
 

The Four Subspaces
Recall To any matrix A we can associate

Col A basis pivot columns of A dim rank

Nul A basis vectors in the PVF of Ax 0
dim free vars Acols rank

There are two more subspaces just replace A
by AT then take Cal Nut

Why Orthogonality us least s bear with me

Def The row space of A is RowA Col AT

This is the subspace spanned by the rows of
A regarded as row vectors in IR

This is a subspace of IR n columns

n entries in each row

row picture
Is a span us parametric description

Eg
Row Span I Call

Fact Row operations do not change the row space



Why If the rows are u vav then
Row A Span ri ra V Row ops
Ri Ra SpanTungus Span us u

Rex 3 Span Uk Us Span v 3mV
Rat ZR SpanTrina V Spanky Ustr us

because Ktv c SpanTyrus
and v rata 24 Spanky is 24ns

This is a cool space of At so you know how to

compute a basis pivot columns of At But you
can also find a basis by doing elimination
on A

Thin The nonzero rows of any REF of A form
a basis for Row A

Eg I 2 2 1
5 1O O O O

Basis I



or

another Basis

Proof

1 Spans row ops don't change Row A
and you can always delete the zero vector
without changing the span

2 LI 0 x x É
Solve by forward substitution

pivot so this entry in the sum is just
1 D 0

pivot so this entry in the sum is just
1 31 2 0 2 0

Consequence dim Row A pivot rows
pivots rank

nonzero now of an REF matrix has a pivot



Def The left null space of A is Nal AT
This is the solution set of Atx 0

Notation just Nal AT no new notation

This is a subspace of IR m rows

m columns of AT
column picture

is a null space us implicit description

NB ATX 0 O LAIST xTA
so Nal AT now vectors TEIR IA 0

Nal At is a null space so you know how
to compute a basis PVF of ATx 0 You
can also find a basis by doing elimination on A

Then Procedure To compute a basis of Nul AT
i Form the augmented matrix A Im

2 Eliminate to REF
3 The rows on the right side of the lone
next to zero rows on the left
form a basis of Nal AT



Es III's
I 2 2 1 1 00

24 i i I É 3 3 21

I 2 1 2 0 0 1 RER o o 3 3 i o c

o o 3 3 2 i o4
zero row basis

Basis for Nal AT Y

Check i e 1 I I ooo

so at least A ENA AT

Consequence

dim Nal At n n rows rank

Proof of the Thm Suppose AEI U Then
U E A E product of elementary matrices

E LA Im CEA EI
U E



So the result of performing elimination on

A In is UI E

If U is an REF and the last
m r rows are zero then we claim

Nut ut Span em Erez nem

We know Ute the ith row of U
We know from before that the nonzero rows

of U are LI So if x Xm e Nal Ut the

OUT I x Ute t tauter
Xreltten t Xmlltem

These are 0 because the last
m r rows of U are 0

x Ute t tauter D

This implies xp 0 because
the first r rows of I are LI

So D 11TH Xm E Xp xr 0

Cx Xm e Spang ere eres gem



This proves the claim

Now U EA UT ATET so

ATETx O Utx o

X Are ere tarts erect tamem

But Fei is the it row of E so

Etx are ETE rat am Etertz t tametem
a LC of the last m r rows of E

so ATETx O

Etx ESpan last m r rows of E
I've left out some details at the end y

NB The left null space is changed by
row operations

I Natas Span AtA 2 4 I I

u a 335 Nullut span E
O O O O



Summary Four Subspaces
A an mxn matrix of rank r

Subspace of EY dim basis

CollA IRM cal r pivot cols ofA
pivot cols

Nal A IR now n r vectors in PVF

free vars

Row A R row r nonzero rows of REF

pivot rows

Nal AT IR cal m r last m r rows of E
zero rows in REF

The row picture subspaces Nala RowA1
are unchanged by now operations

The cal picture subspaces Colla Nul AT

are changed by new operations

rofdim RowA
A
dimColla

dimNulla Way dim Nallt
In m

row picture IR col picture 1pm



off the row space lives in the row picture
The null space lives in the row picture

The other two live in the column picture
That's how you keep them straight

Consequences

Row Rank Column Rank

dim Raw A rank din Colla

So A At have the same pivots
in completely different positions Hw 5

Rank Nullity
dim Col A dm Nal A n cols
dm RowA dmNal At m rows

demos

NB You can compute bases for all four
subspaces by doing elimination once

As A In US RREFCASIE

Get the pivots of Aus Col A
Get RREFCA us PVF of Ax O Nal A
Get nonzero rows of RREFCA Row A

Get rows of E us Nal At



Full Rank Matrices
A random matrix will have largest rank possible
This is an important special case

Def An mxn matrix A of rank r has

0 I 0full column rank if n n eg

every
column has a pint 000

full row rank if rem ey 1 8 8
every row has a pilot

NB Each row column has at most one pivot
so r E min min

Hence full roufolumn rank means full rank
ie largest possible rank

NB A has full column rank n rem

A is tall fat least as many rows as cols

A has full row rank man

A is wide lat least as many cols as rows



We've seen several properties of matrices that
translate into there's a pivot in every column

Then The Following Are Equivalent TFAE

for a given matrix A all are true or all are false
1 A has full column rank
i A has a pivot in every column

1 A has no free columns
2 Nul A 503

2 Ax 0 has only the trivial solution
2 Ax b has 0 or 1 soln for every be112

3 The columns of A are LI

4 dim Col A n

5 dim Row A n

s Row A IR simple description of RowA

NB 5 15 because

The only n dimensional subspace of R
is all of IR

Eg There is no plane in IR that doesn't fill up all
of IR



We've seen several properties of matrices that
translate into there's a pivot m every row

Thm TFAE
i A has full row rank
1 A has a pivot in every row

1 A RER of A has no zero rows

2 dm Col A m

2 Col A IRM simple description ofCol A
2 Ax b is consistent for every be R

has 1 or as solutions

3 The columns of A span IR
4 dim RowA m

5 Nul AT 03

Again 2 2 because the only m dimensional

subspace of IR is all of IR



If A has full column rank and full row rank then
p r m

A is square and has n pivots invertible

Thm For an non matrix A TFAE
1 A is invertible
2 A has full column rank
3 A has full row rank
4 RREFCA In
5 There is a matrix B with AB In
6 There is a matrix B with BA In
7 Ax b has exactly one solution for every b
8 AT is invertible namely A b

row rank colrank



Consequence Let fry in be vectors in IR

A Y is an non matrix

1 Span v vn IR CollA IR

A has FRR
A is invertible

1 us vn is LI
Ax 0 has only the trivial soln

A has FCR
A is invertible

Of course 1 2 means us vn is a

basis for IR so

basis for columns of an
IR invertible non matrix

More on this next time Basis Theorem


