
L2Writing Systems of Linear Equations
Here's a system of 2 equations in 3 variables.

System of Equations

&YtExtEx
We're going to use matrices and rectors to solve it.

Here are 3 more equivalent ways to write it:

Matrix Equation Ax = b

2)() = (

A -X
· A is the coefficient matrix : it contains the

coefficients of the variables.

->It is an mxn matrix

m = # equations (=2)
n = #variables (=3)

· b contains the constants on the right of the=
-> It is a rector in Re



· X contains the variables
-> it is a rector in IR"

If you expand out the product you get

Ix) = (3)
which is the same as our original system of egts.

Vector equation X,V+X2V+... +XnUn= b

X, (2) + xz(5) + x- (2) = (3)

· The rectors (2)
,
(3)

,
(2) are the columns

of the coefficient matrix A.

-> They are rectors in R

· The b rector (5) is the same.

· The variables are now the weights in a linear

combination of (2)
,
(3)

,
(2).

If you expand out Ax=b by columns
, you get this

vector equation:



1223)()(2) + x (z) + x(z) = (2)

Augmented Matrix (Alb)

(232(5)
This is just a shorthand way of recording all
of the numbers in A & b.

.

The augmentation
line reminds you which is A & which is b.

It is easy to translate between these four

representations of a system of equations.

1x ,
+ 2x2+ 3xy -

E - 3 = (252)x = (3)
2x, +3x2+2xz=

↓ f If

(232(5)= (2)x ,
+ (5)x+ (2)xx= (3)



Row Operations

We are going to manipulate our system of equations
to make it simpler us easier to solve.

"Subtract 2xthe 1 equ

Ifrom the
211

Eg: X,
+2x = -1 Re=2R, X+2x= - 1

-

2x+ 3x = - 1 - Xz = 1

"Multiply the 221
eat by -1"

R2xz-1 X1 + 2xz = - 1
->

X = - )

Ri=2R2 XI = (
-

X = - 1

There are 3 kinds of valid manipulations, called

now operations. They really only change the numbers,
not the variables

, so it's easier to apply them to

laugmented) matrices- there's less writing.

1x +2x = - 1

2x+ 3x = - 1 -(2( =)
Row ops also make sense for any(non-augmented) matrix.



Row Operations:

(1) Row Replacement : replace Ri byramber
12331) (0-43)

(2) Row Swap : interchange Ri & RJ

123315) (2)
(3) Row Scale : multiply Ri by a nonzero number

12231) (15)

Note 1 : If (x
,X2

,
X3) is a solution of the corresponding

system of equations before doing arow operation,
then it is still a solution after

Eg: X,
= 1 xz= 2 Xy= -1 is a solution of the system

2YEXSE2 Ru=R
,
Xt2xt3x=
u

- x2 -4xz= 2

1 + 212)+ 36) - Subtract 4 1 + 2(2)+ 31)= 2
u2(1) +3(2) +2 t=% both - 2 -47= 2ts of Ra



Note 2 : All of the now operations are reversible :

you can undo it with another now operation.

Eg : How do you undo these now operations?
· R, - = 2Ra B .

+= 2Rz

· R, Ru R
,
c> Ra

· R, xz] Ri +=2

Note 1 + Note 2 imply that

Row operations don't change the solution set

of a system of equations !

In other words
,
(XyX2

,
Xu) is a solution of our system

of equations before doing a now opEf it is a

solution after.

((e
[ SAME T

SOLUTIONS



Solving Systems of Equations using Elimination

How do we make our equations simpler using now ops?

Idea: we want to eliminate some variables from some

equations -

Eg : X,
+ 2x2+ 3xy = 2

2x1 +3x2+2x3=6%6)
3x

,
+ X2 - Xz = 6

Pr ((26)

(in(2)0 -5-100

Now XI has been eliminated from R & R3 : it
doesn't appear! This system of equations is

X,+2x+ 3xx =2

- x2 =4x3 =2 2 equationsa bles !
- 5x2- 10x3 = 0

We can keep going to eliminate2 from Rs:



I40)
Now we have only one variable in Rs !

X,+2x+ 3xx =2

- xz =4xz = 2
1 equation

10x3 = -10 -
in 1 variable !

Y
At this point we have isolated X . There is only one possible
solution : Xz= -1 .

Now we substitute Xx =-1 into R, & R2 :

x ,
+ 2xz+3t

=2 X
,
+ 2xz=5

- x =4 = 2 2) - X2= -2

We have isolated X2 : the only solution is Xz=2.

Now we substitute Xz=2 into Ri :

x + 2(z) =5 -Xi= )

We have isolated : the only solution is X= 1.
Check:

So the system has a unique solution

Xi = 1 x=2 X= ). L



Summary :

· There were 2 main steps.

Elimination : eliminate variables from equs

Substitution : isolate each variable to solve for it
then substitute that value into the
other equations

· There was a unique solution because all 3

variables could be isolated.

(more on this later)

We'll have different algorithms for these.

Elimination -> Gaussian Elimination
Substitution -> Jordan Substitution

It's important to keep them distinct
,
since

Elimination is much slower than Substitution

(More on this later too.)

When combined we call it Gauss-Jordan Elimination



Row Echelon Forms

What does it mean for elimination to be "done"?

When do these algorithms terminate?

Def : A matrix is in now echelon form (REF) if :

(1) The first nonzero entry of each row is to the

right of the first nonzero entry of the row above it.

