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Eigenvalues & Eigenvectors
This is a core concept in linear algebra.
It's used to study, among other things :
· Difference equations · Stochastic processes
· Graphs & networks · Differential equations

We'll focus on difference equations & stochastic processes
as applications. Eigenvalues also play a large role in
the SVD.

This is also one of the most subtle concepts in the class.

Running (Hopping?) Example :
In a population of rabbits,
·"I survive their 1 year
· 1/2 survive their 21 year
· Max lifespan is 3 years
· 1-year-old rabbits have an average of 13 babies
2-year-old rabbits have an average of 12 babies

This year there are

I babies

is 1-year-olds
2-year-old

Problem : Describe the long-term behavior of the system,
both qualitatively & quantitatively.
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Let's give names to the state of the system in year k:

X = #babies
in rector

Yk = #- year-olds 3 year u un= f)
E = #2-year-olds k

The rules say :

X
n+1
= 134k+12zx Xo= 1

,Ym =Xu Yo
Ex+ 1

= Yzyn Zo =

state change initial state

Write as a matrix equation:
13

== (3)

What happens in 100 years?

Voo = Avag = AlAvas) =... =Alv.

Great! Are we done? No !
-> Computing Arn 100 times is a lot of work/flops !
-> We get no qualitative understanding that way !

We want to extract the "32 : 4 : /"ratio directly
from the matrix A.



Def: A difference equation is a matrix equation of the form
= Ave withvo fixed

where :

· VER" is the state of the system at time I
· VEIR2 is the initial state

· A is an nxn matrix called the
state change matrix

As above
, Va= Avo

So a difference equation models a system that "changes
state in a linear way. "

1) Solvngadifferenceequationmeanscomputis
Running Example : Note that if
vo = () - v=Au=() = () = 2v

↳ V = Av, = Alzvo)= 2(Avo = 2(2v) = 40

-= Av= A(tvo) = 4(Av) = 4(2v)= 8vo

i

= Any =... =2 vo



In this case
,
it's

easy to compute and describe Up:
the population exactly doubles each year!

1) If Av
=Xv for some scalar is

,
then

Alv = xiv for all k

Of course, in our running example, Vo= (16,6, 1) and
Avo XVo , so how does this help?
-> Answer : diagonalization (next time)

Def : An eigenvector of a square matrix A is a
nonzero rector v such that

Av = XV for a scalar ↑

The scalar i is the eigenvalue.
We also say that v in a X-eigenvector.

· eigenvector song

Upshot so far: If v is a X-eigenvector of A then
AlveXtv is easy to compute.

Eg :(() = () = 2(2)
This says (2) is an eigenvector with eigenvalue 2
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(v=d)

Eg: If Aver then v is a Leigenvector : Av=1r.
So the nonzero rectors that A doesn't move are the

Leigenvectors .
(v+0

Eg : If Av=O then vis a O-eigenrector : Av = Or.
-> O is a valid eigenvalue, not a valid eigenvector.
So the nonzero vectors in Null) are the O-eigenvectors

NB : If we allowed O to be an eigenvector then every
number would be its eigenvalue : AO= XO for
any XEIR.

Geometrically, "Av=Xv" means "v and Av are collinear."

A rotates eigenvectors by ->
a v

0 or 1800 Ar

Eg: A= (i) Al = (g) : flip overthe y-axis.
Where are the eigenvectors?

1-1) -
As As Arts

eigenvectors vgAr V
↳ *

-I-eigenvectors

collinear collinear /not collinearX
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Eg: A= (i) is called a shear :
->

V Ar
->
->Als) = (

*

Y) so vectors above the -

*

VoAv

X-axis more right & the rectors ~
&

ala

Av [
below more left. -

shear
Where are the eigen rectors? (think "scissors")

reigenvectors
↳

* =
A -Xi

Aus
collinear- not collinearX

Eg: A= (ii) Aly)= (3) : this is CCW rotation by 90%
Where are the eigen rectors?

This matrix has
Av no lreal) eigenectors !
An
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Eigenspaces
Given an eigemalue X, how to compute all X-eigenvectors?

Av = ]vAv-dv = 0

E) Av-XInv =O
=> (A-XIn)v =0
EveNul(A-XIn)

Summary : given X,

solving Av=Xu #S solung (A-XIn)v =0

Def: Let X be an eigenvalue of an nxn matrix A.
The X-eigenspace of A is

NullA-XIn) = Pall solutions of Av= Iv]
=Sall X-eigenvectors and 03

I-eigenspace
Eg : A=( il (1)-eigenspace

Eg : A = (i) I-eigenspace

NB : An eigenvalce has infinitely many eigenvectors - a
whole (nonzero subspace worth of them!



[DEMO][DEMO]

[DEMO][DEMO]

NB : If NullA-XIn) = 203 then the only solution of
Av= Xv is O-so 1 is not an eigenvalue.

Eg : Find the X=2-eigenspace of A=/.
We have to solve (A-213)x=0.

A-2I=I (
x = xy()

So the 2-eigenspace is

Nul(A-2 F3) = Span(()3.
Hence all 2-eigenrectors of the rabbit population
matrix are scalar multiples of (32, 4 , 1).

Eg : Find the X= (1)-eigenspace of A=/(
We have to solve (A+Fz)x=0.

A+Is =(
x=xz() + x()

So the (11-eigenspace is the plane Span)()9.
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Eg : Find the X= 0-eigenspace of A= (* I
We have to solve (A-0l3)x=0

,
ie
, Ax=0.

A=( NullAl = Span((+3
↑This is the O-eigenspace!

Remember, Ax=Ox means Axeo, so

NulLA) is the O-eigenspace

Recall : A square matrix A is invertible Nul(A)= 203.
This just means Ax=Ox has no nonzero solutions.

A is invertible > O is not an eigenvalue

Eg: Find the X=3-eigenspace of A= 3 In.

In this case, A-3In
=0 ! That means

NullA-3In) = IR:

But of course every nonzero rector is a

3-eigenvector of A :

(3Frlv= 3Env = 3r for any v r
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Eg : Let V be a subspace of IR2 . Find the

eigenvectors of the projection matrix Pr.
Recall : x=V> Prx= 1x

xeV+) Prx =Ox

VI

&x= Pux
·
X

· PrX ·
V V V

Collinear- Collinear- not collmearX

The I-eigenspace of Pr is V
The O-eigenspace of Pr is VI
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The Characteristic Polynomial
or: the reason we covered determinants

Given an eigenvalue X, we know how to find the
X-eigenvectors : NullA-XIn). How do we find the
eigenvalues though?

X is an eigenvalue of A
EAv = Xu has a nonzero solution

ED(A-XI)v=0 has a nonzero solution

# NullA-XIr)# SoT
=> A-XIn is not invertible

=> detA-XIn) = 0

This is an equation in X whose solutions are the
eigenvalues!

Eg : Find all eigenvales of A=(i)
We have to solve det(A-XFs)=0.

det(A-XFz)= det<I
pand-Xdede
= -X+x +=

So what are the solutions of p(X)= -X+Ex+ =0?



Ask a computer :
-00

-y+x +E = - (x-2)(X+z)(x+=)E

-

So the eigenvalues are X = 2, -I-.

Def: The characteristic polynomial of A is
p(x) = det(A->En).

The upshot is

X is an eigenvalue of A> p(X) = 0


