
 

Review

Last time we did the outer product form SVD
As men of rank r

A quint t taunt
O Z z or 0 are the singular values

visa Vr is an orthonormal set in R
called the right singularvectors

forms a basis for Row A
orthonormal eigenvectors of ATA

Atari avi

Us yur is an orthonormal set in IR
called the left singularvectors
forms a basis for Cel A
orthonormal eigenvectors of AAT

AATU Eu

The singular vectors are related.by

Avi qui Atu Giri

SVD of At is

AT a nut t o torunurt



NB If A is a wide matrix men then

ATA nxn AAT mem smaller

So it's easier to compute eigenvalues eigenvectors of
AAT

If A is wide compute the SVD of AT

Eg A

ATA 20 50

2
yikes

50 125

Let's compute the SVD of At instead

AAT I p x x 45011 200

D 450 9 4550 1582 Ui 3 V Atu

2 200 a5200 1052 Use k refAT
AT 1582 viu.tt 10k but ai are right

A 158 unit 10k a vet singularvectors
of Atms left
singularvectors
ofA



SVD Matrix Fom
Let A be an mxn matrix of rank r

Then A UE Vt where square with

f
orthonormalcolumns

U 4 ah is an m xm orthogonal matrix

V he d is an non orthogonal matrix

for o

is an mxn diagonal matrix

9292 or o are the singularvalues

Wheredid ceres Um and Ung gun come from

They're orthonormal bases for the other two fundamental
subspaces

Co A us our NalCAT Sure um

Row A fu our NalCA res ask



Procedure to Compute A UE VT
1 Compute the singular values and singularvectors

SunnyVr ay yur G y Gr

as before
2 Fond orthonormal bases

urey gum for Nal AT

una um fer Nal A

using Gram Schmidt

3 u fi yuk ah refitting
Grog same size as A

Proof Use the outer product version of matrixmalt

UE.VE ui ui a EE

Find
I quit t taunt to t to



Eg A
i A 15A unite tofu suit for

a lil n

Isl's r troll
d Nal AT 903 because em

Nalla 9

Is Span I 1 1
already
orthogonal

II at its vital vet
3 So A UE VT for

U E 71 E c

No No the



NB A UEVT contains full orthogonal diagonalizations

of ATA and of AAT

ATA V rt AAE u I o
ut

It also contains orthonormal bases for all four subspaces
on basis on basis

a
i i

Itr Avi gait Atuitivi Avi Of Atu O isr



The Pseudo Inverse

This is a matrix At that is the best possible substitute
for A when A is notinvertible

Works for non square matrices
if A is mxn then At is nm

Atb is the shortest least squares solution of Ax b

First let's do diagonal matrices

Def If I is an Mxn diagonal matrix with nonzero
diagonal entries as G its pseudo inverse It is
the nxm diagonal matrix with nonzero diagonal
entries at or

1 attO O O O

o o o o

4 5 5 4

NB If E a invertible hence square then E.EE

18 5 1
Now let's do general matrices



Def Let A be an mxn matrix with SVD

A aaivitt taunt A U Evt
The pseudo inverse of A is the nxm matrix

Attnutt truant At VEtut
This has the same singular rectors switch right let
and reciprocal singular values

Eg A E 5 1502 u.v.tt tofu I

for a tf v fol
t r troll

At Ezrin't fend

Er t.ro Ittsk iltfritl Elis
t.EE



NB

Lafitte itial

RowAt Nu At

at 1 i innit it
This is almost the SVD of At the singularvalues

are just ordered backward oil or

So we see

Col A Row At RowCAT

NULAT Nal At NalLAT
RowCA Ca At ColLAT

Nal A Nul Att MWATT

NB If A is invertible then ramen and E is
invertible so Et E and

AAECUE.TT VEtUT
UEIVtv5E Ut UEEEFt UUEI

A is invertible At At



So what are AtA and AAt if A is not invertible

Prep A'A projectiononto RowA
AAE projectiononto Col A

Proof AAt UET NEUT UE.VE ut

UEetut u
o8lfjigutIi

IiidE t.im E
watt turnt

This is the outer product formula for P V Colla
because us sun is an orthonormal basis forCola
Att similar

Vector form for ikr we have
samesingular vectors
reciprocal singularvalues

AtAvia AtLoui aAtu ai t.ve ri

AAtu Altar fAvi of oui ai

But for i r we have

Atari At 0 0 vie Md CA

Atta A 0 0 Lui e Nal AT NalAH



1B ikr i r

vitRoula Atty 0
VERIA Rawat

Pravin A'Avieri
Pronto

dieColla AAtui Ui AAU 0 UENULATEGILAT
Pain Ui ui Palau O

The Big Picture Revisited

for an mxn matrix A of rank r

Row Picture IR Column Picture IRM

Nulla
key gun

Ur
iz

Collas
T Atri Ui

01 Nally
X

RowA ni 1 30 Urus gum
Vi yur

O Ui

i r

Recall A projection matrix Pr is the identity matrix
V is all of IR



Consequence

AtA In A has full column rank
RowA Nal A 507 18

AAT In A has full row rank
Col A IR

matrix Bwith BA In

NB This shows that
A has full column rank A admits a left inverse

A has full row rank A admits a right inverse

See HW for the implications matrix B
withAB Im

Eg A At

A 3
112 0 0

0 112 0

AAt d

Col A 1R projection is Ia



Now we can compute exactly what Atb is

Prep For any born I Atb is the shortest
least squares solution of Ax b

Proof First note AxtAAtbe projection of b onto Colla
I Atb solves Axebolas
I r a least squares solution of Ax b

Note I fruit be thwart b
Gibb t tortureb u

CSpan vis r Row A It RawA

Any other solution X has the form I It y
for yoNal A

the least squares solutions are the solutions of
AI balas
Note yeRan A

t x y 0

Hill letyll Gta ay XI 128 y y

Hill'elletyll like lyle lilt
is the shortest



Ey A 2 El fall 1
At Ifl this 41

The shortest least squares
solution of Ax b EYE
B Atb Il 1 13 i As
All other least squaressolutions falls
differ by Nalla Spans 113 shortest

vector on
green line


