
L5Orientation :

This course roughly goes as follows :

(1) Solve Ax=b

(2) Almost solve Ax=b A

(3) Solve Ax= XX

(4) SVD

We've done pretty much all we'll do for (1).

New we start on
(2) · The method of least squares

is a geometric construction, so we'll spend the next 3
weeks on geometry (subspaces, orthogonality

, projections)·

Please bear with me for a comple of weeks of theory
before we start to see applications on the horizon.



[DEMO]

Geometry of Vectors

Recall : A rector in IR" is just a list ofn numbers :

v= ( ,, x2 - -

,
Xn)- IR"

We can draw a rector
·
(2)

as a dot/point in
Euclidean space :

( (1)
·

(5)=Cood mateate

We will often consider arector as an arrow :

it measures the difference between two points.

((5) = /X-displacementa syNB : The tail of the arrow can

be anywhere. By default we'll E
draw if at the origin.

How do algebraic operations behave geometrically?
We'll describe them by drawing arrows.

https://services.math.duke.edu/~jdr/ila/demos/vector.html
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[DEMO]

Scalar Multiplication
·The length of civ is Fi(cX(length of v) ↑
·The direction of Civ is

-> the same as v if <0 ↓1)
-> opposite if CLO

Vector Addition
V = (2)

Addingvtw just adds the
w = (j)v + w= (4)

displacements.

Parallelogram Law : to draw

vew
,

more the fail of r·to the head of wor rice-
versal. Now +w is The ·arow from the tail of w

to the head of v. add

https://services.math.duke.edu/~jdr/ila/demos/vector-mul.html
https://services.math.duke.edu/~jdr/ila/demos/vector-add.html


[DEMO]

[DEMO 1] [DEMO 2] [DEMO 3]

Vector Subtraction v = (i)

w+ (v-w) =v w = (b)v
- w= (2)

so v-w starts at the
head of w and ends at

the head of v .

(According to the i
paralellogram law above.)

Linear Combinations

First scale, then add v = (i) w = (b)
This is like giving 3r+2

directions :

"To get to 3v-2w
,

-Lutzu
-

first
go 3x length of -v in the v-direction,

=zv 2-w

then go 2 x length -Wo
vi

of w in the -zv-w

-V-w
-zu

zuzu

twl-direction .

"
St

-Zi
riz

(grid lines are

-vzwo
-v-zu parallel to v&w]

https://services.math.duke.edu/~jdr/ila/demos/vector-sub.html
https://services.math.duke.edu/~jdr/ila/demos/spans.html?v1=1,2&v2=1,0&range=5&captions=combo
https://services.math.duke.edu/~jdr/ila/demos/spans.html?v1=1,2,1&v2=1,0,-1&range=8&captions=combo
https://services.math.duke.edu/~jdr/ila/demos/spans.html?v1=1,2,1&v2=1,0,-1&v3=-1,2,1&range=8&captions=combo


Spans
Recall : If Ax=b is consistent, then the solution set
has the form

I
combinations offX = Constant)+all

a

Mors from PVF

For which b is Ax=b consistent (has a solution)?

Rewrite as a vector equation :

Axzb = X ,v. + X 12++ XnVn= b

YolumnsofA

This has a solution (there exists some choice of weights
Xp->Xn) exactly when b is a linear combination of

VijVzy ...,
Un

said differently, Ax=b is consistent for

( all
linear combinations of Sbe the columns of A

This is the column picture criterion for consistency,
which we'll see many times.

Let's study & draw "all linear combinations of some vectors.
"



Def : The span of a list of rectors is the set

of all linear combinations of those rectors :

SpanGrisha, ...,
r3 = &X+Xu+..-Xin : Xy ...>AnE1R3

↑ ↑ I
"theset "all thingsof "Such "Theseconditionisof

This is set builder notation &

Translation of the previous page using spans :

If Ax=b is consistent, then the solution set has the for

X = Constant) + Spansome nectors from PTI
and Ax=b is consistent if and only if

be Span & columns of A3.



[DEMO 1] [DEMO 2]

[DEMO 1] [DEMO 2]

Visualizing Spans
SpanEvVUT is the smallest "linear space"

containing the rectors visusin and 0.

One Vector: Spanu?

SponSu3 = 3x : r
: xIR] ·

->This is the line this O

and v un less · Spanos
-> V=O

,
in which case it's O

the point 503.

