
 

Linear Independence of Eigenvectors
Recall from last time to diagonalize an non matrix I

1 Compute plat deft XI
2 Solve pA 0 to find the eigenvalues

3 End a basis for each eigenspace
4 Combine all these bases

A If you endup with n hectors they're LI
n Otherwise A is not diagonalizable

In A we need to justifywhy the eigenvectors are LI

Fact If we up are eigenvectors of A with
different eigenvalues then was yup re LI

Here's how the Fact implies A Suppose

w wad is a basis for the Xi eigenspace
us is a basis for the Xz eigenspace

I claim w w w is LI
Suppose X wit xzw X 03 0 Weneed XFXEx D

Xiu awe is in the Xi eigenspace
Since X wit x wa X 03 0 the Fact

implies Xiu awe 0 and X 03 0 IsoX 0

Since us we is LI this implies Xix Of



Proof of the Fact Say Awad iwi and all of the
X slip are distinct Suppose wise Wp B LD
Then for some is win wi is LI but
With E SpangWis Ui so

Witt Wit t Xi wi

Awit A wit Kiwi

Hit wie X Xiu t Fixiwi

If Xin 0 then X.hu to tixiwi 04 IT
Xi xi 0 because by Xi 0 so wite 0
which can't happen because wit is an eigenvector
If Xie 0 then

Witt Ee Xiu t It Xi wi
Subtract wite wit t Kiwi

O In law t II Dxiwi
But I Xin for jet so Is I 0

X a Xi D

which is impossible as before



Consequence If A has n different eigenvalues
then A is diagonalizable

Indeed if Xy An are eigenvalues and

Aw ah wig Aunt Dawn
then win w is an eigenbasis by the Fact
We'll give a mere general criterion AM GM next time



Matrix Form of Diagonalization

Mm A is diagonalizable there exists an invertibl

matrix C and a diagonal matrix D such that

A CDC
In this case the columns of C form an

eigenbasis the diagonal entries of D are the
corresponding eigenvalues

c u d D x Austin
same order T
wit Xi

Eg A 8 A CDC for
0 112 O
U Wa w lasttime

is I
Eg A f 33 A CDC for

Ws Wa w lasttime

12 1



Proof É X wit X nun

C x wit exnw Yn

Any vector has the form vex wit x nun and

two matrices are equal if they act the same on

every rector So check

CDC v CDC X wit Xna

c E led

if d III xhiust txnd.vn

Alx wit x nun Ar

NB If A CDC then

AK CDC DK CDG LEDA EDO

Dkc i c f E e e

This is a closed form expression for Ak in terms
of ks much easier to compute

Ake DkC this matrix has n entries
that are functions of k



Compare Alyx wit awn tix wit than an
Creator form of the same identity

Eg A is diagonal

Aare Aes Bea Aes He

So e e e is an eigenbasis us can take

CI so the diagonalization is

A Is A Is
Q What if we take ez to be our first
eigenvector

NB A matrix is diagonal the unit coordinate
vectors ey en are eigenvectors



Geometry of Diagonalizable Matrices

When A is diagonalizable every vector can bewritten as

a linear combination of eigenvectors so multiplication by
A is reduced to scalar multiplication

A x w t t Xnwn D X W t t Danon

What does this mean geometrically

Expanding in an eigenbasis and scalar
multiplication can both be formulated geometrically

NB Visualizing a matrix means understanding
how x relates to Axs think of A as a

function
x us Ax

input output

Eg D so D Y Ey
scales the x direction gas
by 2 a

D
Du til it

scales the g direction 7
by 42 2 eigenspaceI eigendemo

space



Eg As it plate 1 A 2 A t

X 2 w Tat we T aunties

Expand in the eigenbasis
at i Itthink in terms of Lcs of wows

A xiu tx wa 2x witter
scales the w direction A w
by 2 Aw

scales the w direction genspace

by 42 2Tigenspace
demo

This is the vector for In matrix form

A CDC C l T D
Then Ar CDC't

first multiply v by C
then multiply by the diagonal matrix D
then multiply by C again

Nate C I xiu txu Ct xiatxia E



twitter

each wrist
Dot l

pact I

atdemo

apeby D
by C

Eg D C DC Ej

by 1

l
scales the x direction Dry

1 eigenspace Dev lie

scales the g direction Duj I eigenspace
by 42 demo



Ig A Id p a p EX E x DA E

X1 u i Tat we

Expand in the eigenbasis

VIWitZwz

A xiu tx wa IX wit Ex uz
Ar w twascales the u direction

by 1 if
witter

scales the G direction

by 42 demott
eigenstate

p
t eigenspace

Matrix Fom A CDC I D E
VIVIDwzmultiply

Araw tu
DC r

u Iv
withus

demo

meby D
by C



Eg A 1 7 I Egg has eigenbasis

wit wit of
and eigenvalues

X 112 72 2 73 3 2

Expand in the eigenbasis

A xpw tXzUztX3Ws X W 2 24 EX u

scales the u direction by
scales the wa direction by 2 demo

scales the w direction by


