
L10L25Review : the SVD, So Far

Last time, we covered the outer product form of SVD.

A: men matrix of rank r

A = quiv+ quart+-+OUT

· 6267-76.70 are the singular values
·EV,Va--.,Vr3 are orthonormal vectors in IR"

· These are the right singular rectors.
· they form a basis for Row(A).
· They are eigenvectors of ATA :

ATAV=Vi

·Sh,
U
-,ur] are orthonormal rectors in I
· These are the left singular rectors.
· they form a basis for Col(A).
· They are eigenvectors of AAT :

Ani= Ki

The singular rectors are related by
Avi = Gilli Aui = g:Vi

The SVD of At is
AT= o

,
Vul +GrnI+ - .. +purvT



NB : If A is a wide matrix (m<n) then

ATA us AAT= smaller!
NXn mXm

It's much easier to compute eigenvalues &
eigenvectors of AAT in this case.

If A is wide, compute the SVD of AT

Eg: A =(1) - wide
-50 100

At=(15) yes
AAT= (400 10) p(x) = (x= 450)(x -200)

x, =450 a= = 155 =(2) vi=
X= 200= = 105 Uz=(2) v=)

↑ These are right-
- A= aut+ auus singular rectors ofAT

-> A = qu ,V+QUIV = left-singular
vectors of A .



SVD : Matrix Form

Let A be an mxn matrix of rank r.

Then A = UCVT where :

-orthogonal :L
square with

· U is an mxm orthogonal matrix. ortkonormal

· V is an uxn orthogonal matrix. columns

· ↳ is an mxn diagonal matrix.
These matrices contain :

& (D) azazzeare the singular values

11 I

u =
4 ... umn) v= (u) --vm-vII I 11 I 11 I

&thonamal ~thonamalright
singular basis for singular basis for
rectors : Nul(AT) vectors T Nul(A)
Col(A) Row(A)

Recall : To compute the SVD of A, you compute
orthonomal eigenvectors V=V-

Vr for the nonzero

eigenvalues of ATA. The O-eigenspace of ATA

is Nul(ATA) =Nul(A)
, so

V ..
Vr

,Vrey---,Un is an orthonomal eigenbasis of AA.
Likewise,
Up--.,Ur, Urty ...Um is an orthonomal eigenbasis of AAT.



In fact
,
if A=UEVT then

AA= /UNITUEUT) =VETUTUCUT

#[ =/=
Likewise

, AAT= USETUT,

Y
same nonzero eigenvalues-

AA=VIUT AAT= U00UT
How to Compute A= UEVT:

(1) Compute the singular values & singular rectors
6

.
72.-zor30 Sv ...,Vr3 Sure.,ur]

as before.

(2) Compute orthonomal bases

SUrtVrt ,Un3 for NullAl = O-eigenspace of ATA

[Urt ,Ur+2,
-

, Um3 for Nul(AT) = O-eigenspace of AAT

probably using PVF and Gram-Schmidt.

(3) u = (y -yumv= y -yuma = 1000I I



Proof :
USVT= (y)-up)(

= ( - --um))%
-

intetUVT+ QUI+ --+UV +

=A Y

NB : We could have put any rectors we want in the

last mer columns of U and the last n-r columns
of V and the product is still A=USV (since
these rectors are multiplied by 0 .

But we really
want U and V to have othonomal columns. So

Unt .... Um must be Spanhus--JurY = ColIA)
,

so

they must be a basis for Col(A)+=NullAT)·

Likewise for V.

NB : In matrix form,

AT= VETUT

is the SVD of AT.



Eg : A =(1)

(1) a = 155 u= () vi=
= 105 u2=(2) v=)

(2) In this case
,

m=r=2 (full now rank)
,

so

NullAT) =503> no more his to compute.

But n=4 and r=2 => dim NullA) =2
,

so

we need to compute vs and va Corthonormal
basis for Nul(A)).

