
L10L12The Method of Least Squares
This is an important application of the orthogonality material
to data analysis/modeling.
Setup : Suppose you have a matrix equation Ax= 6 that
is (probably) inconsistent. What is the

best approximate solution?
What does that even mean?

distance from As tou
Def: 1 is a least squares solution of Ax=b if Ilb-Axl
is minimized over all rectors X .

This minimal value of

Ilb-Axl is called the error.

In other words
,
is a least squares solution> Ax

is as close as possible to b.

Let's set 5 = A* for the moment. We know

Ax=5 has a solution BECollA).

Since J=Ax is as close as possible to b
,
this means

that 5 is the closest rector to b in CollA). We
have a name for that !

5 = the orthogonal projection of b onto Col(A).



So a least-squares solution of Ax=b is a solution
of the consistent matrix equation A= bu

,
V=Col().

How do we compute ??
-> Maybe we should compute bu first? We
could do this by solving the normall equation

ATAY =Ab

Then br = Ax for any solution *.

But that just means X is a solution of Ax = by,
which is a least-squares solution of Ax=b !

Summary: These three things are the same :

Least-squares Solutions Solutions of
solutionsof of A=br = AA =Ab
Ax= b V =Co(A)

How to Find the Least-Squares Solutions of Ax=b :
(1) Solve the normall equation ATAX =ATb.

Any solution & is a least-squares solution , and
bu = A (V =Col(A)).
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The error is the length of b-Ax = b - bu = but :
↑

the b- -the b-
error= Ilbuil rectorwe Vector we

wanted got

NB : Minimizing Ilbuil E minimizing Ilbu+11

So saying that A is as close as possible to b means:

The least-squares solution(s) minimize Ilbu+1/2

If bre(ab,c) then Ilbull =ar+b+c : these are the

"squares" in "least squares"

Eg : Find the least-squares solution & error of Ax=b for

A= (ii) b= 1)
We have to solve AAx=Ab.

ATA= (CouSts) = ( 3) Ab= (3)

(53(8) ut16i (5)= (53)
bri= b -Ax= () - (2) = ()
error" = Ilbrill = 12+ 1 - 2)

:

+ 12 = 6

https://services.math.duke.edu/~jdr/ila/demos/spans.html?v1=1,2,6&v2=-1,-2,-1&target=7,1,-1&tlabel=b&range=20&camera=3,.5,1.5
https://services.math.duke.edu/~jdr/ila/demos/leastsquares.html?v1=0,1,2&v2=1,1,1&range=6.5&vec=6,0,0&camera=3,-1.5,-.1


Eg : Find the least-squares solutions & error of Ax=b for

A= (4) b = (i)
We have to solve AAx=Ab.

At= (C) =() A
(+
In this case there are infinitely many least-squares
solutions.

Error: but = b-Ax for any solution *

Let's take I= (i) -> Ax) !) but = 0

So the error is zero-that means Ax=b,
it, Ax=b was consistent after all !

Observation 1 :

xbhasaunique AhI
That's because least-squares solutions are just normal
solutions of Ax= br.



Otherwise Ax=b has infinitely many least-squares
solutions X .

This means Ilb-A1 is minimized for

any such *, since

bu =Ax for any least-squares solution *.

Of course, there can't be zero least-squares solutions!
A = br is always consistent.

Observation 2 :

If Ax=b is consistent then

Ileast-squarex=b) = Jordinarysolutiona
If Axib is consistent then beV=CollA)

,
so

b= bu (it's the closest rector to itself in V)
,
so

(solutionsof) = / solutionsoa
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Least Squares and Data Modeling
Eg(linear regression) :
Find the best-fit line y= (x+D through the data
points (8) (d) (3) ⑭

If (8) lies on y= CX+D S

then substituting X=0
, y
= 6 "

would give 6 =0 . C +D.

Likewise for the other data

points.
&

So we want to solve :

18) : 6 = C . 0 +D
in the

(6) : 0= C. 1 +D unknowns
C & D

.

(8) : 0= C2 +D

Matrix equation : Ax =b for

A = (ii) b= (8) x = (3)

NB : the data points are not collinear, so there is no
exact solution ! (perhaps measurement errorr...)

We found the least-squares solution a few pages ago :

↑ = (j) = (i) -> best-fit line y=3x +5

https://services.math.duke.edu/~jdr/ila/demos/spans.html?v1=1,2,6&v2=-1,-2,-1&target=7,1,-1&tlabel=b&range=20&camera=3,.5,1.5
https://services.math.duke.edu/~jdr/ila/demos/bestfit.html?v1=0,6&v2=1,0&v3=2,0&range=7


Important question : What exactly did we minimize?

the answer is always llb-A*= Ilbrill but
where can I see that in the context of the
original problem?

b= () = 15 valuesofthedataPosta (
y-values of y= -3x +5( E evaluated at the x-valuesAr= (i)(5) =[ Iof the data points I(they-values we got

but= b-Ax = (-)
vertical distances ·

= from y= -Ex +5 to1( "the data points
differences between

= expected and( observed values I %
We minimized the sum of the squares of the
vertical distances (= the error?).

What if our data aren't supposed to lie on a line?