2 rectors :

Span Ev, w3 = Ex,v +XzW : XyXzEIR3 W

-> This is the plane thr Ov,w Es
unless Spanku,wa

-> Q, v
,
0 lie on the same line ,

unless wSpan
-> Or= w

,
in which case it's

the point 503.
· Spando,

of

https://services.math.duke.edu/~jdr/ila/demos/spans.html?v1=1,2&closed
https://services.math.duke.edu/~jdr/ila/demos/spans.html?v1=1,2,3&closed
https://services.math.duke.edu/~jdr/ila/demos/spans.html?v1=1,2&v2=2,1&closed
https://services.math.duke.edu/~jdr/ila/demos/spans.html?v1=1,2,3&v2=0,1,2&closed


[DEMO]

3 vectors :

Span[u,yw3 = EXk+XaV+XW : F
X
,

X2
,
XgEIR3

->This is the space containing
Qu,no unless t

-> Ou, v, w hie on the same

plane, unless
Spanku, v

,w3

-> Ou, v, w hie on the same

line
,
unless Spanni

-> 0=
n

=r=w,
in which case

it's the point 503. · Spando,
0

,
03

What about the span of zero rectors?

Spans3 = 503 (by convention)

Potential Cause of Confusion :

Be careful to distinguish between these I sets :
53 is the empty set. It has no rectors at all.

leg : the solution set of an inconsistent system)
503 is a point. It contains (only) the zero rector.

https://services.math.duke.edu/~jdr/ila/demos/spans.html?v1=1,2,3&v2=0,1,2&v3=1,0,1&closed


The lonly) difference between them is :

303 contains 0 and3T does not.

Another Potential Cause of Confusion :

&VisVz -,Un3 is a set with n vectors in it.

Span &VisVa - -

,Un3 is a linear space
: it has

infinitely many rectors .
(unless all vi =0

...)

Er3
g

one rector
restors Spanius

Taking a Span is a parametric description of a linear

space thre the origin: parametersa
Span Ev, w3 = Ex,v +XzW : XyXzEIR3

It is one way to describe an infinite set using
finite data .(then you can do computations!)

NB : Every span contains 0 !

because O = 0. v,
+O .rat ... +O . Un



Non-Egi # this time is a "linear space" but
O

it is not a span because it does
not contain 0.

Non-Eg: 23 does not containO not a span .

Computational Question : Is (1) in SpanE(5)()3?
Translate: is (96) a linear combination of (3) ()?
Translate: Can we solve the equation

x()+x() = (i) or (x = (2) ?
We know how to do this !

(b)(i)
so (i) = -(3)- 9(2)SpanE()()3
This is a specific instance of the

Column Picture Criterion for Consistency
Ax=b is consistent () be Span columns ofA
has at least one solution)
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I can't over-emphasize how important it is for you to
internalize this concept !

Egi(x = (1) is consistent because

(1) SpanE(5)()?
X,-Xz= 8

row

picture:
2x-2x2= 16
6x

,
- Xz= 3

Fi)
.

Eg : (x = (1) is inconsistent because

(2) &SpanE(5) , (E)?
X-Xz= 7

row

picture:
2x-2x2= 1

6x
,
- Xz= - 1

https://services.math.duke.edu/~jdr/ila/demos/spans.html?v1=1,2,6&v2=-1,-2,-1&target=8,16,3&tlabel=b&range=20&camera=3,.5,1.5
https://services.math.duke.edu/~jdr/ila/demos/spans.html?v1=1,2,6&v2=-1,-2,-1&target=7,1,-1&tlabel=b&range=20&camera=3,.5,1.5


Homogeneous Equations "hoe-moe-GEE-nee-us"

Def: A system of equations Ax=b is homogeneous if b=0.

Eg: X ,
+2x2+2x3+ Xx= 0

is homogeneous
2x1 +4x2+ X - Xy = 0

A homogeneous system is always consistent because X=0

is a solution : A .0 = 0

Def: The zero rector is called the trivial solution of
the homogeneous system Ax= 0.

It's "trivial" in the sense that it has nothing to do withA.

NB : Conversely, if x=0 is a solution of Ax=b then

b =A .0=0
.

