
 

Properties of Orthogonal Projections
Recall if V is a subspace of IR and born

be but but
is its orthogonal decomposition with respect to V

br orthogonal projection of b onto V

closest vector in V to b

be orthogonal projection of b onto Vt
closest vector in Vt to b

The distance from b to V is

1lb bull Ilball
demos

Properties of Projections
1 br b but O E be V

2 bro b but I bet

13 br v br



1 says
b is the closestvector in V to itself

I
b is already in V

In this case the distance from b to V is zero

so Ibull O but 0

Or since b butbut b br bro
projection onto V doesn't more the rectors in V

2 says

O is the closestvector in V to b
I

demo

b is orthogonal to V

Or since b butbut bro b but

Of course 1 2 by switching Va Vt

3 says

projecting twice is the same as projecting once

This follows from ID because breV



Eg last time if b l Ve Col a I II
then we computed br i so we should

have bell Let's check

1 1 1 FI xG
Taking x 0 gives a solution of the vector eq

111 311 SII
So b is indeed in Va Col a I I



Projection Matrices

Recall If VEColla then you compute br
as follows

1 Solve the normal equation ATAR Atb
2 be Ax for any solution X

Lemma A has full column rank if only if
ATA is invertible

Proof Note ATA is square
A has FCR

Nal A 03 FCR criteria

Nal ATA 0 NWA NACATAN

ATA has FCR FCR criteria

ATA is invertible invertibility criteria

In this case ATARAtb has the unique solution
LATA ATB so D AI ALATA Atb



If A has FCR and V Col A then

by A ATA Atb Horrible Formula

Eg V Colla A

ATA 3

ATA 2 3 4

ALATA AT 4

1 11

So if b b then

br 6 E
FIR

Observation Pr ALATA AT is an mem matrix

that computes orthogonal projections onto

V Col A Rb br for all belR



Def Let V be a subspace of IR The
projection matrix onto is the mxn matrix

Pr such that Prb br for all belR

NB The matrix Pr is defined by the equality
Prb br

for all vectors b This uniquely characterizes
Pr by the Fact below Use the above
equation to answer questions about Pv

This is the first time we've defined a matrix

by its action on IR

Fact If A B are men matrices and Ax Bx for
all x then A B

Indeed Aei ithcal of A so actually a matrix is
determined by its action on the unit coordinate
vectors

Eg If Ax x for every xe1R then Ax Inx
A In ignatrix

Eg If Ax 0 for every ER then Ax Ox
A O



What if V Col A but A does not have full
column rank How to compute Pr

Eg F Colas A I
This A does not have full column rank

A its pivots

This says that I is a basis
for V This means

i V Span I Col

2 t 1 is LI

has full column rank

So replace A by B

BTB 11 4

BB



Pr B BTB B i E 1

E 1

L

So b i br Pub E i
cf Lipgeometrically

NB bu Pr dependlonly on V not the way you
expressed V as a Col space or Nut space
Once you've fixed V then Pr is a matrix with
honest numbers in it that you can compute in
different ways depending on how is expressed

more on this later

NB What if A is a 3 3 matrix with FCR
Then A has FRR too V Col A IR

In this case br b for any b because bev

so Prb br b Isb for all b

Pr Is More on this later



Procedure for Computing Pr
1 Find as basis Eun sun of V

2 B keirin

3 P B Btr ipx

for example if
V Col A then
use the pivot columns

Eg Suppose V Span v is a line

Bar matrix with one column

BtB v v la scalar

B B'B BT u v v5 re YET
EEuct

Projection Matrix onto a line

If K Spank then Pra YI

Eg V Span i

Prachi 1 a s t
So if belt then be Prb d ft Lily



Properties of Projection Matrices
let V be a subspace of IR and let Pr
be its projection matrix

I Col Pr V 3 Pi Pr
2 Nal Pr Vt 14 Put Pre Im

5 Pu Put
6 Papa I 17 Ro 0

Recall A square matrix S is symmetric if 5 5

Proofs of the Properties
This is a translation of properties of projections

1 Col Pr Pub berm bribery
This equals V

because bret for any b
and but b for any bell

2 Nal Pr be A Pub03 berm bro
But we know br o e belt



3 For any vector b

Pib Pr Prb Pr bu but
This equals br because breV already

but Prb
Since Pib Pub for all rectors b PER

4 For any rector b

PrePrt b Pub Pub butbut

This equals b because b butbut is the
orthogonal decomposition

b Imb

Since Rt Put b Imb for all vectors b

PrtPut Im

5 Choose a basis for Vu D B BTR Bt

PE BIBB BT T BIT IBB TBT

B BIBI BT BIBB BT Pr



for any invertiblematrix A
CA T CAT because

CA TAT LAA DE INT In

6 If VIR then bell for all b so

Pr be br b for all b
Also Iab b for all b so Pr In

7 If Flo then Prb must be O for every
b because 0 is the only rector in V

Prb bro for all b

Also Ob O for all b so Pr 0

Last time if Knut A we computed by by
first computing the projection onto Vt 61 LAD
then using but b but

We can do the same for projection mattress
using 5



Procedure To compute Pr for V Nul A
1 Compute Prt for Vt ColAT
2 Pr Im Pat

Eg Compute Pr for V Nui I 2 1

In this case Vt Col is a line

Put 1 4 11211

Pr

This was much easier than finding a basis for
using PVF then using Pv B BTB RT

2 2

I
Span

B EY BTB E

BB II tf
B BTB BT II BT



E
1

I 2 5

Be intelligent about what you actually
have to compute Ask yourself is it
easier to compute Pv or Prt

Note however that both computations gave the
same answer

yes
f Nail 2 i a E I

1 2 5
same

2nd

V Cell a III
1 2 5

Pr is intrinsic to V not its expression as

a Cal or Nal space or anythingelse

It is important to distinguish between

what Pr is and ways to compute Pv
which are terrible for understanding it