Eg (best-fit parabola) :
Find the best-fit parabola y = Bx+Cx +D through
the data points

(ii) ( -i) (ix) (2)
As before

,
we substitute the

* & y-values of our data
points into our equation: D

(ii) : I = B( -1) + c) -1) +D ⑨

*

() : - 1 = B(1)
-

+ x)1) +D &

(in) : - z = B(z)
-

+((z) +D

(2) : 2 = B(s)
"

+ <(3) +D

Matrix equation : Ax =b for

(ii i) b=) x= (2)2

93

Let's find the least-squares solution.

At = (15 (5 Ab = (i)1554
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15
I&=)= y=x- 3 x-T

Question : What did we minimize? Where can
we see the error?? We always minimize Il6-Ax?

b=) = /y-ruesofthedataPita
58(1):_ (1) - EAx=(O- I
5-1)

:

_ 3-1)-

I58(2)"_ (2) - E
58(3)"_ (3) - E

y-values

levaluated
of y=x-x- )E at the x-values

of the data points
(they-values we got

I
vertical disances

(but= b-Ax = from the graph to

the data points

The error" has the same interpretation as in
the previous example.

https://services.math.duke.edu/~jdr/ila/demos/spans.html?v1=1,2,6&v2=-1,-2,-1&target=7,1,-1&tlabel=b&range=20&camera=3,.5,1.5
https://services.math.duke.edu/~jdr/ila/demos/bestfit.html?v1=0,6&v2=1,0&v3=2,0&range=7
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The previous two examples were very similar. In fact,
if you want to find a best-fit function of the form

y= Af(x) + Bg(x) +Ch(x)+ ...

where A
,
B
,
C, ... are unknowns and fig, h, .. are any

functions
, then you do the same thing : plug in the X-

and y-values of your data points -> linear equations
in A, B ,C, ...

Eg (best-fit trigonometric function) :

This "based-on-a-true-story" example of Gauss was in L1
.

It has a somewhat different character.

Eg (best-fit ellipse):
An asteroid has been observed at these coordinates :

(2) (i) (i) (=2) (i) (i)
Question : What is the most

~

& - ~ likely orbit? Will the
asteroid crash into Earth?

↑

Fact (Kepler) : The orbit is
-

an ellipse.
Equation for an Ellipse :
x+ By + (xy + Dx + Ey + F = 0

https://services.math.duke.edu/~jdr/ila/demos/spans.html?v1=1,2,6&v2=-1,-2,-1&target=7,1,-1&tlabel=b&range=20&camera=3,.5,1.5
https://services.math.duke.edu/~jdr/ila/demos/bestfit.html?func=A+B*cos(x)+C*sin(x)+D*cos(2*x)+EE*sin(2*x)+F*cos(3*x)+G*sin(3*x)&v1=-4,-1&v2=-3,0&v3=-2,-1.5&v4=-1,.5&v5=0,1&v6=1,-1&v7=2,-.5&v8=3,2&v9=4,-1&range=5
https://services.math.duke.edu/~jdr/ila/least-squares.html
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Substitute our X- & y-values of my data points :

(2) : (0) + 12(-B + (0)(2)( + (0)D + (2JE + F= 0

(i) : (2)
"

+ (1(-B + (2)(1)( + (2)D + (IJE + F= 0

(f) : (1)
2

+ (-1)
-

B + (1) (1)( + (1D +-DE + F= 0

(=2) : (-1) + ( -2)
-

B + (- 1)(-z)( + (-xD + ( -zE+ F= 0

(b) : ( -3)
-

+ (1)-B + (-3)(1)( + (-2)D + (IJE + F= 0

(i) : (-D + ( 1 (-B + (-1)(1)( + ( -DD + (IJE + F= 0
u
& the X summands are constants!

More them to the right of the = sign.

This is a matrix equation Ax = b for

A [ b
-
i

The least-squares solution is
=(5-89

-> xzxy+- = 0

https://services.math.duke.edu/~jdr/ila/demos/spans.html?v1=1,2,6&v2=-1,-2,-1&target=7,1,-1&tlabel=b&range=20&camera=3,.5,1.5
https://services.math.duke.edu/~jdr/ila/demos/bestfit-implicit1.html?func=x%5E2+A*y%5E2+B*x*y+C*x+D*y+EE&v1=0,2&v2=2,1&v3=1,-1&v4=-1,-2&v5=-3,1&v6=-1,1&range=5


Question : What did we minimize this time?

Always1lb-Azl, or 11-b+At.

I-+Ax =[
(-1)2

266

266e266

= I
1-132 +

266 (
266

1-3)+T
266

what you get by substituting the x- and
- y-values of the data points intoI * xy+- (

We wanted our data points to satisfy
* xy+- = 0

so in this case we're minimizing the distance from 0.

Alternatively , we're trying to fit the data points

(8) () (:) For) (i) (j)
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to the equation
z = X+ By + (xy + Dx + Ey + F

so we're minimizing the sunt of the squares of the
vertical distances from the graph to the data points again.

Upshot : Least squares always minimizes Ilb-Ax/k; it's
up to you to interpret what that means in the context
of the problem you're trying to solve.

https://services.math.duke.edu/~jdr/ila/demos/spans.html?v1=1,2,6&v2=-1,-2,-1&target=7,1,-1&tlabel=b&range=20&camera=3,.5,1.5
https://services.math.duke.edu/~jdr/ila/demos/bestfit-implicit.html?func=x%5E2+A*y%5E2+B*x*y+C*x+D*y+EE&v1=0,2&v2=2,1&v3=1,-1&v4=-1,-2&v5=-3,1&v6=-1,1&range=5&rangez=25&camera1=-2.14,.814,1.69

