
 

Determinants Cofactors

Last time we defined determinants using new ops

1 If A MERAB then data det B

2 If A Res B then dot A EdetB

3 If A EBB then let A detlB

4 dot In 1

This is the fastest algorithm for computing the clef
of a general matrix with knownentries But
what if the matrix has unknown entries This
becomes tedious because you don't know if an

entry is a pilot

Eg det YI Is it a pivot

Cofactor expansion is a handy recursive formula

for the determinant that is useful in this setting

Recursive Compute dethen by computing several
def Cn 1 x ne



Def Let A be an n xn matrix
The Lij minor Aig is the nt x n 1 matrix
obtained by deleting the ith row jth column
The lip cofactorCig is

Cig l l def Aig
The cofactor matrix is the matrix C whose

is entry is Cig

Eg A A

Ca 1 let 8 3 3

NB 1 J follows a

checkerboard pattern É I I FEET

Then Cofactor Expansion A is an non matrix
aij is entry of A Cig ig cofactor

1 Cofactor expansion along the ith row

def A Ej aisCij ai CixtaizCizt tainCin
2 Cofactor expansion along the jth column
defA EIaijCij A jCg tag Cat tangCnj



Eg A

Expand cofactors along the 3ʳᵈ row

det A 1 detl's 1 detl 3 Odett 2

1 1 6 1 1 3 2

Expand cofactors along the 2ⁿᵈ column
detA 1 detl 2 dot 1 detl

1 1 1 2 3 1 1 3 1 6 3 2

Remarks

1 This is a recursive formula Cig det In 1 ay

2 You can compute Cij C 1 det Aig however

you like you'll always get the same number

3 Expanding along any row or column gives you
detCA always the same number

4 This is handy when your matrix has unknown
entries or a royal with a lot of zeros

otherwise it's ridiculously slow On n



Eg det YEE
expand

si l s det YI l det i x tl det 1 I
x 2x x 1 1 l X 3 1 1 3124

2 5 1 x 3 1 312 x

X 2
2
5 2

In fact for 3 3 matrices it's not so hard to compute
the determinant when all entries are unknown

det g I adetten boletes f tod et d e
alei th b di f tc dh ge
acid bfg cdh ath bdi ceg

Hoo to remember this

Sarrus Scheme To compute det 3 3 matrix
a b c a b det aeitbfg ted hd e f d e
g h i g h oeg ath bdi

Sum the products of forward diagonals subtract
products of backwards diagonals



diet

o s otti its ti
1.2 3 1 1.0 0 1 1

a 1 3 a 1

4 6 2

Warning This only works for 3 3 matrices
See the big formula at the end for non matrices

É det I 3
column with
lots of zeros

1 det I s dett 3 2

to det Yard to det date

I 1 24 51117 24 55 79
t t
only computed
two 3 3 dets

Better Do a row operation first

att E dot I
1 det I I 7 79

I only computed one 3 3 det



Methods for Computing Determinants

1 Special formulas 2 2,3 3
best for small matrices except 3 3 with lots ofO's

2 Cofactor expansion
best if you have unknown entries on a rodolumn
with lots of zeros

3 Now column operations
best if you have a big matrix with no unknown
entries no row or column with lots of zeros

4 Any combination of the above
eg do a row op to create a column with lots
of zeros then expand cofactors

Thin Let C be the cofactor matrix of A Then

Act delta In CTA

In particular if det A 0 then

A delta Ct see supplement

Ridiculously inefficient computationally

Eg A E b us At tab feat
generalizes the formula for 2 2 inverse



Cross Products

This is an operation you can do to vectors in IR

Recall the unit rectors in R are

e a 8 est
Def Let ve f o f er
The cross product is

wxw EEE e p

So the cross product is vector xerector us vectors

Here's how you remember it
expandcofactors

ACE dett

e dot II e dot E te dettabe

b f ed e af d est ae bd e

t



Es L 11 date

e.de 1 esdet iDtesdet i
e te e I

Def Let unwer The triple product is

a new det III
Check if r lab c w def u lg hi then

u wxw

Ledet II e dot E te detabel

got et hat a'E tidetabe

att
Eg n s r c of

vxw I a law s I 1 3 2

det 2



Properties

i r w tr and rxwtw

because v wxw det LEE 0

z wer rxw

because dot EEE that EE
3 Arxull lull loll sin 10 E

compare v w llull llull costa

4 v40 O E v we are collinear
then 0 0 or 180 sin o o

5 new points in the direction
determined by the

right hand rule

NB Gb s 5 characterize rn



The Big Formula

This is an explicit formula for detA
It's useful for some things but not practical
it has n tens

Defs A permutation of lo on is a reordering
6 b on b on

i new number in ith position

Eg I 2 3 4
2

062 2

I t I I
9

oct 4

Q how many permutations of b on are there

n choices for 1st spot
ny choices for 2ndspot

I choice for last spot

So n ne i n

Eg n 3 123

123136 331331312321



Def A transposition is a permutation that just
swaps two numbers

Eg 123 7 132 213 32 1

Fact Any permutation can be obtained bydoing
some number of transpositions

Def The sign of a permutation a is sign a

1 if it can be obtained by doing an even

number of transpositions

l if it can be obtained by doing an odd
number of transpositions

Eg 1234 23124

1234 3214 3124

2 transpositions sign is 1

Thm Big Formula Let A be an nxn matrix
with ig entry ag

deff z sign a Asahara Anan
permutations



Eg 1An Aa 923

delaSix permutations 123 1

123 Sign I CO transpositions Anas Az
132 sign 1 transposition An Az Azz

213 sign 1 transposition 9126nA
231 sign 1 2 transpositions 4912923931

321 sign 1 transposition

31 Sign transpositions

9392291
913921932


