



































































































































Review

Last time we did the outer product form SVD
As men of rank r

A quint t taunt
O Z z or 0 are the singular values

visa Vr is an orthonormal set in R
called the right singularvectors

forms a basis for Row A
orthonormal eigenvectors of ATA

Atari avi

Us yur is an orthonormal set in IR
called the left singularvectors
forms a basis for Cel A
orthonormal eigenvectors of AAT

AATU Eu

The singular vectors are related.by

Avi qui Atu Giri

SVD of At is

AT a nut t o torunurt






































































































































NB If A is a wide matrix men then

ATA nxn AAT mem smaller

So it's easier to compute eigenvalues eigenvectors of
AAT

If A is wide compute the SVD of AT

Eg A

ATA 20 50

2
yikes

50 125

Let's compute the SVD of At instead

AAT I p x x 45011 200

D 450 9 4550 1582 Ui 3 V Atu

2 200 a5200 1052 Use k refAT
AT 1582 viu.tt 10k but ai are right

A 158 unit 10k a vet singularvectors
of Atms left
singularvectors
ofA






































































































































SVD Matrix Fom
Let A be an mxn matrix of rank r

Then A UE Vt where square with

f
orthonormalcolumns

U 4 ah is an m xm orthogonal matrix

V he d is an non orthogonal matrix

for o

is an mxn diagonal matrix

9292 or o are the singularvalues

Wheredid ceres Um and Ung gun come from

They're orthonormal bases for the other two fundamental
subspaces

Co A us our NalCAT Sure um

Row A fu our NalCA res ask






































































































































Procedure to Compute A UΣVT
1 Compute the singular values and singularvectors

us yur Say yur 9 or

as before eigenvectors for none eigenspaces of ATAAAT

2 Find orthonormal bases

urey sum for Nal AT Nal AAT O eigenspaceAAT

una vn for Nal A MilATA O eigenspaceAM

using Gram Schmidt

3 Ufai uluf.at v ffYrrf y
or same size as A

Proof Use the outer product version of matrixmalt

UE.VE ui uim a II

ni u E
Quint onurunt to to






































































































































Eg A
i A 15A unite tofu suit for

a lil n

Isl's r troll
d Nal AT 903 because em

Nalla 9

Is Span I 1 1
already
orthogonal

II at its vital vet
3 So A UE VT for

U E 71 E c

No No the






































































































































NB A UEVT contains full orthogonal diagonalizations

of ATA and of AAT

ATA v VT AAE U UT

It also contains orthonormal bases for all four subspaces
on basis on basis
forColA forNullAT
m

myEr Ariani Atui 6in Avi 0 LATUFO isr

refini
EEW.EE

NB SVD of AT is

AT VETUT






































































































































The Big Picture Revisited

for an mxn matrix A of rank r

Row Picture IR Column Picture IRM

Nulla Vi our ier
Wish

qq.fi u CollA

01
Nayat

S
RowA vi uras sum

V1 yur
0 Ui

isr






































































































































Geometry of the SVD Matrix Form

We have drawn pictures of a triple product
decomposition before

Diagonalization

A CDC 1

We Wz X X2

for C T D

To evaluate Ax CDC x

1 multiply by C 2 multiply by D 3 multiply by C

4 202

4
44 S

Ct water
C E

Aw 2W
2 D

Aw we AxZurewa
3

Ceci Wa
i 2W We






































































































































SVD A 3 WENT for

U t.li I V I 8 1
5

To evaluate Ax UΣVTx
1 multiply by VT 2 multiply by Σ 3 multiply by U

But U and VT are orthogonal so thesejust rotate flip
A 1 rotateflip 2 stretch 13 rotateflip

VIII
rotate cw 450

If chitcircle
draw this

VTV ez to help
VTX Y visualize

stretch Σ Af
Avi35541
Are 5Eur

rotateCCW by
artan 72

24 135
E.EE Fikisses

455






































































































































Notes caveats

Diagonalization start end in we we basis
SVD startwith v.ua end with usual basis

Different bases

The VT U steps preserve lengths angles
rotations flips us easier to visualize

The Σ step can flatten a sphere in the same IR
1

1 11 1

o
in plane

5
project onto the xy plane then stretch

The Σ step can change dimensions

1 11 1

l l l l

project onto the xy plane forget the z coordinate
then stretch






































































































































Geometryof the SVD Outer Product Form
Here is a geometric interpretation of the SVD that
will be useful for the PCA Let

A di di SVD A quirt orununt

Avi Olli Atui a Vi
Expand out ATU O Vi

a Vi Atu E ui

QUiViT U lavi T Ui di di davi

di u
ldntu.su

I
NB d ui ui orthogonal projection of d

onto Span Ui since Ui Ui Huill 1

The columns of quivit are the
orthogonal projections

of the columns of A onto Spansu

Now lookat the sum

A quirt orununt






































































































































The ith column of this sum is

I di di usu di un un

Since Eun sur is an orthonormal basis of Col A
this is just the projection formula as applied to
di the projectionof di onto CollA is just di
since dieCol A it is the ith columnof A

Eg A 1 r 2

A Quit aunt
9 16.9 024 3.92 8 francis

4

nil u 1
or

di I Kdumns

columns of quiet
8 5 0 3 7 11

projections of onto Span u

columns of QUAVE
projections of onto Span as

NB

So SVD pulls apart the columns of A in Us sur
components







