
 

The Singular Value Decomposition

This is the capstone of the class
It's a fundamental application of linear algebra to

Statistics PCA Engineering
Data Science etc

Today we'll discuss the outer product form and the
mechanics plumbing of the SVD

Introduction to the SM backto
rectangular

Thm SU outer product matrices

Let A be an men matrix of rank r Then

A quint taunt t torununt
where

6,262 z or O

us ur is an orthonormal set in IR

us our is an
orthonormal set in IR

What does this mean

tmnsoftaedatapentsnd
Here's an informal description ofwhat Sid says



r 1 let her ver be nonzero vectors

are In vn Yu vn u

vector wetghts multiple'sofu

this is an mxn matrix of rank 1 Collurt Span a

YLet's plot the columns datapoints

3 1 1 2 13 2

Upshot A rank 1 matrix encodes data points columns

that lie on a line dm CollA 1 The SVD
tells you which line which multiples

vectors

r 2 A uiv.hu vat nim vink v4 value
Tweights

ftp.T Eutinu
1

The columns are linear combinations of a na

Let's plot the columns datapoints

u u weightsof 2

3 1 1213 2

orthogonal 3 3 1 2 10

Us v weightsof



Upshot A rank 2 matrix encodes data points that lie on

a plane dim Colla 2 The SUD gives you a

basis Su us and the weights for each column

But 11131117 1143511 so the 1.3 direction is less

important

3 1 1 2 I 3 2 3 13 1 2 1 0

I 3 1 2 I 3 2 to one decimal place

a gs

We're extracted important information

our data points almost lie on a line

In general the SVD will find the best fit Ime
plane 3 space n space for our data all at once
and tell you how good is the fit in the sense of
orthogonal least squares

more on this later



Why might we care

Data compression art is 7 numbers instead of 10
for a 2 5 matrix

Data analysis SVD will reveal all approximate Imean
relations among our data points
Dimension reductions if our data in Rio almost lie
on a 1000 dimensional subspace then computers are
happier to do the computations

Statistics SVD finds more less important
correlations etc

Mechanics of the SVD

Back to the statement of the SD

A quint taunt t toranvnt r rank A

where
6,262 z or 20

us ur is an orthonormal set in IR

us our is an
orthonormal set in IR

Def a or are the singular values ofA
us gun are the left singular vectors

Vis ok are the right singular rectors



Here are some formal consequences of the statement

Note 1 For any rector xer

Axe quint t toranvat x quintet toururtx
Alvi x u t a ta vix ar

Ax aWix u t a ta vix ar

Note2 Taking xavi we have

Avi alvin Ét a to lui ri Iit it on un dÉ
recall Say our and Su v3 are orthonormal

So the singularvectors are related by

Avi qui and thus AAville a

Note 3 Take transposes

At aunt t torununt aviate tarrant

Therefore At aviate tauncent

is the SD of AT

So A At have the same

singular values and

singular rectors switch right left



Note4 Nate 2 Note3 Atui avi so

Atari ATLoui o Atar qui ATAviairi
AAtar Aloni g Avi Gui AATuiadi
In particular

vis sur are orthonormal eigenvectors of ATA
with eigenvalues at G

us ur are orthonormal eigenvectors of AAT
with eigenvalues ai G

This tells us how to prove compute the SUD
orthogonally diagonalize ATA

pay attention to steps 1 3 they
Proof of the SVD illustrate the mechanics of the SVD

Let Xp 27m20 be the eigenvalues of ATA
the Xi's show up multiple times if AM 21

Nate Anto because ATA is positive semidefinite

Step 1 I claim Are an 0

Nal ATA NalCA has dimension n r

Nal ATA the O eigenspace of ATA



AM 0 GMCO m ATA
because ATA is symmetric diagonalizable

So n n of the Ai's are 0

Tnt Xn O

Now X Z 27 20 are the
nonzero eigenvalues of ATA

Sets
a his a a far

Let vis r g Vr be orthonormal eigenvectors
with ATA vie Xi vi C

Let us atAvis

unattyStep 2 I claim us gun is orthonormal Check

Ui dj ut u lotAri tgAv G Avtar
vitATAv fg.vitlATAujatg.vitljyzgv.tv Vi Vi

Since us ir is orthonormal

If ig this is uiui gfi.ve Hui12 1

If if this is g rig 0



Step 3 I claim vis v3 is a basis for RowlA
Vi IA'Avi ATL Avi e ColCAT RowIA
din Rou A er and vis Vr is orthonormal

linearly independent
so the Basis Theorem RowA Span vis v3

Step4 Verify A squint tauavett torment
Let B quint Quiet t toranvnt so we

want to show AIB
Recall A B if Ax Bx forall xelR
As above
Bx alvi x u t a ta radar

Bur alvi visit t talvivituit town visit
Gilli

i If Xena CA then Ax 0 and

Bx a Lux t onCroix r O Ax

because via one RowCA Nal A tr
2 If xerowA then we can solve

Xxiv t txrVr by Step 3 Then

AxeA Xiv t tXrVr X Ant xrAU
Cui Avi X quit X roar



Bx Blat tXrVr x But xrBu
Braun Xian t Xrorur Ax
3 Any XER has an orthogonal decomposition

Xi Xu txt Xre RowA Xue NulCA

Ax Alxutxia Axrtaxut
I BxutBxr Blatant Bx

NB ATA and AAT have the same nonzero

eigenvalues as so we shoved in the
proof that the other eigenvalues are 0

What about the O eigenvalue

What if A is a tall matrix with FCR

NB We showed in the proof that
us our is a basis for Row A

Replace A by At us
un s ur is a basis for Row At ColA



Mechanics of the SVD Summary
As an men matrix of rank r

SVD A gu Vitt quart aunt

Ax alvi x u t a ta vax ar

Oz z Gr 0 singular values

of art nonzero eigenvalues of ATA andAAT

us ur left singularvectors
orthonormal eigenvectors of AAT
AATut qui

orthonormal basis for Cd A

vis a v3 right singularvectors
orthonormal eigenvectors of ATA
ATA Vi avi

orthonormal basis for Row A

Avi qui HAvill a

SVD AT aviate avant

Atuitoiri Hataill a



This alsogives us a procedure to compute the SD
It is not the algorithm used in practice

Efficient computation of the SVD is a

difficult problem

Naive Schoolbook Procedure to Compute the SVD
Let A bean men matrix of rank r

1 Compute the nonzero eigenvalues ofATA
X Z X Z D X 20

where Xi appears multiple times if AM 1

There are automatically n of them and
they're positive

2 Find an orthonormal eigenbasis for each
eigenspace get an orthonormal set us v3
with Atari Divi

3 Set a Gi ai f Avi
Then lui us is orthonormal and

A quint t Quiet t torununt

NB It may be easier to compute SVD of Atl
if A is wide men ATA it nxn

but AAT is mem



Eg A EF NB r 2 12 pivots

I ATA I 25 p1 3 5 50 225

A 4531 5

71 45 72 5

z Compute eigenspaces 2x

ATA 4512 1
2020 Itv

AA SI I E ve G
3 O D Fs 355 a REE

u ÉAv E 1287 1 E fol's

untrue E ECI fol
SVD

1351 355 trot's Elders.to ELl 1

Check Nuillefort l Hulk 34Gt I

ni us O


