
L10L23Quadratic Optimization
This is the last ingredient we'll need for the SVD/PCA.

It is the simplest case of quadratic programming , which
is a big subfield of optimization. (Least squares is also
a kind of quadratic programming .)
Def : An optimization problem means finding extremal
values (the minimum and /or maximum) of a
function f(x,x2s--->Xn), subject to some constraint
on the input (x,X2>Xn).

In quadratic optimization, we want to extremize a
quadratic form g(xyX2, ..., Xn). But this almost never
has a maximum-recall that g(cix) = c

-g(x), so
if c= 100000 then glax) is very large! Hence we
introduce the constraint 1x1= 1.

Quadratic Optimization Problem :

Find the minimum & maximum values of a

guadratic form g(xxXy-> Xn) subject to the
constraint Xi+ X2+ -.. +Xi = 1 .

Of course , if X= (XxX, .... Xu) then

Xi+xi+ =- + xi =1 # = 1 .



As usual , quadratic optimization is relatively easy when
g is diagonal.

Eg: Extremize glyyxz)= 3x-2x2 subject to
Maximum :

-2x23X
Xi+X = 1 .

g(xxxt)= 3xi-2x [3x+3x
= 3 (xi+xz) = 3

So the maximum value is 3; it is attained
at (2) == (0) ·

Minimum : 3x2 -2x

g(xyxz) = 3xi-2xz -2xi-2x2
= -2 (xi+ xz) = -2

So the minimum value is-2; it is attained
at (2) == (i) .

This trick works whenever g is diagonal :
g(x)= X,xi+ X 2x+ --+Duxn

Order the Xi such that X=x22-Xn.

·The maximum value is J., attained at 3 . subject
· The minimum value is An, attained at en 3 = 1

(Note that the Xi could be negative)



So how to extremize a quadratic form in general?
Orthogonally diagonalize !

Recall : We can write g(x)= XTSx for a symmetric
matrix S . If we orthogonally diagonalize S :

SZQDQT D = (in)
and change variables X=Qy , then

g
= X

,y + x2y2 +.. -+ xnyn?

Important : since Q has orthonomal columns, it
preserves lengths & dot products (L13) :

Klayll= 1y1l (Qyi) · (Qyz) = y: y2.
In particular, Iyll = 1EI= llQyll = 1, so
this doesn't change our constraint.

Eg : Extremize g(xyx2) = Exit Ex-5x ,x
subject to Xi+x = 1.

We have a =
xSX for S = (2).

Orthogonally diagonalize : the characteristic
polynomial is

p(x) = X -x+ 6 = (X-3)(X +2)



We compute an orthonomal eigenbasis :

X=3~(b) =(,2) wi=(+)
X = -2 (a) = (5) -> wa= (i)

So S =QDQT for

=Hil D= (82).
Setting x = Qy we have g= 3yr-2y2, so

:

· The maximum value is 3- largest eigenvalue ·
It is attained at y=1 (d)

=> X= IQ() = IW , F1 column ofQ)
= any

unit 3-eigenrector of S.

· The minimum value is -2 = smallest eigenvalue.
It is attained at y=1 (9)

=> X= IQ(i) = 1 W2 /=24 column ofQ)

= any
unit (-2)-eigenvector of S.

NB : If x is a unit eigenvector of S with eigenvalue
X then

q(x) = x+Sx = x T(Sx)= x (xx) =xxix = Xxx
= X(x= X -



How to Extremize a Quadratic Form a subject to
Diagonalize g(x) : express it as Kxll=1 :

g(x)=x Sx S= QDQT.

· The maximum value is the largest eigenvalue of S.
It is attained at any unit eigenvector.
· The minimum value is the smallest eigenvalue of S.
It is attained at any unit eigenvector.

Conventionally, we choose the largest eigenvalue to be
first
,
and order them decreasing:

D= (-*xn) XzdzE--Xn.
NB : If GMIX) =1, then there are eigenspaceonly 2 unit eigenvectorsIU : there · U

are only 2 unit rectors on any s

·

O

line.

Otherwise
,
there are infinitely many!

For instance, if the eigenspace is El
a plane then there's a circle of eigenspace
unit eigenvectors . In fact, if
Susu2] is an orthenormal basis of the

X-eigenspace , then any
unit -eigenvector can be

written u= X,U+X 2u2 where IuIF= Xi+x = 1.



Additional Constraints

Sometimes the largest or smallest value ofa is not

very interesting - for example, in the spectral
graph theory problem on the homework. We can
"rule out" that value by imposing an additional
constraint.

