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Properties of Orthogonal Projections
Last Time : if V is a subspace of I" and belR" then:

b = bu + but is its orthogonal decomposition
where bu= orthogonal projection of b onto V

= closest rector to b in V

and but= orthogonal projection of b onto V+
= closest rector to b in V

+

= b-bv = arrow from bu to b

The distance from b to V is Ilbuil.

The projection br is characterized ↳
by the property that b-brevt.

Properties of Orthogonal Projections
(1) bu =b> but=0 Es beV

(2) bu = bu=b> beVt

(3) (bv) v = bu

(4) birc = b (5) bsoz =O

https://services.math.duke.edu/~jdr/ila/demos/spans.html?v1=1,2,6&v2=-1,-2,-1&target=7,1,-1&tlabel=b&range=20&camera=3,.5,1.5
https://services.math.duke.edu/~jdr/ila/demos/projection.html?u1=-1,1,0&u2=1,1,-2&vec=-2,0,-1&range=3&closed&mode=decomp&vecLabel=b&subname=V


What do these equations mean?

Remember, reasoning about orthogonal projections means

thinking geometrically.

(1) This says

"b is the closest rector in V tob" beV

which is obvious !

projection onto V doesn't more vectors in V

Then substitute b= bv into the orthogonal
decomposition b =br + but us but=0.-

(2) This is the same as (1) with Ut in place of V.
It means

"Vt = all vectors in IR" that are closest to O inV"

(3) This says that

"projecting twice is the same as projecting once."
/Orthogonal projection is an idempotent operation.)
Since butV we have (buv = br by (1).

[demo again]
14) follows from (1) because belRh

(5) The closest rector in 503 to b is 0 .



Eg: b= (i) , V=Coll , A=(ii)
Last time we computed bu = b . That should mean

beV = Col(A), i .e . that Ax=b is consistent . Let's

check: consistent
↓

(i) (a)



Projection Matrices

Recall : If V=CollA) then you can compute by as follows :
(1) Solve the normal equation AA=Ab

(2) br = AX for any solution X.

Fact : A has FCR ES AA is invertible.

(This is a HW problem)
NB : ATA is indeed square (symmetric even !).

In this case
, ATAX =Ab has a unique solution, namely,

Y= (AA)"ATb
,
so br =A = ACAA)"ATb

.

This

means you can compute orthogonal projections by
multiplying by the axm matrix

Pr = ACATA)"At = the Horrible Formula

Pub = bu for all b

Analogy : This is kind of like computing the solution of
Ax=b by multiplying X=A "b (when A is invertible).

Eg : VzColAs , A = (!)
At= (2) (AA)" = I(E2)

P=AIAA)"AT = (%) (5)(iii) =(ii)



Last time we computed the projection of b = 18)
is bu = (i). Let's check:

bu = Pub= (0) = (i)I
Now it's much easier to compute orthogonal projections
of as many b's as we want!

We've produced a "matrix that computes projections."
What does this mean?

Fact : A matrix A is determined by the products Ax
for all rectors XIR?

Indeed
, Aci = it col of A, so A is actually determined

by the products Ax for X= eyth, ...en.

In other words
,
A is determined by the function

X us Ax
inpat output

Eg : If Ax= x for every rector x then A = In

because In does the same thing. (Inx = x for allx)

Eg : If Ax=0 for every rector x then A=0 /zeromatrix

because O does the same thing . (0x=0 for all x)



Def : Let V be a subspace of IR" . The

projection matrix onto V is the matrix Pr that

is defined by
Pub = bu

for all rectors b.

This is the first time we have defined a matrix by
its action on all rectors in IR" It makes sense to do

so by the Fact above.

We have a horrible formula for Pr above (when
V = Col(A) and A has FCR)

,
but that's a terrible

way to understand/visualize/reason about projection
matrices

.

Like orthogonal projections, the projection matrix is a
geometric construction, so reasoning about it means

thinking geometrically.

That said, we also want to compute Pr
.
We know

how when V = Col(A) and A has FCR. But that

means the columns of A are LI=> they from a

basis for V1 = their span) . So for a general
subspace V, first we'll need a basis.



How to Compute Pr in General : llots of other ways later
!)

any!
(1) Find a basis Ev ... m3 for V.

(2) B = ( ...) has FOR & Col(B) =V.
(change descriptions)

(3) Pr = B(BTB)
" BT

Chorrible formula)

Eg: Compute P for V=Col( )
We know how to find a basis for a column space :

pirot columns !

()()((2) , (2)
B = (2) Pr = BIBTR)"BT=(
Check: b = (i) => bu = Pub =(i) = (i)

lagain) -

Objection! Can't I simplify the horrible formula?

