



































































































































Subspaces
Orientation So far to a coefficient matrix A we
have associated two linear spaces thru 0
Span cols of A all b making Ax b consistent
Solutions of Ax 0 Span vectors from PVF

Today we focus on linear spaces thru 0 subspaces

on their own and begin discussing different ways of
describing them

2xty 127 0

Eg Ls The equations 2g 9 0

are an implicit description of a line in IR
The PVF of the solution set is Span f
this is a parametric description of the same line

Fast forward same picture

Subspaces Spans are
and

are spans subspaces

Likewise with solutions of homogeneous systems

Why the new vocabulary word

1 Subspaces allow us to discuss spans without



computing a spanning set
Subspace Span

2 It allows us to reason geometrically about the
shape itself independent of any particular description

We also get a criterion for a subset to be a span

Def A subset of IR is any
collection of points

Eg a b c

x y x y I x y x y203 x y Xy03

Def A subspace is a subset of IR satisfying
1 closed under If u v EV then u veV
2 closedunder scalar

If uey and CEIR then cuell
3 contains 0 OEV

These conditions characterize linear spaces
containing 0 among all subsets

NB If V is a subspace and veV then O Ov

is in V by 2 so 3 just means is nonempty



Eg In the subsets above

a fails i 21 3

b fails 2 1 EV but 1 1 V I
c fails i b 9 EV but 1 V 1

Here are two trivial examples of subspaces

Eg 03 is a subspace

i 0 0 06 03
2 c 0 0690
3 05903

NB 03 Spans it is a span

Eg IR all vectors of size n is a subspace

1 The sum of two vectors is a vector
2 A scalar times a vector is a vector

13 O is a rector

NB IR Span e e en

e eat e



defining condition

Eg V x y z xty z

The defining condition tells you if x y z
is in V or not
1 We have to show that if u x y z ell
and x y z EV then their sum is

in V
Know Xity 21 Xity Zz
defining conditions for a

Utr x tXz y tya Zitz

Want Ktxa tly ty zitze

defining condition for utv

Since utr satisfies the defining condition never

2 We have to show that if x y z EV and
CER then c x y z ox.cy.cz eV

Know xty t Want extcy CZ

Since cu satisfies the defining condition cuEV

3 Is 8 eV Does it satisfy the

defining condition

0 0 0

Since satisfies the 3 criteria it is a subspace



NB this means V is a span

How to find a spanning set

More on this later

In order to show that a subset is not a
subspace you just have to produce one

counterexample to one of the axioms

definingcondition

Eg V2 x y 70 y 0

2 is false i 1 EV 120 120

but 1 1 DEV KO 120

In practice you will rarely check that a subset

is a subspace by verifying the axioms but you'll
show it's not a subspace by finding a counterexample

Fact A span is a subspace

Proof Let V Span vis n un

Here the defining condition for a rector to
be in is that it is a linear combination of
Vis Vn



1 We need to show that if
ant tenner dirt dnVneV

then their sum is in Vi the sum of two
linear combos of vis o un r a linear combo

Lana at Carns dint td.vn
at dirt Contd Jun E V

2 We need to show that if civet tenth eV
and de IR then the product is in V

davit turn davit Launer

3 Every span contains 0
Oz one town

Conversely suppose V is a subspace

If u gun GV and a one IR then

Cini s g Cnn EV by 2

Civ torso V by I

an cava t Gusev by I

c n t tenth EV

so Span ru sun is contained on V

Choose enough ri's to fill up V and you get



Subspaces
are spans

and Spans are

subspaces

Def The column space of a matrix A is the
span of its columns

Notation Col A Spanfools ofA

This is a subspace of IR m rows

each column has m entries

us column picture

Since a column space is a span a span is a

subspace a column space is a subspace

Es Coll I Span 151,1 1,147

Spans Col spaces are interchangeable

Eg Span I 1473 61184

NB Col A Ax IN

because Ax is just all of the cols ofA



Translation of the column picture criterion for consistency

Arb B
consistent

becol.LA

b can be written as Ax becol A

Def The null space of a matrix A is the

solution set of Ax O
Notation Nal A ER Ax 0

This is a subspace of IR n columns

n variables and Nul A is a solution set

row picture

Fact Nal A is a subspace

Of course we also know Nulla is a span but
we can verify this directly

Proof The defining condition for renal A is

that Av O

1 Say u renal A Is atvenul A

Alutu AutAv 0 0 0



2 Say UENal A and CER

Is Cueva A

Alcu c Aa c 0 0

3 Is OENul A

AO O

This is an example of a subspace that we've
described implicitly as a solution set of a system of
homogeneous equations

How to produce a spanning set for a null space
parametric

Naff i
Gauss Jordan
eliminations

work

Eg Write Nal A as a span for

A L's i i
This means solving Ax 0 homogeneous

equation



I i it ME

X 2 24 4

EYE

x

Xa
form

Es Eg x 8 txt f
Nalla Span E

NB Any two non cell near rectors span a

plane so NulCA will have many different

spanning sets

eg Nalla Span I

More on this later
m difference

NB likewise for the column space eg

Col 88 Col Col 88 o by planes



Implicit vs Parametric form
parameters

Col A re a span
vectors of

Col 58 the som x
txt E g

us parametric form

Nut A is a solution set

Nall's I 51 equations

2 4 2 x x 0X X X x
4 2 3 4 0

us implicit form

In practice you will almost always write a

subspace as a column space span
or a null space Which one

parameters is Colla span

equations NalLA

Once you're done this you can ask a compute

to do computations on it



Eg Va x y z xty z

This is defined by the equation xty z

rewrite xty 7 0

V Nal I 1 I

Eg K É b a belk

This is described by parameters Rewrite

a 3 al bl
V Span 181 41 611

This is also how you should verify that a subset
is a subspace

Of course if V is not a subspace then you can't

write it as Colla or Nalla In this case you
should check that it fails one of the axioms

Eg Is V x y z Xtg 7 1 a subspace

No IP3 fails 0 040 1 so O V


