
 

Orthogonal Bases

Last time we found the best approximate son
of Ax b using least squares

Now we turn to computational considerations

The goal is the QR decomposition

QR makes least ElU makes solving
solving Ax b fastAx b fast

fast means no eliminationnecessary

The basic idea is that projections are easier

when you have a basis of orthogonal vectors

Def A set of nonzero rectors fun gun is

1 orthogonal if u i ng o for ifj
2 orthonormal if they're orthogonal and

di aid for all i unit vectors

Let Q al al so are hi
1 u an is orthogonal QTQ is

diagonal invertible
tall nonzero entries are on the diagonal

2 us an is orthonormal QI In



Q Does QQ In mean QEQ
only if is square

Eg ur ua I
i u us 0 I ay na is orthogonal
2 uia 4min Guy us is not

orthonormal

Q ata E

NB Given an orthogonal set lay sun you
can make it orthonormal by dividing by lengths

vis Yuill us vi sun is orthonormal

Eg n k t f v vis is on

Picture in IR

anthia
orthonormal



Fact
Let un gun be an orthogonal set and

let 0 4 4 Then un sun is

linearly independent Equivalently Q has

full column rank

This means un sun is a basis for Span un sun

Proof Say X.net Xnun 0 Take u

O O u Xiu t e Xnun u

Xiu u Xena I exact
Xi Han X 0

Do the same for us us

Projection formula

Let un gun be an orthogonal set and
let V Span un gun For any vector b

but but uit butthurt t bing.ua demo

NB faster than AtAxAtb no elimination necessary



NB n l us get projection onto a Ime bebi v

Proof Let b bait u t bitterest t hitman
We need b b E Vt ie b b wi o for
all i
b b un b a

It unit bitrate the.ua
b m b u 0

Do the same for Us Us

Eg Fond the projection of b k onto

V Span A
These rectorstarrthogonal so

94414
i H

it 1 L I



Projection Matrix Outer Product Form
Let un e un be an orthogonal set and
let V Span un sun Then

a t t t

NB n l us get projection onto a lone Pp II

NB outer product forms of matrices will be a

key part of the SVD

Proof unit III t t b This is the
defining property
of Pr

hitbutb t Yuan luib

if at t
un
un bu b

Ig Find Pr for V Span

Pry I s ft E In a D

1 1 1



Now we consider orthonormal vectors

Facts
Let vi in be an orthonormal set and

let a t t
I QTQ In

2 ax ay x y for all x y ER
3 110 1 11 11 for all xelR
4 Let F Spanfrom rn Colla Then

Pr QQT
y llxllllyt.gs

0

NB 2 says Q does not change angles
3 Says Q does not change lengths

Proofs I of p I f
2 Ox Oy QxTQy xTQTQy xTIny

y
3 Hal CQX.cat Fx All
4 Pr Q OTO QE QCIN QT QQTV



Eg Find Pr for V Span

This has an orthonormal basis 11 Y
a 11
Pr QQ I

1 4
The projection formula is easier with no denominators

Projection formula for an Orthonormal Basis

Let vi in be an orthonormal set and
let V Span vi on For any vector b

b r b v Ju t b ra ve t bun ra

Moreover

Pre v vitt vs Vitt turnt



Jef A square matrix with orthonormal columns
is called orthogonal

I Note the strange terminology

Q Why is Pre Q Qt In in this case

Gram Schmidt
Given that projections are easier to compute in an

orthogonal basis how do we produce one

Ideas Start with any basis Sub sun
make vatu by replacing with us rt

for Vi SpanSu want

make Ktvi re by replacing with IT
us for K SpanSusu
etc

This straightens out the basis vectors one at

a time

NB B it is easy to compute w projection formula



Procedure Gram Schmidt

Let Sun gun be a basis for a subspace I
1 a er

2 us K Y u value KSpanfu
3 use us Yana YEu.ua a at Us Span usual

n un un Mfume Yifu.ua Yifan am

Then un gun is an orthogonal basis for Y and

Span an ya SpanSub ri for Kien

Eg n t n E v 5
un d
a 1 1 11,11 1 Elite
u 13 E.IE H YIEIH1D EEtElH

H ES ild l
output a use 1 us

check 4 1 0 i 0 I g



Q What if us gun is linearly dependent
Then eventually vieSpanky v i Span air suit

so vie Vie Spanky suit Ui Vi 0

This is ok Just discard ri continue

QR Decomposition

This keeps track of the Gram Schmidt procedure
in the same way that LU keeps track of
row operations

Start with a basis us sun of a subspace
ran Gram Schmidt Then

Solve for ri's in terms of ui's
U UI

vs Titu u t uz

us Titu a Etna t us
ve Yann Eat us t Titusus the

Matrix Farm

iii sittin 1
0 1 YET Yea

8 KEY



OR Decomposition
Let A be an men matrix with full column rank
Then

A QR
where

Q is an men matrix whose columns form an

orthonormal basis of Col A
R is upper D nm with nonzero diagonal entries

To compute Q R let us gun be the columns
of A Run Gram Schmidt us un gun Then

cancels y A
pitta iii iiiII llull Kallu.tl8 o Yifullull1 I o o o Huall

Analogy to LU decomposition

A L U A Q R
eT Echelon

steps toget on basis
t steps to get

to echelonform form to an basis



Eg n n E v 3
u t XE llull

a 1 1 11,11 1 Elite
at Y.IE H YIEIH1D EEtElHIÉÉtÉÉIr

na

a fir I rt

O 486 V3

Application makes least D faster
Given A QR to solve Ax b by least D
ATAXCQRJTIQRSI RTQTQRX RTI.RS RTRI

Atb QRITb RTQTb

NB R is invertible it is upper D with
nonzero diagonal entries

Solve R'RE RIOTS Rt
1

HAI AI E RE Qtb

R is upper D solve with back substitution



NB Can compute QR on I n flaps for non
hotwiththis algorithm Then need 0 na flaps to de
least I an Ax b Multiply by QT

forward substitute Much faster than Ola

Eg Find the least squares son of Ax b for

A 183 b l using A QR

for Q 1EYE R IE
QB

re yr o

06 Yoo a Fa

REQ'D us E E Ig
xiao
XF6 É

3 x 52 352 0

3 Y


