
L10The Big Picture

Last time : we discussed orthogonality of the 4 subspaces.
Here is a cartoon summary :

NB : The dimensions match up with don UtdinUt :

· dim Nul(t) +dim Row(t) = (n-r) +r=
· dim Col(A) +dim Nul(AT) = r+ (m-r) = m



the Matrix AA

Recall : ATA is the matrix of column dot products.
Its (ii) entry is (coli)-(olj) · It is symmetric

jequalhiv, Viv VivA=(2) AA =(() = (vavru)V-V V Us

13, 13
"

entry

Important Fact that will keep coming up
:

Nul(ATA) = Nul(A)

We can prove this using orthogonality of the 4 subspaces.

Proof: Showing NullATA) =Nul(A) means showing that every
rector in Nul(ATA) is also in NullA)

,
& vice-versa-

· Nul(A) is contained in Nul(ATA) :
if xeNul(A) then Ax =0 => ATAx=ATO=0

=> xNul(ATA)
(You showed on the HW that Nul(A) is in Nul(BA)

· Nul(ATA) is contained in NullA) :
if xeNul(ATA) then AtAx=0 => ATAx) = 0
=> AxtNul(AT) = Col(A)! But AxeCol(A) foo, so

AxeColC) & CollASt => Ax=0 = XeNul int,S



[DEMO][DEMO]

Orthogonal Projections
Recall : To find the best approximate solution of Ax=b,
we need to find the closest rector 5 to b in

ColC)= [Ax : xcIRY3.

This rector is characterized by the

property that
ColA)

b - 5 is perpendicular to Col(A) b
↑

or b-beCol(A)t -b-55 = closest
arrow

from 5 to b

Now we give this closest vector a name, with ColIA)
replaced by any subspace.

Def: Let V be a subspace of IR" and let belR?
The orthogonal projection of b onto V is

the closest rector to b in V.

Notation : by

This rector is characterized by the property
b-buert "The arow from bu to b

is orthogonal to V"

If but = b-bu then buxert and

b - bu+ = b- (b -br) = but V = (V+)+

https://services.math.duke.edu/~jdr/ila/demos/spans.html?v1=1,2,6&v2=-1,-2,-1&target=7,1,-1&tlabel=b&range=20&camera=3,.5,1.5
https://services.math.duke.edu/~jdr/ila/demos/projection.html?u1=1,1,1&u2=1/3,1/3,-2/3&vec=1,0,0&range=2.&closed&mode=distance&vecLabel=b&subname=V
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It follows that but = b-bv is the orthogonal

projection of b onto Vt.

Def : The orthogonal decomposition ofb relative to V is

b= bu + but
↑ ↑ b

orthogonal orthogonal

projectiona projection ↳
outo It

So
,
like subspaces, orthogonal projections come in

complementary pairs· This symmetry is very useful-
for instance, sometimes but will be easier to compute
than bu !

How to compute bu?

First you have to express V as a column space or

a null space (as always).

NB: The orthogonal projection bu is the same
,
no matter

how you choose to describe V ! Different descriptions
have to give you the same answer bu= closest rector

in V . Maybe some descriptions are more convenient !
(Just like when we computed Vt .)

https://services.math.duke.edu/~jdr/ila/demos/spans.html?v1=1,2,6&v2=-1,-2,-1&target=7,1,-1&tlabel=b&range=20&camera=3,.5,1.5
https://services.math.duke.edu/~jdr/ila/demos/projection.html?u1=1,1&vec=1,0&labels=w&range=3&closed&mode=decomp&vecLabel=b&subname=V
https://services.math.duke.edu/~jdr/ila/demos/spans.html?v1=1,2,6&v2=-1,-2,-1&target=7,1,-1&tlabel=b&range=20&camera=3,.5,1.5
https://services.math.duke.edu/~jdr/ila/demos/projection.html?u1=1,1,1&vec=-2,0,-1&range=3&closed&mode=decomp&vecLabel=b&subname=V
https://services.math.duke.edu/~jdr/ila/demos/spans.html?v1=1,2,6&v2=-1,-2,-1&target=7,1,-1&tlabel=b&range=20&camera=3,.5,1.5
https://services.math.duke.edu/~jdr/ila/demos/projection.html?u1=-1,1,0&u2=1,1,-2&vec=-2,0,-1&range=3&closed&mode=decomp&vecLabel=b&subname=V
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How to Compute by when V=Col(A) :
(1) Solve the equation ATA =Atb Why* not X?

(2) bu = Ax for any solution*
Convention .

↓

Then but= b-br and the orthogonal decomposition
is b=butbut.

NB : The distance from b to V is Ilb-bull = I buil.

We went through a lot of material to understand why
this works(among many other reasons).

Why this works :

If X solves ATAX=Alb then

AxeCol(A)= V and AT(b-Ax) = ATb-ATAx =O .

This means b-AxENul(AT) = ColIA) t = V+
,
so A=br

because b-bvert characterizes br.

Eg : Find bu for b= (6) and V= Col(A)
,
A= (b).

We have to solve AAx=Atb.

ATA= (com) = (2) Atb= (iii)() = (i)
Solve (E) i) 1 : i (12) v= (2)

= bu = A = ( ,, )(in) = (i)

https://services.math.duke.edu/~jdr/ila/demos/spans.html?v1=1,2,6&v2=-1,-2,-1&target=7,1,-1&tlabel=b&range=20&camera=3,.5,1.5
https://services.math.duke.edu/~jdr/ila/demos/projection.html?u1=1,1,1&u2=1,1,-2&vec=1,0,0&range=3&closed&mode=distance&vecLabel=b&subname=V


Check: but = b- br = (d) - (i) = (2)
Is this I the columns of A?