12) All zero rows are at the bottom.

O O
2

Picture :

I O O

Orighty I
= nonzero

right =

any number

O O

bottom

00FREFNot in

00

Important: When deciding if an augmented matrix is
in REF, ignore the augmentation line.



Idea : If an augmented matrix is in REF, then there
is nothing left to eliminate !
Each nonzero entry has already been used to

eliminate that variable from the equations after it.

Def : The pivot positions (pivots) of a matrix are the

positions of the 1 nonzero entries in each now after

you put it into REF lusing now operations).
12 .3(!) I 0 -1 1)⑧ O 10-10

= pivots

If REF is the output of elimination,
what is the

output of substitution?

Def : A matrix is in reduced row echelon form (RREF) if :

(1-2) It is in BEF . /So RREF is also REF)
(3) All pirots are = 1

.

(4) Each pirot is the only nonzero entry in its column.

O O O

REF :I I mar)"o : :O O O o O

00 0 O O 00 O



Gaussian Elimination Algorithm
This is how you would program a computer to
systematically put a matrix into REF usingrow ops.

(It also works fine for solving systems of egts by hand)
Gaussian Elimination: Start with any matrix.

(1a) Perform a now swap so that the top entry
of the first nonzero column is nonzero.

3(Not necessary if it's already nonzero.

top C
nonzero

entry O 4 ( 1 -

I↳ (, I (
also
works

- first nonzero

clumn[

This is the first pivot position.

(1b) Perform now replacements to eliminate all entries
below the first pivot.

( B25R ! "Io ( 1 (0 -8 -1 - 21

Now recurse into the submatrix to the rightI below
the 1st pirot & ignore everything else.



It pivot
(

J
(

I /submatrix
12a) Perform a now swap so that the top entry
of the first nonzero column of the submatrix is nonzero.

(Not necessary if it's already nonzero.

)
2 pivot

I
( ↓ 1 - 3

(
(Not needed for this matrix,

O 4 3 3 but you could do Ruzs Rs .)
O -8 -1 - 21

- first nonzero

column

This is the second pivot position.

(2b) Perform now replacements to eliminate all entries
below the second pivot.

I
(

14(&F2Rz, I !
1 + 3

(O 433 43 3

O -8 -I O 05 -5

& Doesn't mess up the
It column !

Now recurse into the submatrix to the rightI below
the 21 pirot & ignore everything else.

13a) etc...



In our example, the algorithm terminates after (2b) :

(

O

1 + 23
is in REF !I+5(

Jordan Substitution Algorithm
This is the substitution procedure : it takes a matrix

in REF and performsrow operations to produce a

matrix in RREF.

Jordan Substitution : Start with a matrix in REF .

Loop, starting at the last pivot
:

(a) Perform a now scale so the pirot is = 1

(b) Use now replacements to kill the entries above
the pivot.

This exactly corresponds to the substitution procedure!

Eg:!I·) is in RE



Row OPERATIONS SUBSTITUTION

( I X+ Xy - xz
= 3

0433 4x2 +3xy = 3I
· ois)I 5xx = -15

-last pivot
solve

(a) [
,

Rs == 5 5 for X3

# kill these

11 X+ Xy - xz
= 3

I 04 I ( 4x2 +3xy = 3

·
.

Xy
= -3

substitute
(b) ERR S X3 =-3 into R&Ra

110 0 X+ X = 0

IS 4x2 = 12

Xy
= -3

(a) &
,

Ra==4 5.Soleea
-kill this

( I 0 O X+ X = 0

I I (o 103 Xz
= 3

o o 1 -3
Xy

= -3

substitute(b) R ,
==Ra E X2=3 in Ri



[DEMO]: Gauss—Jordan Slideshow

Rabinoff’s Reliable Row Reducer

I05) Xi

Xz

= -3

I = 3

1 -3
Xy

= -3

This is in RREF : This is solved !

( O Xi= - 3

Xz = 3
OI
·
! %) Xz =

-3

Starting matrix)
Check :

ol-3) + 4(3) + 3)-3) = 3
%4 11-3) + 1(3) - 11-3) = 3I I (
5 =3 -66 5(3) -3(3) - 6(3) = -6-

Important : If you want to apply these algorithms to an

augmented matrix
, just delete the augmentation line.

(It's only there to remind
you that the matrix

contains the coefficient matrix & the b rector
.)

Use to practice doing elimination
without worrying about making arithmetic errors.

Once you're mastered the

procedure, use the Sage cell

on the course webpage:

https://services.math.duke.edu/~jdr/ila/demos/rowred3.html
https://services.math.duke.edu/~jdr/ila/demos/rrinter.html


If you do both algorithms :

Gaussicen Elimination+ Jordan Substitution
= Gauss-Jordan Elimination

then you transform any matrix to RREF !

Idealingmatrix it

-s
"Theorem"
4

Thm: The RREF of a matrix is unique : if
you transform your

matrix to RREF using any sequence of row ops, then you
will always end up with the same matrix.

This is not true for REF :
a different choice of pivots in

step (a) will give different REFs.

NB : Jordan substitution doesn't change the pivots. So the

Thm implies the pivot positions are also unique !

Warning: There might be a more clever sequence ofrow ops
that also transforms your matrix to (R)REF. This is

great if you only care about the (RJREF of your
matrix

,
but sometimes you need to do the algorithm (s)

as written! (LU decompositions ,
for instance .)