Eg : Let's find the PVF of the solutions of the system
X ,

+2xz+2x+ xx= 0
-52x ++x+ x - x + = 0 . (21

%

)
R2-=2R

,
-> 16 :318)
R2= =3 (1 2 -18)->

O O ↳

R.
=

zRu(1 2 G

18)->
O O I

↑ freet



x, = 0 -2x2 + X4

X2 = X2
us

Xz = 0 - X4(=
X4 = X4

Observations:

(1) The augmented column is always zero.

If your system is homogeneous, there's no real need
to write it down !

(2i (8)~(iii)
12) The particular solution is zero.

(3) The solution set is a span
:

(sti) = Span) , (i) (ewees
These observations are true for any homogeneous system :

(solutionset) = Span rectorfr a



Inhomogeneous Equations

Def: A system of equations Ax=b is inhomogeneous if 60·

Eg: X ,
+2x2+2x3+ Xx= 1

is inhomogeneous
2x1 +4x2+ x - Xy = - 1

An inhomogeneous system may be inconsistent.

Def : If Ax=b is inhomogeneous, its associated homogeneous
equation is Ax=0.

Eg : Let's solve this inhomogeneous system, with its
associated homogeneous equation alongside.

INHOMOGENEDOS HOMOGENEOUS

X ,
+2xz+2x+ xx= 1 X ,

+2xz+2x+ xx= 0

E 2x1 +4x2+ X - Xy = - 1 92x
,

+4x2+ x3 - X+ = 0S

(ii (i) .(21
%

)
R2-=2R

,

~ I !2)R!318)
R2= =3

Il
22 ; /i) Be( 2218)->

O O ↳ O O ↳

R.
=

2Ru) ! 20 (i) By 20 18)->
O ↳ O O I

↑ freet ↑ freet



x ,
= - 1 -2x2 + Xy x, = 0 -2x2 + Xy

X2 = X2 X2 = X2

->
Xy = 1 - X4

-
Xy = 0

XI = X xx = - T

(=) (= +x-() + x+ ( )
solution set:

(i) +Span() , (i)] + Span() , (i)]
↑-

different! - same
!

The only difference is the particular solution!
This means they're parallel planes !
In general :

(solution ) = Le + Sam Bratis !

same vectors

(s) = (eBritisaa
of a span.

lif Ax=b is consistent)



[DEMO][DEMO]

Eg: The solution set of..

...
(2)x = (8) is Span[(=52)3

...

(2 g(x = (1) is (i) +Span((=3
These are parallel lines.L

Spar
Spar Fol

Upshot: the solution set of Ax=b is a translate of
the solution set of Ax=0

. (o- it is empty

The solution set of Ax=b looks exactly the same
for different values of beSpan[cols ofAY

.

lif bSpanEcols of A3 then Ax=b is inconsistent
.

)

NB : In facts to get from (ssof to /solus,
you can translate by any one solution of Ax=b.

-> if Ap=b and Ax=O then

Alp+x) = Ap+Ax= b+o =b

So you don't really need to use the particular solution
from PVF.

https://services.math.duke.edu/~jdr/ila/demos/spans.html?v1=1,2,6&v2=-1,-2,-1&target=7,1,-1&tlabel=b&range=20&camera=3,.5,1.5
https://services.math.duke.edu/~jdr/ila/demos/Axequalsb.html?mat=2,1,12:1,2,9&x=1,-1,0&closed&lock=true


Reiterate : Expressing a solution set as a (translate of a)

span means giving a parametric description:

(solution)=) +Span() , (i)]
means

(
parameterarables

so think :

Spans Parametric

0 Description

-

↑



[SUPER IMPORTANT DEMO]

Summary: Row & Column Picture

We have discussed two conceptual properties of systems
tions

.of linear equa , namely, what happens when you
allow the x rector & the b rector to vary.

Column Picture : vary the b rector in IRm

Ax =b is consistent beSpanEcols of A

Row Picture: the X rectors in IR"
some(allsolutions- (of AxSolution) + (allsolutiona

or no solutions if beSpan[Cols of AS

Picture of both at the same time:

Row Picture (x) Col Picture (b)

multiply b=A+

set byA Spares
·

I I

https://services.math.duke.edu/~jdr/ila/demos/Axequalsb.html?closed


d the solution set lives in the now picture!

The b-rectors live in the column picture!
The columns all live in the ..

column picture!
That's how you keep them straight !

NB : We're thinking of a matrix A as a function :

XEIR" is the input /row picture
b = AxelR" is the output (column picture

Visualizing a matrix means geometrically understanding
the relationship between X and Ax.