(2)(i) =0 G =

OEbucl
Orthogonal Decomposition :

(6) = (i) + (i)
Y Er brt

Distance to V :llbut = Ill 11-1 ,01=

NB : Finding br for V=ColA) means solving the matrix
equation ATA =Ab, not Ax=b !

Def: ATA= ATb is the normal equation of Ax= b.
The procedure given above wouldn't work if ATA=At
were inconsistent, so thankfully:
Fact : For any matrix A & any rector belRY

The normal equation ATA = ATh is consistent.
FACT

Nul(A)= Nul(ATA)

Proof : CollAT) = RowlA) = NullA)+ - NullATA)+

= RowlATA) = ColI(ATAIT) = ColCATA)
↑

At is symmetric



Since ATheCollAT) this shows AbeCoCATA),
which means ATA* =Ad is consistent. Il

Eg : Compute bu for b= (i) , V=Coll , A=(ii)
We have to solve AAx=Atb.

ATA= (c) ==
Salve :(6

F, x = (2,) + + (=z)
Which solution do weuse?

IS

"bv = Ax for any solution *
Ok, so let's take Xy=0

~ in (3) bu = Ax = (i)
NB : br= b . What does that mean?

b is already in V
More on this later.

In this case
,
but= b- bu=0.



What happens if we try a different solution?
Try Xi= /3 :

-> X=(3) bu =Ax = (i) again!

This always works.

Fact : If , and2 both solve AA=Ab
,
then

Axi = AEz(= bu)

Proof : ATA, = Ab =ATAz

=> O= AA ,

-AA*z = ATAIX ,-Yz)

=> -*zENul(AA)Nul(A)
= 0 = Alk ,-) =Ax,-Az
=> Ax =Az . Il

Now we know how to compute br for V=Col(A).
What about when V=Mul(A)?

-> You could first compute a basis for Nul(A) (PVF)

This expresses V as a column space : V=ColIB)
(cols of B = rectors in PVF)
Then proceed as above : solve BTBX= Bib.

But then you have to eliminate twice!



Here's a better way that takes advantage of the
symmetry in b = but but

How to Compute by when V= Nul(A) :

(1) Compute but= projection onto Vt= RowIA)= Col(AT)
by solving AATX =Ab (ie. ATTATY=ATTb)

(2) bu = b-but

Eg : Compute bu for b= (i) , V=NullA) A =(15)
We'll compute but= projection onto CollAT) =Colliket
We need to solve AAT = Ab.

Att =() = (E) Ab = (a)
whichis

Solve : (132((bi(i) x = (i)
- bu+ = AT = () - bu = b - br= (=24)

Check: bu should be I the rows of A:

(5)( = 0 ( . (E) = 0 -

We only had to do elimination once!
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When V=Spanius is a line
, projection is easier :

V=Col(A) where A= r (matrix with one column).

AA= viv= ror is a 1x1 matrix (number)

Ath = vib = v-b

So the normal equation is
(v . r)k= vob don= la number

-> bu = Ax=
No elimination necessary! Just two dot products.

How to Compute by when V=Spanar3 is a Line :

bu=

Eg: Compute br for b= (b)
,
V=Span(lik

· v= (i)

bu= (i) = (i)
br= but =(i)
··

b = (d)

v

=> but = b - bu = z(+ )

Orthogonal decomposition : (0) = (i) + (2)

https://services.math.duke.edu/~jdr/ila/demos/spans.html?v1=1,2,6&v2=-1,-2,-1&target=7,1,-1&tlabel=b&range=20&camera=3,.5,1.5
https://services.math.duke.edu/~jdr/ila/demos/projection.html?u1=1,1&vec=1,0&range=2&closed&mode=distance&vecLabel=b&subname=V
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lagain)
Eg : Compute bu for b= (i) , V=Nul(A) , A =(15)
Clearly A has rank 2 = I free variable

,
so

NulCA) is a line . Let's find a basis for Nul(A) and
use projection onto a line.

(5)162) basis : &(2)3
Ok so V=Spand()3 and

bu =)= = ()-

NB : We computed br for b= (ii) , V=Nul(i)
in 2 different ways using

2 different descriptions
of V :

· V= Nul(A)us compute butus solve AAT =Ab

- but =(i) bu= (2)
· V=Span5u3 bu= =(

We got the same answer because the definition

bu = /closest rector to b in V)
has nothing to do with how we chose to describe V.

https://services.math.duke.edu/~jdr/ila/demos/spans.html?v1=1,2,6&v2=-1,-2,-1&target=7,1,-1&tlabel=b&range=20&camera=3,.5,1.5
https://services.math.duke.edu/~jdr/ila/demos/projection.html?u1=1,-2,1&vec=7,3,11&range=10&closed&mode=distance&vecLabel=b&subname=V


Upshot : You have several ways of computing
orthogonal projections. Ask yourself : which is easiest?
· Is it easier to compute but?
· Should I find a better description of V first?
· Is V or Ut a line?

Warning: These are good ways to compute orthogonal
projections, but they're terrible ways to understand/
reason about them !

Orthogonal projection is a geometric construction.
It should be understood geometrically, as in :

bu = /closest rector to b in V)
or

b-by is orthogonal to V.
↑

The amoc
from by to b