Nul(A) : (To 10to
P basis [() , (5) 3

We got lucky that these rectors- are

already orthogonal- usually we'd have to do
Gram-Schmidt . So just divide by the lengths :

v=)n=

(3) U= 2)V=%288



We can draw all this in the Big Picture :

The Big Picture
,
Revisited

A : mxn matrix of rank r

Row Picture (IRY) Column Picture (IR)

Nul(A)
ir

A
Vi↳ Gilli

Vr+1,
...)Un

·T Givi Hi Wis ... Ur - Nul(AT)-

↓ Col(A) + ...,
umVis ...,Vr

V+0

Row(A) OU
is r



Geometry of the SVD, Matrix From

We've drawn a picture of a triple product
decomposition before

Eg((21) :

S=I -) =QDQT for

a ==(ii) D = (3)
test

- ①QT= Q-

-
-Qw = e

, ·el Ques

( Swi=Zwis⑤ Dit =Ei)
Dav= (5) SW2=3 wa I

W :
Q= Wi

~

.
e Qez= Wa-

③Q

In the case of the SVD,
A= U&VT means :

① Multiply by VT : orthogonal (rotate/flip)

② Multiple by E : diagonal (stretch coordinates)

③ Multiply by U : orthogonal (rotate/flip)



Eg : A= (5)*35 u,v.+ 5UVT where

u = to(s) v= (i) uz=) v= (i)

= A= USVT for

u=3) V=(ii) < =(5)

Let's also draw the unit circle to visualize stretching.

orthogonal- no stretch
O VT

= V=
I

- testver

est VVz= Cz Vector
YVTx= (t)

= An/
e-- Ye

③ U spretch
Orthogonal-no



Reiterate: Any matrix can be expressed as :

Crotate/flip) then (stretch) then Irotate/flip)

Notes/Caveats :

· In diagonalization, you start & end with the
same basis [wwwa] (eigenbasis) .
In the SVD

, you start with the right singular rectors
SVE

,
--

,r] and you end with the left singular rectors
Surg Un, ...,Um3

· The [ step can flatten your sphere Ux1= 1 :

·
(This can happens with a S = QDQT decomposition
too- that means O is an eigenvalue of S.

· The [ step can change dimensions :

↑y
-

"Project onto the xy-plane, then forget the
z-coordinate. "



Geometry of the SVD : Outer Product From

This is the geometric interpretation that we will use

throughoutL26 & 127 when we do the PCA.

Give the columns of A a name
:

di = data pointsA= (< - - -d)m
SVD of A : A= quivi+ quir+ - + orvovT

Recall : Avi-qui Ani = givi

Expand out Aui = givi :

Aui =[i=
=> GliVi= Ui(vi) Tuar (Aui)T

= Ui(d,Ui --
- divi)

I
= (divilui -- - (d) vi( I (

NB : (d : v: )Ui is the orthogonal projection ofa

onto Spanquis:u = (vi) us because Mill= 1.



Upshot : The columns of GUIVIT are the

orthogonal projections of the columns of A

onto Spanquil.

Eg: A =(3 =) 0 did
A = G,

vir, T+UzV for i
16 .9 ~3.

92 2

u,/ : 5628) um( <

·Y

&

Tus
LEGEND :

- 4
s

-6 God
· = di = (5), [], . . -8

·6

-4 -202468

· columns of Guiv ,

T

= orthogonal projections of onto SpanuiT
= columns of GUIT

orthogonal projections of onto Span[us?

NB : A=uir + quart means-tu
The SVD "pulls apart" the columns of A into the
UsU2-directions : the principal components.



In fact
,
the its column of

G.WinT+GUVT+.- . + GUrUpT

is (din)n + (diuz)unt--- + (diur)ur

(projection) = Orthogonal projection of di nota

Col(A) = Spankusun --.,un?
=di because dieCol(A) (it's the it column!)

This is just the it column of the SVD :

A = (< --d) = quinT+ Gu2VT+ -- + au-vT

More generally, for ken , the ith column of

G.WinT+ GUaVT+.- - + quixT

is equal to
(din) u + (diva)unt--- + (diUn) Up

= orthogonal projection of di onto Spanuisuas.--Up3

Partial Sums are Projections
For ken , the ith column of

G.UnT+ GUaVT+.- - + quixT

is the orthogonal projection of di onto

Spanuguas --Up3