"Second-largest" Value :
Suppose g(x) is maximized (subject to (x) =1)
at Up. What is the maximum value of g(x)
subject to

III=1 and X-U= 0 ?

This rules out us (because viv=1)
,
so we get

the "second-largest" value

(Actually a attains every value in between too-
not on rectors orthogonal to u., though-hence
the quotes .)

Eg: Find the largest and second-largest values of

g(x+xz,x3)= 2xi+2x2 +5x3+2x,X2-8x ,x3 + 8x2x3
subject to Xi+x2X5= 1

.



Diagonalize g : we have glx= XTSx for
S =/ =QDQ
Q =/D=

Change variables to X=Qy: then

g
= 9y+ 3yz -3y

The largest (maximum) value is 9 ; it is achieved

at y = =(b) => x= =Q(b) = =u,u ,=(i)
the unit 9-eigenvectors).

What about the second-largest value? This
is easy

in the y-coordinates : the extra constraint
is

(2) . (8) =0 , which means y :
=0.

Then g(0,42,43) = 3y2-3y5 . This has maximum

value 3
,
achieved at 1(8).

Now we remember that

Q preserves dot products !

Since u= Q(b) , if x= Qg then



uix= (Q()) · (Qy) = (b)y
Hence uiX=0X (6) y =0 . Therefore

,
the

second-largest value is 3, and it is achieved

at =Q() = [Un U= (:) (the unit 3-
eigenvectors) .

This same procedure works for any 9.

How to Find the "Second-largest" Value of 9 :
Diagonalize g(x) : express it as

(x)= x Sx S= QDQT.
9

Put the eigenvalues in decreasing order :
d .zx22- zXn

.

Let us be a unit X, -eigenvector (so g is maximized
at U. ).

The largest value of g(x) subject to
III1 and Xu,=0

is X2; it is achieved at

any unit X2-eigenvector +U 1.



NB : Let us be a unitXo eigenvector . Then niuz=0
automatically

,
unless X ,

=X 2 (ie , X -
=Xu has

multiplicity [2) . More on this on the HW.

Third-Largest Value, Etc :
Assume the eigenvalues are in decreasing order:

X,7 x22 :- IXn

Let us be a unit is-eigenvalue:
· The largest value subject to

(2) XU=0 XY=0

is X3 ; it is achieved at any
unit Xs-eigenvector. I"third-largest value"

· The smallest value subject to
I(= Xun=0

is Xn-1 ; it is achieved at any
unit Xn-reigenvector . ("second-smallest value")

etc.



Quadratic Optimization for g(x)= /Ax/1
=

This is what we'll use in the PCA.

Let A be any matrix, S=ATA, g(x)=**SX-
Then

g(x)= xTSx = x
+ (ATA)x = (xAT)(Ax)

= (Ax)F(Ax)= (Ax) . (Ax) =llAxII?

g(x)= 1AxIR is the quadratic form for S=ATA

This means we can extremize llAx/R subject to
IIx(= 1 .

Recall : The matrix S=ATA is positive-semidefinite.
It's even positive-definiteif A has FCR.

Indeed
,
if Sx=Xx and I= 1 then

llAxl= xTAAx= xSx
= X xx

= 1xx= XI = X .

So x= 1Ax = 0 . (See (21)



How to Extremize g(x)= lAx1 :

Orthogonally diagonalize S=AA. Put the

eigenvalues of S in decreasing order :
X,7 x22 :- IXn

Let us be a unit is-eigenvalue.

· The largest value of IAx subject to 1x=/
is X,; it is achieved at any

unit X
,-eigenvector

· The smallest value of 1Ax/ subject to Ix= /
is Xn ; it is achieved at any

unit An-eigenvector
· The largest value of IAx subject to

Ix(l=1 and X . m=0

is X- ; it is achieved at any
unit X2-eigenvector ("second-largest value")

Likewise for third-largest, second-smallest, etc.

NB : These are eigenvalues and eigenvectors of S, not
of A .

Indeed, A need not be a square matrix!

The largest value of IIAxl subject to I= I has a name



Def: The matrix norm of A is the maximum value of
llAxIl subject to 1xl= 1 .

So MAXI =S
,
where X ,

=0 is the largest eigenvalue
of SFAA . It is achieved at any unit X-eigenvector
lofS) .

Eg: ComputeAll for A=)).
In this case, S =ATA = (23) .
The characteristic polynomial is

p(x) = XGx+5= (X
- 5)(X - 1)

So llAll=5 because 5 is the largest
eigenvalue . A unit eigenvector is

(3) = ( =2) - u= =(i).

Check:

Au =(i) = ()
Inill = I() =Ent= = 55

-