B(BTB)"BT = B(B"(BT)") BT = (BB-) (BT1"BT)In
This only works if B is square

: otherwise B doesn't

make sense.



Sanity Check : OK, so what if V=ColIB) for a

square matrix B with FCR?

In this case B is invertible
, so
it has FRR,

so Ve(d(B) = IR? Then Pub = Pub = birwe showed
=> Pr = In , this before

NB : Like orthogonal projections, projection matrices only
depend on V and not your description of V. Once
V is fixed, then Pr is a matrix with numbers in it,
which you can compute in several ways.
-> More on this later.

When V=Spanius is a line
, it's easy to compute Pr.

V=Col(A) where A= r (matrix with one column).

AA= viv= ror is a 1x1 matrix (number)

= (ATA)" =1
v-V outer

=> Pr = ALATA)"AT =vvT= but product

Or
,
if you like,

PrT outerproduct-



How to Compute Pr when V=Spaniut is a Line :

Pr=r ruT

For any rector b.

Pub = vvvT . b= vib) = v(vb)=
so this recovers the formula for projection onto a line
from last time.

Eg: Compute Pr for V= Span5(1) 3.
Pr = pi)()110 -1) = 10% easy

!

The geometric properties of orthogonal projections
translate into properties of projection matrices.

Properties of Projection Matrices
V: subspace of IRV Pr : projection matrix

(1) Col(Pv) =V (3) PF = Pr Cidempotence)

(2) Nul (PV)= V
+ (4) Put Put= In

(5) Pr= PuT (symmetry)

(6) Pr = In (7) Pos =O



None of these should be at all mysterious!
(except maybe (5)-but we'll fix that in about 5 weeks)
You'll understand them a lot better if you internalize
the

Proofs : Remember
, reasoning about projection matrices

means thinking geometrically.

(1) beCol(Pv)
ED PrX= b has a solution
equal
E Xv = b has a solution

ES b is the projection of some rectorx.
Any rector in V is the projection of itself,
and the projection of any rector is(by definition)
in V. ~

(2) x+NullPr)> Prx =0
E Xv =0 XeV+

&we showed this before ~
2

(3) Pub = Pv(Prb) = Pv(bv) = (bulu = bu = Pub
Since Prb = Pub for every rector b, Pr = Pr
la matrix is determined by its action on every
rector)

. ~



(4) (Pr+ Prt)b = Prb + Pub = br + but= b =Fb
Torthogonal decomposition

Since (Pr+ Prt)b = End for every rector by
PutPut =In ~

15) You can prove this by doing matrix algebra on
the horrible formula

,
but we'll have a better

reason (spectral theorem) in about 5 weeks.

(6) Pirb = bac = b =Emb for every rector ~
&we showed this before
I

(E) Posd= bros = 0 = Ob for every rector b.

Last time : If V=NullA) we computed by by
first projecting onto Ut = RowlA) . We can do the
something similar for Pr using (4) above.

Another Way to Compute Pr :
(1) Find a basis for Vt.

(2) Compute Put.
(3) Pr = In-Put

This is faster than the general method when it's easier
to compute a basis for It than for V.



Eg: Compute Pr for V= Nul/1 2 1).

In this case ,
V= Row (121) = SpanE( 2)3

is a line
, so Put is easy to compute!

iS
That was way easier than the general procedure in
this case . To illustrate

,
let's try the general procedure.

(1) Find a basis for NullI 2 1)

11 =1) x20 x x() + x(i)
(2) B = (ii)
(3) BiB = (2) (BiB)"= (2)

Pr = B(BTB)-BT= -- . =[
That was a harder way to compute the same matrix.



Upshots :

(1) Ask yourself : what's the easiest way to compute
Pu? You have several options already.
-> Is V a line?

-> Is it easier to compute Put?
etc.

12) You get the same matrix no matter which
computation you do.

In the above example,
describe as En Pr =i

samee Nulll 2 ()
V matrix

&desiteD
Be careful to distinguish

What Pr is vs . ways to compute Pr
E(the matrix that
computes orthogonal

projections)



Here's another example . Let V=Col ( ).
Before we computedPr by finding the pinot columns
and using the horrible formula :

Pr =(
Eg : Compute Pr in a completely different way.
We know that there were 2 pivot columns -> rank 2,

so V is a plane in IR => Ut is a line. So

let's find a basis for Ut and compute Put.
=Nul(iii)s Span(( _i) ?
=> Prt=)()(10-1=in t
=> Pr= Is-Pr =( )

Compare the last example of the previous lecture.


