dragonalization procedure took the
ellipse

glx x2 Exit Ex Xia

and found its major minor axes radii the
change of variables

Qy Et us Xittatas
Xz fly tye

made gut into the standard non notated ellipse

35 25 1

Relationship to the original 00 problem

How is this almost equivalent to extremizing qb subject to
164 1

Recall alex c g x



Fact If q is positive definite then

u maximizes glu x u minimizes
subject to lull t E MI subject to
with maximum glx l with minimum
value A value Ya

and

u minimizes glu x nu maximizes
subject to lull t E MI subject to
with minimum glx l with maximum
value In value Yan

why if glu X 0 and x f u then
Hull l 1 112 4

q x q Eu glu f 1 1

If X is maximized then Axl is minimized

and vice versa

So the Q0 variant gives us a picture of the
original 00 problem at least when g is positive
definite we're just finding axes radii of ellipsoids



Additional Constraints

These come up naturally in practice see the spectral
graph theory problem on the Hw and in the Pet
second largest value
Suppose q x is maximized subject to 11 11 1 at u
What B the maximum value of qlx subject to

11 11 1 and x tu

This rules out the maximum values get second
largest value

How to solve this
Write gG xtSx
Orthogonally diagonalize St QDQT
Suppose u is the first column of Q 1st X eigenvee

Set x Qy
u g hey t thuya data zh

Answer The maximum value of q lx subject to
11 11 1 x tu is Da It is achieved at

any unit Is eigenvector us that B tui



NB If X X then Uatu automatically

Why

If g digit tiny is diagonal then

up 9 149 so xta means y 0
us extremizing days they t Ingi
Otherwise change variables x Qy
Q is orthogonal so

g g o e Otay Qe x a

Holl 4 I 1 1194 11 11

relate constraints on x g

Eg Find the largest and second largest values of

967 2 7 2 5 5 5 24 2 8 14348 2 3

subject to xitxitx

q xtsx for 5 4 54

SzQDQt for

0 1 0 1



Largest value is 961 9 at It I tu

Second largest value
The maximum value of qb subject to
All 1 xtu is

q x 3 achieved at Ifl

This also works for minimizing

Second smallestvalue
Suppose q lx is minimized subject to 11 11 1 at un
What is the minimum value of qb subject to

11 11 1 and x fun

Answer The minimum value of q lx subject to
11 11 1 stun is Don It is achieved at

any unit Xneigenvector Un e that B I un
9

automatic it In Xa



You can keep going

Third largest value
Suppose q lx is maximized subject to 11 11 1 at u
and q x is maximized subject to 11 11 1 and xtu
at us

What B the maximum value of qb subject to
11 11 1 and x1 u and xt us

NB This rules out the largest second largest values

Answer The maximum value of q lx subject to
11 11 1 x tu Ixtuz B 43 It is achieved at
any unit A eigenvector u that is tu and an

automatic it a xD

This also works for the variant problem except you
have to take reciprocals

Et cetera



Quadratic Optimization for SATA
This is what we'll use for PCA

Let Se ATA and g x xtSx Then

qG IS X XTCATA x GTADLAD

Ax TIAN LAICAI DAXI

ah HAIR is a quadratic form with S ATA

In this case extremizing gas subject to 11 11 1
means extrennizing AAxl subject to 11 114

Procedure to extremize 1Axl subject to 11 11 1
Orthogonally diagonalize SATA

us orthonormal eigenbasis us sun
eigenvalues Xia z azo It Indefinite

The largest value is Xi achieved at any
unit I eigenvector u
The smallestvalue is In achieved at any
unit In eigenvector un
The second largest value is da achieved at any
unit de eigenvector us tu a etc



NB these are eigenvectors eigenvalues of SATA
not of A which need not be square
Def the matrix nom of a matrix A is

IAll the maximum value of Axl subject to
11 11 1

So HAKE IF largest eigenvalue of ATA

Eg Compute Hall for A

ATA 23 pA 5 6 5 1 571 1

Eigenvectors Ex I
Unit eigenvector u E 3 3 If

has length I REWRITE f


